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2 : 4
L’ensemble Wy(xg) = Gj, N W (%0) e§t un voisinage du point %, dag

la topologie de X. De (3) et (4) on obtient, pour tout x € W,(x),

(M@%mwvov=a

et de (2) et de la derniére relation on trouve

o

4

(e, fi) €0 U=UCUC U,

Cest-a-dire f(x) € V,(f(x,)) pour tout x € W (%), donc I'application f est |

continue et la démonstration est achevée.

3. Remarques. Si 'espace topologique X est compact au sens de |
Borel-Lebesgue, alors de la suite généralisée (Gj)jey des ensembles ouverts

G;, la réunion desquels constitue un recouvrement de l'espace X, on

peut extraire une suite finie (ij)1<k<n avec la méme propriété, Cest f
pour cela que, dans ce cas, on peut remplacer dans la démonstration pré- !

cédente dg la cpn_dition suffisante les suites généralisées (g;);ey et (Gj)ies
par les suites finies (g,-k)mk,,, respectivement (G,-k)l <hene

De méme, lorsque I'espace topologique X posséde une base dénombrable
I' = (T'),cw, pourt tout x € X et tout terme G; de la suite (G;);cy on trouve
I eI tel que x € I', C G;, et alors on peut remplacer les suites généralisées
(€;);e1 et (G;);es par des suites habituelles correspondantes,
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HOMEOMORPHE PROJECTIONS OF k-INDEPENDENT SETS
AND CHEBYSHEV SUBSPACES OF FINITE DIMENSIONAL
CHEBYSHEV SPACES
by
A. B. NEMETH
Cluj

0. Known results, definitions and notations. We denote by C(Q) the

linear space of all continuous functions which map the compact set °

Q in R, the real numbers. _

Definition 1. The n-dimensional linear subspace F, of the space
C(Q) is said to form a Chebyshev subspace of order n—k (1=k=n)
with respect to the function f € C(Q), if the set of elements of the best approxi-
mation of f in F has the dimension == n — k.

The following theorem due to . §. RUBINSTEIN [3] is a generalisation
of A. Haar’s well known theorem: )

The n-dimensional linear subspace F, of the space C(Q) is a Cheby-
shev subspace of order m—k with respect to any function f € C(Q) if and
only if each set of n — k + 1 linearly independent functions of F has at
most B — 1 common 2zeros.

In our investigation concerning Chebyshev subspaces of finite dimen-
sional Chebyshev spaces we have used the notion of the k-independent
set introduced by K. BORSUK [2]. ‘

Definition 2. The set A of the n-dimensional euclidean space E,
s said to be k-independent, if each set of k distinct vectors of A is linearly
independent. '

The connection between Chebysev spaces of a given order and the
notion of k-independent sets is by following theorem stated, similar to those
of v.G. BOLTJANSKII, S.8. RYSKOV, Ju. A. SaSkIN ([1] Theorem 3)
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rHEOREM. The n-dimensional subspace I, of C(Q) spanned BY funes;
O - .. @, 1 @ Chebyshev space of order n—Fk (1 =k=sn) if a;{?ctwns
of the map ©: Q— E, defined by the relation Only

(*) D(x) = (@a(#)s - - -, Pul))

18 a homeomorphe imbedding of the compact sel o a k-inde
of the n-dimen]sbional euclz'deé:m js]bace E,,].j ¢ ndependen e
An 7-dimensional hyperplane of E, passing through the ori
to form an r-dimensional euclidean subspace of E, and w
with E,. '
As in the above mentioned theorem, in what follows if &
are # functions of C(Q) which span an n-dimensional Che,bvshexlr“
of order #» — %, then the map of the form (*) of Q into E ]

} gin is saig
ill be denoteq

: space
by . » Will be denoted

1. Homeomorphe projections of k-independent sets

. THEOREM l. Let be A a compact set of the cuclidean space E
i k-independent. The set A can be iopolog{ically tmbedded /;'ntu an k — s
independent (k= S+ 2) set A" of the n—s — dimensional subspace E,.
of_g,, b]y a projection, if and only if there are s vectors in E, outside to"Aj
szz the ébroperpy’ilmt each set of k wvectors composed by these s veclors
n ;_7;136/ —s distinct vectors of A, spans a k-dimenstonal subspace of E,.

