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THE GEOMETRY OF THE RELATIONS IN THE SET OF REAL
NUMBERS

. by,
STEFAN N. BERTI
*. Cluj

1. Introduction

_ The purpose of this paper is the geo-metric study of the relations

MCRXR

where R is the set of all real numbers. The algebraic theory of relations
has been considered in some works (e.g. [2], [3], [4])-

Definition 1. If T is a nonempty set, then a relation in T 1is
a subset of the carlesian product T X T:

MCTxT.

The empty relation (@ C T X T) is called the impossible relation and the
total relation (T x T C T x T) the trwial relation. Let us denote by xMy
the inclusion (x, y) € M. The product of the relations M and N 1is defined by

(1.1) M -N={(xy)3z: Mz A zNy}.

Since the relations are the subsets of T X T we have
THEOREM 1. The relations tn T with the settheorelical operations is a
Bool’s algebra. '
THEOREM 2. If M, (x€ &); is a familly of relations m T and
MCTXxT, then R
(1.2) MU M) =U MM,
aEA aEdt



2
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M
myM=U M
(1.3) ileJot .
M,) C N MM,
(14 MO =G
cnMM.
(1.5 (MM

The proof of (1.2) and (1.3) is given 1 [2]. We prove (1.4). we see |

"[! E 14 ' I ‘243 a‘a L ":) b4 E 14 ZJ G I ' Jl{ =

Jz: (r,2) € M A (2, y) € M, for all x € A =
aza(a Ea) : (x, za) € M/\(za'y) € Ma &

(x,9) € MM, for all x e A (x,7) € N MM,
aEdt

The proof of (1.5) is complet analogous.

Definition 2. The algebraic structure of the relations in T wilh |

the seitheoretical operations and the product is called the algebra of relations. |

In [1] we have given some results of the theory of relations is R |

2. Preliminary definitions

Definition
pariiculay relations -

The point: P, = (a, )

3. Inthe set R of real numbers we define the following

where q, § €R

The straight line - Doy, = {(2, MNax + by 4 ¢ 0}

Where a, b, ce R

The intera - Labea={ (%, 9)| x = (c —a)

tta,y=@d—bt+d |
I<i<y,

where a,b,c,deR/\a<c
=

Th ne :
e halfline - H = {(*9)|r =, +ty

o

=b+it.tgu, t>0)
where 4, € R and 4 € [0, 2r) i ]
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The rectangle: Qu b0 ={(%¥)la< 2 <, b< y < d}
where a < ¢, b<deR.

These telations are sets. Therefore we have e.g. P, , =
Do, 0,0 RXR, Du. T M d, Ha.b.u U Ha.b,n-i--u =D

Ia.b.a.b == Qa,b,c.b'
tgu, —1,b—atgu (Where u €

€ [0, -n:))

3. The formulae for the product of some particular relations

THEOREM 3. If M C R?, then

(3.1) Py - M ={(a)|(by) e M}
and
(3.2) M - P,y = {(x, b)|(x,a) € M}.

Proof. We have:
(%,7) € Payy - M@ 322 (x,2) € Py A2, 9) €M &

@x=aphz=0bA(bYy) e M& (x,y) = (a,y) where (6, 5) € M.
The proof of (3.2) is similar.

ideration of
The formulae (1.3), (3.1) and (3.2) can suggest the consi
the following forngulae for the computation of the product of two

relations

M-N=UP,,, - N=UMP,,
(@b EM (a,)EN

THEOREM 4. For a point and an interval we have

(3.3)

Pa'ﬂ;(L_l_(’;_l—ﬂ.:,b'afa'#:u‘Ao b=t <
(3.4) Pys = e g™ Ioy,aa if ¢ =a=b
@ in the other cases
and
o= yov it 2070 3 < 1
B5) I,.,.. Pew= if d=b=4a

Ia, a,ca

@ in the other cases
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32 r ¥, c,d. =
e = (@ANOA Elmerce] = -
Proof. Pa bla\b:¢" )+ ey= (@ — &)t +b'0<t<1}§
b=(— e a0 .
_{(av)f( _mb~ﬂ)+b} e 7—&“/\0<97:i<’1f;
{aylyﬂ"'—'.?’ s
' e r s b — g g
E: RO TSR0y |
Q . r___ [
Ny, 0<i< 1} ¢ = a ‘
{(a.ylb=“'5"( % by
P ifc’#a’/\()<_.1‘i(l
E’__”_@:_—" : € —a
¢ —a if CI o al — b
é"-""""' in other cases.
I bodPey ={(% b)[(x, &) € Lab,ca} =
= {(% &)z = ( b—-a)H‘ﬂa (@ __b)t-f—b,Ogt{_, 1} =
d N
{(x,b’)]x-(b—a)t—i—aa—-b} ifd=25¢
Py_ a)(a-b) v - Hd2b0g l“bf-;l
-t d—1b
I,“. fd=b=4a
0] - in other cases.
Thus the theorem is proved,
Corollary., We have .
(3.6) P,,P, b,___-_JPa, ¥ if e’ =p
' 9] if a’ == b,
Th
e statement of corollary follows from (3.4) :
Pﬂ.bpu',b’ :P“lblﬂ',b',u',b'={Ia'b,'a"b’ if a = b= P:x, » lf a’ =
o fazb |@g ifa#h

For the Product of two interyalg t

Lemmg, 1. I
where '

a/\b—‘-d/\[-u 'U]-,..

