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TWO GENERALIZATIONS OF THE MEYER-KONIG
AND ZELLER OPERATOR

by
GH. CIMOCA and A, LUPAS
Cluj

1. Introduction

Various generalizations of the Bernstein operator, defined on C[0,1] by
the relation

v
n

(B = 35 ba) [ 2)

| where

bolr) = (")l = 2y, v = 0,1, . m,
v
have recently been found.
It is well known the fact
ralizations are built by

that both the B, operator and its other gene-
starting from the identity ;

(1) _ 1= gbnv(”)i{'

In recent times, g w. CHENEY and A, SHARMA [1] have obtained a
Bernstein — type operator begining with a generalization of the identity (1),

The purpose of this paper is to generalize, in the same way, the Meyer-
.Ko6nig and Zeller operator [4—5], which is a Bernstein power series defined

on C[0, 1], as
(M, /) (x) =§m,.v(x) )

"4y
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where
771nv(,\') = (1 —_— ,V)"VH (72 * v) x?, = O, 1, s w ey

v

this operator having its origin in the identity

@) 1= mmla), 2] < 1.

v=0

For non-negative « let us note

';z 41 w4y 4V ' .
(X, o —_ Vs 1 csems ntavt1
l(x fJ) n—i—-av—i—l[ v ),\'( '\C)
gmim ) = ("7 " P = (o D)L — e
n=12..., v=01,....

We shall consider further down the following generalizations of the

identity (2) (see [6])

@ SR ENACE |
v s [l Ee—
» a -+ 1
(3') 1 = Zgnv(x, OL)

v=0

se relations and by conveniently choosing the interpola-

Starting from the
[0, : ] the following linear and positive

tion knots, we shall define on G

operators "
(4) (L, N, w) = i;l’”(x’ ) f{n + :v + v)
(4') (Guf) (x’ 0.) = vZ:;ng(xr a)f(n + av + o + V}‘

It is clear that (L,f)(%, 0) = G, N(x 0) = (M, f)(#%)-
We recall the following result
rHEOREM A. If K, :Cla*, b*] = Cla, b], n =12,
of linear positive operators so that
J ;=012

Him || K¢ — ¢l =0, ei(x) = ¥,

n-px

| is a sequence
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then

lim || K,f— f|| =0,
whatever f € C[a*, b*]) is, (||-|| s the uniform mnorm).

In a particular case this result was established f i i
: _ or the first time by Prof
r. poroviciu [8] and in a general framework, by H. BOHMAN [}é] anci
p. P. KOROVKIN [3]. Recently, A, JAKIMOVSKI and M. S. RAMANUJAN [2]
have brought essential contributions. .
) I:} this pape‘r; by using the above result, the convergency of the
lL,,fi,,,, ]and {G,,f fn=1 Sequences to the function f is proved

n the same time the approximation de i .

. appro: grees furnished by t}
meciltloned operators are studied, and in conclusion it is sho};vnlihii?oze
and G, are variation diminishing operators according to 1. j SCHOENBER(":

(9]
2. Convergence properties

THEOREM 1. If L, :C [O L .
f ,a+l "*C[O, ;‘cx]: 7\a<u_ﬁ, n =1, 2,

1s the operalors sequence given by (4), then

"]in; ” Lnf _fl[ — O,

Jor every fe C[O, . ]

ax+1
Proof. According to the th it i ici
il three. sl tgions e eorem A it is sufficient to show that the
"121: | Le; — ¢l = 0, ey(x) =1, ei(x) = x, ey(x) = a2

From (3) and (4) it is easy to obtain the relations

() (L,e0)(*, @) = eq(x)
(6) (L,;gl)(X, o:) = i l"y(x’ O() v _
y=0 "t oav 4y
__nt+1 oo
S w1 ‘,Zo buva, (%, @) =
n+ 1
n 4 ,,,,TI ey(x).
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Further
[ o8
o -
(Lﬂei’.)(xl 0!) - >:6['"V(x' tr‘) (o 4 av i v)z
1
_ iy Y2 Y g(x) + 0.(%, 2),
<n ;’;+162(1) véul"uu’”(x’ 0L)-;+1 "+ 241
where .
{5 4 0 il =o.]"E9 4 1) x(1 — %) j
O"(x' ot) = (n + o+ 1)? (n 4 20)(n + 2o + 1)

i i [imitati write
3imi g ini nferior delimitation we can
Similarly, by obtaining an 1

' S L ) ' L B P
(7) [ n :— 1 : es(x) + 0,(x, a)](l ) < (L,e5)(%, a) < T es(x) +
n + 2+

+ On(x' 0'.).