morary necessfzty. Suppose.: that the projection of E, into E,_; is a homeo-
X oIi)nt g;afho the set 4 into the k—s-independent set A’. Let be x =0
thlg i o Ue{sub§pace E,, the orthogonal complement of E,_;in E,. Then
ol 1 ax} le a k—s + l-independent set in E,. Really, if ther
ety L. —s -dimensional ‘subspace E,_, which would contain
the point x andC ﬂpomts of 4 U {x}, then this subspace would contai
o . B B 1en the projection of E,_; into E,_, would form a subspace
= S —s—1. But then the set A4’ would be intersected by &
(the images b mension k—s—1 of the space E,_, in k—s distinct poinfs

§€S Dy projection of the k—s points of A4 which are common Wit

Ey_,), which is in icti .
indgpendent in E,,_::,ontradlcnon with our hypothesis, that A’ is #—¥

Let now the points i '
that these vectorlg ha'vexbtﬁe' iy 2w @ hass o M oo 1

Suppose the contrary property assumed by the Theorer®
that the vectors xlfy...there are k—s distinct vectors Yy« oo Yo 11

are th U s Xy Y, ..., Y are linearl dent, i.e. ghet
e sreals a,-.ki =1 vwsy & afid b, b= 1 - ylg_?gerxlvith the P

pertylzlal+2sb . Fow W sy

: & 14T 2100 = 0, for which

(1 N
V 2“{’5;‘ + ;biy‘. = (.

e which |
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From the linear independence of the vectors x;, i =1, ..., s, and the
: :

s .
k-independence of A it follows that D la== 0 and D |b;] = 0. But then
i=1" i=1
k—s

x = Zai:i:,. is a non-zero vector in E, and by (1) it follows that the

T 4 s
vectors X, ¥y, ..., yk—s are linearly dependent in contradiction with:
the result which has been established in the first part of our proof.

The_ sufficience. We suppose that the compact set 4 is k-independent
in E, and that the vectors x,, ..., ¥, have the property assumed in Theorem 1.,
Let be E, the s-dimensional subspace spanned by the vectors x,,....%,,.
and E,.. the orthogonal complement of E, in E,. We shall show that
the projection A’ of A into the space E,_; is a k—s-independent set in
this space. Suppose the contrary: there is a %k—s—1 - dimensional sub-
space E ;.1 of E,_,, which intersects the set A’ in k& — s distinct vectors..
All counter-images of these & — s vectors are contained in the k—1 -di~
mensinoal subspace E, , = Ey_, @ E,. If the k—s distinct counter-
images of the vectors of A" N E, ;. are denoted by ¥, ,..., ¥k—s, then
obviously £E_; will contain the vectors %y, ..., %, Y1, .., Yk—s and
hence it follows that these vectors are linearly dedendent, in contra-
diction with our assumption. The continuity of the projection of A into-:
E,_. is obvious. We prove that this map is one to one. If a vector
vy e A" would have two counter-images y’ and y”’, then if y,, ..., Ye—s-2
(k —s — 2=0) are counter-images of other k—s—2 distinct vectors.
of A’, then the A—Il-dimensional subspace Ew1=E1® E,, where
E._,_y is the k—s— l-dimensional subspace of E, spanned by ¥y and
those & — s — 2 vectors whose counter-images are the vectors wy;, ...,
n_s_», contain the vectors ¥, ¥, ¥y, ..., Ye-s—2, %1, .-, X and!
therefore these vectors must be linearly dependent, in contradiction with:
our assumption. ‘

Observations. Firstly we observe that in Theorem 1 it is sufficient
to consider the case s => 1, because if s = 0 then as a projection may be
considered any continuous one-to-one linear map of E, in itself and as:
it is easy to be seen such a transformation map any k-independent set.
of E, in a k-independent set.

