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SOME PROPERTIES OF THE LINEAR POSITIVE
OPERATORS (I)*

by
ALEXANDRU LUPAS
Cluj

1. In this paper we give new properties of the Szdsz-Mirakyan operator
and of the operator introduced by Meyer-Konig and Zeller. Thus we esta-
blish some shape-preserving properties and we derive an other form of
the Szasz-Mirakyan operator.

2. For the formulation of a number of theorems concerning operators
werecall the following definitions.

Definition 1. A real function f is called convex, non-concave,
polynomial, non-convex respectively concave, of k-order, on [a, D], iff

(%1, %2, « v, Zpg2; f1>0,>0,=0, <0 resp. <0,

for any system of & + 2 knots from [a, b].
In the above definition by [#, %i, . . ., %ss2; f] wWe mean the
k + 1- order divided difference of the function f on the knots |x;, %2, . . ., Xa+2.
Let (F denote the set of all real functions f, defined on an interval
[a, b] of the real axis. Let L be an operator which maps each f¢€ (£ into
a subset (F, C(F of real functions Lf which are defined on an interval
[«, B] of the real axis.

Definition 2. An operator L: (F — (F, preserves the convexily
of k-order (on the interval [e, B]) if for any convex function f of k-order
(on the interval [a, b]) the function Lf is also convex of k-order (on the
interval [e, $]).

* This work was communicated at the I.C.M. — 1966 — Moskow.
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If in this definition we shall replace respectively the t

function by non-concave function, polynomial function, no

tion, concave function of k-order,. tl}en we say that the opera

the non-concavity, the polynomiality, the non-convexity r
concavity of A-order.

We specify that from now on the word operator mean
operator in the usually sense from numerical analysis.

€I of conyey
O-convex fyp,.
tor L Preseryeg
eSpectwe]y the

s linear positiye

3. The set of functions which are defined and bounded on [0
continuous on the interval [0, a], 4 > 0, and continuous to the ri,h-f—oo
% = a, is denoted by Q[0, a]. ght on

Let S, the Szasz-Mirakyan operator be defined by

U () = emne 15 L2 (),

v=0 vl 7

It is known [9] that if f€ Q[0, @], 2 > 0, and if ||f = max f(%)], then
IS.f — fll = 0. In the same time in [1] and [3] x4 ’

¥ the monotony of
of operators :S,,, on the class of the convex functions was };toudtiléfi Squenﬁe
»Simple form™ of the remainder is given. : and the

We also investigate the Meyer-Kéni
.dgﬁned on e ] b%r =l relatiiier Kénig and Zeller' operator which is

@ (M,f)(x) = (1~ x)+2( +'")f( .

)x".
) v v+ n
With regard to this

operat; i '
=max J5), a < 1, (e [)) 00 that 1M — fll > 0, where |fll=

THEOREM 1. If or a fu ;
D,C(t) — e+ 1m, -f SJunction fe
Jollowing form

(3)

ekt Bl Q[0, a], of real ¢ variable, we denole
g In; £, then the k-derivative of S,f has the

(Suf)® = R 5 DL

P . -
700f. Differentlatmg the relation (1), we hav
4 e

-]

(Saf)’(x) =ne~nzz_(_n_x)_‘i[f(l n i) _f( VH

Il

v=0 vyl =
n n n

— _—
v=0 ]|

—_—

b= 600,

=gz >1; (nx)¥ [ ¥
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Further we obtain

I 17 LA T vy,

=2e ™) (nx')" [—v, -1"!-—1—, l‘l‘iif]:
v=0 V! n n n n n

= 21(S,D})(%).

As a rule we suppose that for 2 = s the derivative of the s™ order satisfies
the equality

(4) (S,/)* = 5! 5,D.
Making use of (4) we can write
S =stmee D1y 5 2y B 22t
v=0 v! n n n n n n
_[1,:_+L,_,_,1+_~1;f]}=
n n n n n
= (s + 1)!c-”i‘”—”v[l,l+l. vl e
v=0 vl noon n” n n -

= (s + 1)1 (S, D) (%),
and the theorem is proved.
THEOREM 2. The Szdsz-Mirakyan operator has the following form

5) sam=3o L2, i

v=0

Proof. Method I. By developing the function e~** in power series
we have e

e—m = (—1)" T
v—0 vl

and the Szdsz-Mirakyan operator defined by (1) can be written in the

following manner
SN = S (— 1" Ly 2 2 f (e =
v! y=0 v! n

0 2 ()T
=0

(v =gt

NE

Il
o

v

v

7(£) =% plors

I
N

v=0

I

and we give (5).
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Method II. From (4)
2

1 v
Y0) = V!0, —, —, ..., —; f].
s =io, o 2 2]
is easily deduced and it gives the expression of the Szdsz-Mirakyan Operatoy
in power series of x, namely

2 (5,10 oy 1, B v
o) = 2 = O, Ty T e ey, T, i
(S"f)(L) ; v! * v=20[ n n n’ f]x :
This theorem enables us to establish the following properties which

are similar to those of the Bernstein operator defined on C[0, 1]by the
relation

©) (B(x) =3 ("}f(

v=0 |V

2ot — weey

(see 6. 6. LorENTZ [2] and T. POPOVICIU [5]).