As {0 },’f_, converges uniformly to- zero, from (5) — (7) and by using

theorem A, the proof is complete.

& Al I B 5
4 ot P Ly Wy oo
ruEorREM 2. If G,: c[o, j] ~ C[0, ), b2 <=
is the operators sequence given by (4"), then

lim ||G,f — flIl =0,
e i ] s |
for every feC [0, ;:—J |
Proof. Proceeding as before, we find

8) T (Geg) (%, @) = ey(%)
9) (Gper) (%, @) = ey(%).
Now _ -

C g (¥ a)

SRRSO 762‘ X 3 8n+2a, v(x, a) Goaas
(GﬂgZ) (xl q) n + 2% _+ l)f + ( )VZU

where

( 1 1 ]
s 1 1 — .
Com (1 I v+1)( "4 ooy +3a+ v+ 2
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As
' 1 1
1 + ) 1 e < me < 1 +
v -k n v4 1

we conclude
(1) [eo(®) + ol D][1 = —] < (G (%, 9) < ex(x) + Qu(x, ),

and

_ &nlra) A= (@ + 1)x]
Q"(x' O’.) o (n + 2a 4 1)2 n 2a

Consequently, by means the fact that {Q,}i=1 converges uniformly to zero,
from (8) — (10) it follows that IG.e; —ell >0 for = 0, 7 =0, 1, 2,
and again the theorem A completes the proof.

3. Approximation degree -

1 1 1
THEOREM 3. ] Cl10, —— {L :Cl0, — \ \ e
THEORIEM T e [ u-kl] and L, C[,a+]]—+C[O,7,],?u<a+l

ts lhe operalor defined by (4), then

1Laf = fI < 6 (N7W)

w/wre. Ne=n+a+1, and oy 15 the modulus of continuity aitached to the
Sunction f.

Proof. Let K, : C[a*
so that K,e, = ¢, and 1
inequality

» 0*]—> Cla, b] be a linear and positive operator
et & > 0. In this case it is known the fact that the
(1) 1Ko =7 < o)1+ 1K, el]

takes place, where we put e(t) = (¢t — x)2.
Taking into account the relations (3)—(7) we are led to the delimitation

(Lue) (%, @) = (Loes)(x, @) — 2x(L e,)(x, o) + (Leo) (%, o) <

<[+l 2041
<[ AL e + 0,05 )
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1 1
SS— 1 — ndad-1 X 1 —_— 1—a axE] __::
L [a1 - et a1 — A T

1
o+ 1

(LA, ) <

for x € [0, %], M < , and in this way

1 1
2 = .
(12) Ll < 5o asn 2w,

Now, for 8 = N« h and from (11) combined with (12) we have the desi-

red inequality.
1 : L ey
rueorEM 4. If feC [O, = 1] and G, :C [0, ;:—1] = C[0, oy b < — 1

is the operator defined by (4), then
3 5
“an - f” < —2— (,0].(1‘/[“ I’)

where M, =1 + 20, and oy 1S the modulus of continuity attached to the

function f.