The condition %=>s + 2 of this theorem is an essential one. It has
been applied in the first part of the proof of the necessity and in the proof
of the one-to-ones of projection defined in the proof of sufficience. The
essentiality of this condition may be seen in the following example.
Let be A C E, the two-independent set obtained by the circumference
of the circle x2 — 2x + ¥2 = 0 excluding an open arc of length which
is smaller then the semicircle, containing the origin. This set may be pro~
jected with an one-to-one projection into none straight line.
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: ' i t /;z-inde end
articular, lfAUIx,,_,,xs}ls.a comI')ac' pendeyt .,
in EInt%l):;t{Zuis B—s— imidépendent projectable in E,_, the Orthogoyy

comlgl’emellt of E,, the s-dimensional space spanmed by Ep <

o) dent set A of the n-dimens;
mma 1. The compact two-indepen _ _ ensiong)
euch%ezn space E, may be topologically zmber?ded wn a two-independent Prope
subset of Sn1, the 1 — 1 sphere in E, with its cenlre tn the origin.

’ s

Proof. Let S, be an 7 — l-sphere in E, with its centre in the o

gin. { be xed and let be (x)7 = {M% |a=0}. We consider th |
;:gp ;(2) = S,_1 N (x)* of A into Su_s. It is easy to seen that this mapij;

continuous. Moreover, it is one-to-one, because A is a two-independen |

set in E,. According to the compacteness of A it follows that ¢ is a homes
morphism. The set §(4) is two-independent, because any one-dimensiona
subspace of E,, which contains some_pomts of ¢(4), contains also the counte |
images of these points in A. It is a proper subset of S,_,, because if'

x € A then from two-independence of 4 it follows that the point {px|p50}E

N S,_. is outside to ¢(4). ' _

The Lemma 1, in conjunction with Theorem 1 gives the following analog;
of K. Borsuk's well known imbedding theorem [2]: :

rEEOREM 2. If A is a k-independent compact sel in E, (k=2), ani
if %, ..., %2 are k—2 vectors outside to A with the property thal each ¢
set of k veclors which is composed by these vectors and any 2 distinct veclor |
of A, span a k-dimensional subspace of E,, then the set A 1s topologically |
smbeddable into a proper subset of the m — k -+ l-sphere S,—_xs1. E

f

THEOREM 3. Let be A a compact two-independent sel in the space E.

Then there is an one-dimensional subspace E, with the property Ei N 4 50'?2

Proof. Let be E, any two-dimensional subspace of E,. From Lemma 15
‘iolloxjvs that $(4) (where ¢ is the map defined in the proof of Lemma 1.) .
two-independent. We consider the set A’ = {(4) N E, Because A’ 13
two-independent set in E, it is a proper subset of the one-sphere - 5=
= Sa-1 N E, . Because A’ is compact it is a sum of closed arcs of 1
Let be a an end-point of one of these arcs, and let be (a) the ]
mensional subspace which is spanned by a. From the two—indepeudenc‘i-
of A" it follows that — a € A", Because A’ is a closed subset of 51
fT(;lloZv’s that there is a neighbourhood V of the point — a in 5 80 t‘h? "

NA’=@. But then the central homothety with respect to the 078, i
l:_md with the coefficient — | map the neighbourhood V in U, v ‘
1s a meighbourhood of the point « in S,. Because @ is an endpoint, The e
arc of A’, its neighbourhood [J contains int b outside to 4~ H
one-dimensional subspace (p & pott g pE the % |
S in b and it Space (b) spanned by the vector b intersects b 'ysi
oL o OinthT}ltt of 'V, and hence it follows that this subsP2y sl |
space B o Pb h With A”. Tt also follows that the one-dimensio™

1 = (b) has the broperty stated by Theorem 3.
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Definition 3. The sequence of projections wy, ..., xs_2 1S sard to

form an M-sequence of projections of the compact set A, which is k-indepen-

dent in E, if »,is a homeomorphe priection of A into a k—i-indepen-
dent set of Eney =1,..., B—2) and if En_i D Epiy, 2=1,...,
k— 3.