_ Corollaljy L When f is a polynomial
iself a polynomial of the degree <Ss. -

This statement resul
of the s-degree, we have

of s-degree then S,f is
ts taking into account that for a polynomial f

1 2
0 — = 8.
w0 -,n,fJ——Oforv>s.

Corollary II If f9(0), ve e, exists, then

Sf=1imS,f
is the Maclaurin’s expansion of the f function

It is known [6] that

Ll -]

1im[01£ - Mo
,n, e "‘fJ:éf_ﬁ

Therefore : B vl
2 (v
i = 3> L0,
and We ma L v

Y say that g . )
operator, the SZaSz—MirakYan operator is a ,,quasi”’ Maclaunit

e e S

b S s i 4 e

ST —————
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THEOREM 3. The Szdsz-Mirakyan operator preserves the convexity of
any order. e = )

-1

Proof. It is known that if ge C*+li[q, ], that is gk+) exists and *

it is continuous on [a, b], then we say that g is a convex function of
k-order on [a, b] iff g#+) > 0 on this interval. From (3) it is readily
verified that for A= — 1,0, 1, ... we can write

sgn Dy — sgn (S, f)¢+1)

and in accordance with the definition 2 we conclude that the Szész-Mirakyan
operator preserves the convexity of any order. On account of (3) we also
observe that S, likewise preserves the non-concavity, the polynomiality,
the non-convexity and the concavity of any order.

In the case of the Bernstein operator, Prof. T. Popoviciu [5] proved

in 1934 that this operator, defined by (6), preserves the convexity of any
order.

THEOREM 4. The Meyer-Konig and Zeller operator defined by (2) pre-
serves the convexity of — 1,0, 1,1 &2 order of a function.

Proof. The convexity of — 1 order, that is the positivity, is im-
mediately obtained.
From (2) we get

“S0EV )-SR
Since
Bl BTV
=§(v+f+l)f(v;,,]x“
we have

v+41

(Muf)' (%) = (» + (1 — x)»é(v-{-t + 1) [f(m) —f(v-;-n)] i e

-t 2 A

(7)

v v+n’v+n+l’

and thus we conclude that this operator preserves the convexity of 0-order-

6 — Malhematica vol. 9 (32), fasc. 1/1967.
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By differentiating the formula (7), we obtain
v+n v+ 1
Ad’ﬂ " X 1 —_ x " 1 ( )[ ] _—Li_‘z—- 5
( f)() Ev—f—l v+ n 41 v+n+2’fl(v+])xv~

o
I_xn ]E v+n—1 v v 41
v=1 v v+n v n fJVx —
= + 1
[+ -]
(1 — x)»-1 ("‘f“”—l)[ v v+ 1
& L T— fJazxv_
-]
=(1—x)"—12(“+”—1]ﬂ{[ v+2 . e v-|-
v=0 1 1 v-{-u+2 [v-}—n V-I-u{—l fJ}xL—.
=(1—x)"“2[u+"—1 . [ vl v 42
v=0 v v+n+" v+ n V+n+1’v+n+2;-f}xv

and
nd thus the operator M, preserves the convexity of 1-order. Further we get

(Maf)"(2) = (1 — -z (“ L 1) 2nH, %",
v=0 ¥

where
va_ vtu [~L+_l_ v+2 v+4 3 f
v ’ ’ i e
TR +3|vtn4g v+ u+2 v+ nu43 }
_v—'i'_"_"_l[ v vt I v 2 7l
v+ n 42 4 ’ ;J'
In the foll VE®R Yt m+ 1l vin 42

OWing we assume

In this case, ag that fis a convex function of 1-order on [0, 1}

L LI T

. V+n43
We conclude that TE b2
/ - :
H>—il_~1” vl g Vs
n 5 .
t2lvtn g m’v+n+3,fJ—
—_ y
V4 n 4} V+_n+2’ =
] 3n
(v + n+?fv(v++n,:+li l v4-1 v+2 rEE o
and(()n%qu(:ntly )(‘l+11) v’ V-}-‘n-}—l, v+n+2' v+'n+3

a3 _1 I ]f 1 ’ 1
o gy f Scon[\(;ex ]Of land 2-order on [0, 1], then (Muf)" 7 ’
2 <.

s o S ——

RS S A
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