Proof. Similar to the operator L, from (8) — (10) we find

A1 =1+ 0 - ] .
(Gﬂe) (.x’ a) < n + 20

Therefore 1
1Gell < 5,

by Mea ' the theorem is proved.

us to that obtained
Remark 1. The theorems 3 and 4 are analogo j b BB ipie

1 erator an
gz )}\ ;%I;i\;)IlgII[JS][’QhEl til ;C%?et}gitt?se flc?; ‘cc)tlx)e M, operator. |
Remark. 2 The approximation degree for the: - opezz}’for r:S(];:t‘;_
tively for the G, one can not be improved. M?re pref:lfselyi; N:,:her 1;1 fction
vely Mo ' can not be substituted in the above inequalities bY ©
decreasing 1more rapidly

to zero. G
i L. operator. For U
hall prove this statement for 01}1}7 the L, _

proo;)vii :imilaI;. We consider the probability density as being defin

[0, - _‘{_ 1] by

and by substituting & in (11)

j)“(v) = P,,(V, x, "-) = Iy, y—n-1 (x, o)-

T T
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In this case the mean value and the variance corresponding to this probabili-

ty density are given by the relations

o B ]
g, = 7.(% ) _v._;;.l"l"'”*”" Fo) = v s

and

12 = v3(%, )

n

A+ 1) #{l — %)
[l — («+ )P

By using the Chebischev inequality, it is easy to show that

(13) (Lyea)(x, )22 C, Ce(01]

» N
|t—x]| 21 o

: . . 1
Iet us consider the function I defined on [O, ; 1] as
& -

+1

ht) =1t — xol®, BE(01], %€ (o, ;_‘_)

Since h e Lip B it follows that «,(3) < 38,
On the other hand, taking into account theorem 3 and also (13), for
this function the

CNZ* < h(wg) — (Lh) (%o, @) < —:}N; b2
inequalities are found, and in this way our affirmation results.

4. Variation diminishing properties

Let V5 [g] be the variation of the function g defined as the number of

the function sign changes when x varies along its domain D. Let (£ be a

set of real functions defined on a subset D of the real axis. We consider an

Bpe;ator K transforming any f€ (£ in a Kf function defined on a subset

of the real axis. According to I. J. Schoenberg [9] we say that the K
operator is a variation diminishing operator iff

VL [Kf1< Vp[f] for each fe(F.

THEOREM 3. The operator L, defined y o
operator, in other word]: w def by (4), is a variation diminishing

V[O, 2] [Luf] < I/[O, _1__] [f}'

a1
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Proof. Let us note

B,(%, o) = (1 — x)n-;-l_ﬁil_._(” 1 awt ]

w4+ av 41 v
and by
Via), k=1,2,...]
we shall mean the number of sign changes of the sequence a;, @, ... -
Because

B, (%, o) > 0, %€ [0, “?lr'i]

making use of a known result we can write

Viong Laf1 < V[{f(——"——)}, v=0,1,...] <V}, 1qU]

n 4+ av + v w1

and this proves the affirmation of the theorem.
Similarly we can establish

rHEOREM 6. The operator G, defined by (4'), 1s a variation diminishing
operator.
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SOLUTIONS PRESQUE-PERIODIQUES DE CERTAINES
EQUATIONS PARABOLIQUES

par
C. CORDUNEANU

a Jassy

3 Dans cette Note, nous allons considérer l'équation parabolique non-
inéaire '

(1) ty, = u, + f(x, ¢, u),
ot f(x, t, u) est une fonction continue dans I’ensemble
(A)) —o << 40, 0Lt T, |[u|< A4,

v satisfaisant a la condition de Lipschitz par rapport a
(2) [flx,t,u) — f(x, ¢, 0)] < L|u— v|.

On suppose que T', 4 et L sont des nombres positifs.
Soit #(x, ¢) une solution de 1'équation (1), définie dans

(4) —o << +w, 0t T,
satisfaisant & la condition initiale
(3) u(x,0) = uy(x), — 00 < %< + oo.

Le probléme suivant se pose d’une fa
_ gon naturelle : en admett
f(x, t, u) et uy(x) sont des fonctions presque-périodiques, peut-on :g.‘itrl?nl;e
que :1[:; s,olqtélon .1(51(2:, t) est aussi presque-périodique ? , i
1l s'agit, évidemment, de la presque-périodicité :

. : , d . par rapport a =
f‘-a?i!t?,dﬁar ratl)pport ala va}'lable spatiale. Nous soulignoné) pcette );;aftie;t-

probléme envisagé, parce que les résultats connus sur la presque-