THEOREM 4. The compact set A which is k-independent in E, has an
M-sequence of projections %y, ..., xk—z, if and only if there is a sequence
of vectors x;, ..., % outside to A, with the property that each set of k
vectors which is composed by the vectors xy, ..., x; and k — ¢ vectors of A,
span a k-dimensional subspace of E,.

The mecessity. According to Theorem 1, for every ii=1,,,, k—2

there are the vectors x{", ..., x¥'outside to A4 with the property that
every k vectors composed by these i vectors and & — 7 vectors of 4 are
linearly independent. Furthermore, it is easy to seen that each basis
of the space E, the space spanned by verctors ..., 2 has too
this property. From the proof of Theorem 1 it follows that the subspace
E, (i=1, ..., k—2) is the orthogonal complement of the space E,_;
(=1, ..., k—2) the space in which is projected 4 by the projec-
tion x,. Because we have E,_;2 E,_;. it followsthat E,CE (=1,
..., kB —3). Let be x,, ..., x; a basis of the space E, and let be x;.,
a vector of E;., which is linearly independent of these vectors. Applying
this constructive method for ¢ =1, ..., £ —3 we obtain the points
Xy, ..., ¥_p which have the property assumed by Theorem 4.

The sufficience follows immediately as a result of a repeated applica-
tion of the sufficient part of the Theorem 1, remarking that according to

- the proof of this theorem it follows that E, ; D Ep—i—1, 2 =1, ..., k—3.

In what follows we introduce a new kind of map of the k-independent
sets.

Definition 4. Let be A a compact set in the n-dimensional eu-
clidean space E,, which is k-independent. The projection B of E, into E,_,
will be said to form a P-transformation of E, into E, s with respect to
the k-independent compact A, if B (E,) = E,_s, and if each k — 1-dimen-
sional subspace E,_1 which intersects the set A in s — (n — R) distinct
points has in its orthogonal complement E,_pyy tn E, an element, whose
projection into E._s is different from zero.

THEOREM 5. The projection B forms a B-transformation of the n-dimen-
sional euclidean space E, into the n — s-dimensional subspace E,_; with
respect to the k-independent compact A in E,, if and only if the projection
of A into E,, the orthogonal complement of E,_s in E,, is a homeomorphe
map, and the image of A is an s — (n — k)-independent set in E; (s —
~n—B >2).

9 — Mathematica vol. 9 (32) — Fascicola 2/1967
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] thogonal comple
The necessity. We denote by E, the orthogo plement of ¢
subspace E,_, in which E, may be projected with a [3~transfortmati§;

B with respect to the k-independent compact A 1’11_E,,. We  denote by
A’ the projection of A into E.. Suppose that. A 18 mot s — (5 B |
independent in E, i.e. there is a subspace of’ the dimension s — (n— R
E._@-n—1 in E;, which intersects the set A" in s — (n — R) distinct Vectors |
(we remind that s — (n — k) = 2). Let be E,_p41 the orthogonal complemeps |
of Eq_n_3-1 in E, and E;_, the orthogonal complement o-f Ey_pyyin E!
Then we have Ej_; = E,_s® E,_(s—y-1 and the counter-images of th'”
s — (n — k) distinct points in E,.u-n-1 N A’ are contained in E,_, ;|
follows that E,_p;; must have at least an elemen.t which is projected py |
B in a non-zero element of E,_. But this is impossible because E,_;,, E |
and B (E,) = 0. Therefore A’ is s — (# — k)-independent in E_. |

With a similar argument it may be also proved that the projectio |
of A in A’ is an one-to-one map. Due to its continuity and because 4
is compact, it follows that this map is a homeomorphism.

|

The sufficience. We suppose that the projection of A into the s |
dimensional subspace E, is a homeomorphism, which map the set 4 in
the s — (» — k)-independent set A’ of the space E,. Let B be the pro-
jection of E, into E,_,, the orthogonal complement of E, in E, We
shall show that this projection is a B-transformation of the space E,
in E,_s with respect to the k-independent compact set A in E,. Really,
let be E,_ 41 an # — k 4 1-dimensional subspace of E,, whose orthogonal
complement Ej_; intersects the set A in s — (# — k) distinct vectors.
Then E, j;; contains at least a point which is outside to E, If w
should have E,_y, C E,, then, — if E,_(,_s_, is the orthogonal complement
of Es 341 in E, — because E;_; = E, s ®@E, |, 3_, it would follow that
j:he s — (n_— k) distinct points of the set E._1N A would be contglﬂEd
in the projection of 4 into E, ie. in the s — (» — k) — 1-dimension®|
subspace E;_(,_y_,, in contradiction with the assumption that A4’ 15§~
— (»n — k)-independent homeomorphe image of 4 by the projection into

Observation. The essentiality of the condition s — (n— k) =2 follows |
from the observation after the Theorem 1.

2. Chehyshev subspaces of finite dimensional Chebyshev spaces

The notions and notations applied here were introduced in 0- L

i
THEOREM 6. The n-dimensional Cheb sh rder n—k spaﬂ’”!
by fih_e functions o, ... o of the spacg C?Q)S?alfcfsoj;oChebyshev subsl[’“[;]
Oi{ wmebsion ® —S(k=s+2) and of the same order, if o Mz%;"
the compact set ®(Q) which s k-independent in E, may be projeciéd, s
k - s—q,'ndependent set of an n — s-dimensional s@fbspace E,_s and if
progectron of ®(Q) in E,_, 45 4 homeomorphe map.
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The mecessity. We suppose that F, has an # — s-dimensional Che-
byshev subspace F,_; of the same order. Then there exists a linear inver-
sable operator A = |la;|| of F, onto itself so that the vector-function

("!"l(x): trt un('?“)) = (@l(x)i s Py (x)) ' “aii”

has the property that J,(x), ..., 4, () is a basis of F,_,. From the above
equality it follows that

Y(Q) = ®(Q) - llayl
and from the inversability of [la;|| it follows that W(Q) is too a A-inde-
pendent compact set of E,. We consider the projection x of E, onto its
first # — s coordinates and will show that this projection is a homeomorphe
map of ¥'(Q) onto a % — s-independent subset of this subspace. Really,
®(ga(®), oo, Pu(x) = (Pa(x), o .., Ynos(®), O, ..., 0) and for any k2 —s
distinct points x,, ..., ax-s; of Q the rank of the matrix

'11"1(:‘1) Nt q’:;—s(xl) 0 .. . 0

Gi(Xk—s) «ov Guos(2—5)0 ... 0
will be k& — s since [[§;(%;)lii=1, ..., n—s is of this rank by the hypothesis that

=1, ..., k=s
$1, ..., Yu_s span an » — s-dimensional Chebyshev space F,_, of order
n — k. From Theorem 1 it follows that there are s vectors y;, ..., ¥,

with the property that the vectors ¥y, ..., ¥, Yss1, -
independent for any k — s distinct vectors sy, ..., ¥, in ¥(Q). Now
we consider the set of vectors A7y, ..., A7, A ., ..., A7Yy,,
Because A1 is an inversable linear map of E, onto itself it preserve the
linear independence and the above vectors are linearly independent. This
means that the vectors y; = A7, ...y = A~ly, have the property
that the vectors y1, ..., ¥;, %41, ..., ¥» are linearly independent for
any Yeir, ..., ¥% in ®(Q), and we finish the proof of the necessity
making use again of Theorem 1.

The sufficience. Suppose that ®(Q) is projectable onto a k& — s-inde-
pendent set of E,_;. By a coordinate transformation we map E,_; in the

subspace E,_; with the last s coordinates zeros. This coordinate trans-
formation is a linear inversable application A = |ja;]| of E, onto itself
and it means for the space F, the change of the basis ¢,(x), ..., @,(%)
into a basis ¢;(%), ..., ¥,(x) which is given by the equality

(‘l’l(x)’ s L'g”(x)) = (‘Pl(x)r v ‘Pn(x)) * H“»’jﬂ-
The orthogonal projection of ®(Q) into E,_; become thus the orthogonal
projection of ¥'(Q) into the space E,_,, and because the image of ¥(Q)

., ¥, are linearly
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by this projection is a k — s-independent subset of E; _,, it follows i
the matrix

- 4’1(”1) o lgbn—.s(x]_) (.) ¥R (.)

i) s () O ... 0

is of rank 2 — s for any k — s distinct points x;, ..., xp_; of Q and s
does the matrix ||{;(%;)lli=s, ..., nes: 1t follows that ¢,(x), ..., Un—s(%) is a
=1 oy R—$

basis of a Chebyshev s%aéé'c’)f dimension # — s and order n — k, which
completes the proof of Theorem 6.

With help of Theorem 6 we obtain as consequences of those proved
in 1. the following theorems:

THEOREM 1'. The n-dimensional Chebyshev space F, of order n —k
(l=k<mn) spanned by the functions ¢,, ..., @, of the space C(()
has an n — s-dimenstonal Chebyshev subspace (k = s 4+ 2) of the same order,
of and only if the real walues o x;), 2=1, ..., n, =1, ..., s may
be defined so that the matrix

” (Pi(xj) ”l.'=1, @5 ay W
=l wewsy B
has rank k, for each set of B — s distinct points %1, ..., % in QV.

THEOREM 3'. Each n-dimensional Chebyshev space of C(Q), which is of
order n—2 has a Chebyshev subspace of dimension n—1 and of the same order®.

THEOREM 4'. The n-dimensional Chebyshev space F, of order # —k
has Chebyshev subspaces F., i — n — 1, ..., n— k42 of dimension

=1 iu., m—ka2 andiwith the properties F. C F;y t=n—1, .-+
n—krk42 wi;z'ch are of the same orders as Fo zf'aml z;:;;y if the real num-
bers ox)), i=1, ..., m,j=1, ... v k —2 may be defined so that the
matrices

(Pl(.xl) N (p,,(.x]_)

c1‘31(.75,-) 5 & (p”(‘x’.)

‘Pl(_yl) 5o <p,,(y1) ,1=1,.

Pu(Ye—i) . P Vr—i)
» . /] k—i
have rank k for any distinct points LA Ye—i of Q
’ L) -3 *
1 i “
. ?n p[f‘iir]tll(;ular case of this theorem Was proved in [4] (Theorem 5). jmes”
sional Ch gtven an example for 3-dimensional Chebysh, f order 0 without i
ebyshev subspaces of order 0. ek S
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Definition 5. The basis ¢, ..., @, of the n-dimensional Cheby-
shev space F,, which has the order n — k, is said to be a Markov basis,
if the subspaces of F, spanned by the functions @y, ..., Qu_pri, ¢ = 1,. .. R,
are Chebyshev subspaces of order n — k.

Theorem 3’ and Theorem 4’ in conjuncture yield the

Consequence. The n-dimensional Chebyshev space F, of the order
n — k has a Markov basis if and only if the conditions of Theorem 4’ are
fulfilled.

Definition 6. The map B of the n-dimensional Chebyshev space
F, of order n — R in the n — s-dimensional euclidean space E,_; (s + k >
> n + 1) is said to from a B — transformation if B is onto, linear (addi-
tive and homogeneous) and if every n — k + 1 lienarly independent functions
of ¥, which have at least s—(n—Fk) common zeros span an n—k+1-
dimensional subspace of F,, which has at least an element ¢ so that Be == 0.

THEOREM S'. The linear operator B which map the n-dimensional Cheby-
shev space F, of order n — k onto the n — s — dimensional euclidean space
E,.s (s+ k<n41)1s a B-transformation if and only if there is an s-
dimensional subspace F. of F, which is a Chebyshev subpsace of the same
order as F,, and for which B(F,) = 0.
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