¢ — g

GWanmu

he following lemmas are prow

—7
i
5

then
(3.7)

=1

(c — &) u + a,
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Ia, b,e,d ° Ia’, b, d
(d" — b')(d — &) u 4- b — a')

¢ —a

+ b, (¢ —ajy -t a,

¢ —a

Proof. From (3,4) and (1.3) it follows

In,b,r.d *

—

(¢

= U P(c—n)mn(d—b)zyb ‘-Ia’,i:',c',d'=
(0, 1]
P

(c — a)l 4 a,

]u'. ¥, &,

(@ = &)ld - b)i + b — a%)

&) — b + b-a) .

¢ —-a
r —b) b~
IF«.O.U/\ g ETO 1]
= U p WO Bl = 4
(€(u, 1} (c— a)l- -
- b’ L T (€ 2 Ry
o —— d — W)((d — bu + b a’) PROT T (d M ) v a’)

g 0
¢ - a' ¢ —a

and thus the lemma 1 is proved.

then

Lemma 2. If for the intervals I, 4, ca and Iy y o o we have

(3.8)

€0, 1JAb =dAc =d

¢ -

[a, b, c, tilu’. v, e, d = [“- b, e, bl"" o, e d =

=2 I‘. b~ W) g o bie — )

o —a

c —a

Proof. We see that

jn', b, e d =

P .
Ia,b,t,bla',b',c'.d"—': U Pe-wiias _

te [0, 1]
d’ — b')b —- &) | =
= By i gin ESIIE) 5
1€00,1]
ey @ =)o —a) B )y
By ¢ —a

¢ —-a

and the lemma is proved.

3 —
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by
Zd I’ ’ o ’ '
i 1f for the intervales Ja,b e d 10 Sal, ¢ a
a 3' r b .
L emm ) bJ-d/\f"_E[O’”
a=¢ A £l d—2" 't:{
rv;
{
then =
Loy it = Ia,b,c,dla',b’,ﬂ’:d' - f
(39) Iﬂ,b.ﬁ.d n"b,a,d ;
' — a)fa’ — b) i §
i
|
!
! Proof. We have
f
| = Po-apta@—-tt+o Loy oo =
It ile,v,ad 4 egu frsnge
= Ig—ayttab,c-at+ad = Tie —ayw — vy o, by L HE =y o
(€ [0,1)A0" = (d—B)t+b d—b T tnil
and the lemma is proved.
Lemma 4. Ifa'=c¢ =b=4d then
(310) Iu, b, ¢, a'.Ia', v, o, d — Ia' b ¢, blb, o, b d =

= Qmin (a, ), min (', 4}, max (a, ¢), max (b, d’)+

Proof. We have

I‘nb-c.bIb.b',b.d' = U P(c-a)t-]- a6l b 0,00 =
1€[0,1]

lE[o,l]I(c_'““'fn,b',b c—a)t 4 a,d =

= {PIPEIu,b’,u,d’ where U € [ﬂ, C]/\ [C, a]} =
={P|P¢]

Qﬂun (ﬂ, 5)1 min (6’. d')' max (,,’ c), max (b’, d)s

and the lemmg 4 is Proved

fom the lem
following theorem :mas 1—4

w¥,u4, Where 4 ¢ [min (a, ¢}, max (a, ¢)]} =

o 1t
and the theorem 4 we can easy denve f \

7 THE GEOMETRY OF THE RELATIONS IN THE SET OF REAL NUMBERS 35
THEOREM 5. For the product of two intervals the Jollowing formula holds -
(311) In, b, c.dIa', V2.8 —
Lic—ayu+ a0, (c = a) v + a, ate1s
if (¢"—a')(b—d)=0,[u, v] &= and -
" @B
e, i) = {tl - € [0, lj}ﬂ [0, 1), where
; {d" = V)(d—b) x4 b — o '
g(x) = = g
cC —a
! R . i ;
" W — '.’-)(b'— a’) e (@ — ¥)(b ~— a’) 445
¢ —a ¢ —a
\ & b — a’ t o ’
if ———€ 0. 1A =dpd & 5
¢ —a
1
(c — a){a’ — b) ; , (¢ —a)(a’ — b) g B
S v Y u, —g— d
. ’ S e’ —b
if a' =" Ab=d €[0,1]
d—b
Qmin (a, ¢), min (V', d’), max {a, ¢), max (¥, d')
ifa' = =b=q(d
O otherwise

THEOREM 6. For an straight line and a point the product is given by
the formulae

P nae if =20
a, — o
518 Po,iDev,e = Dio, —a if B =0Aa'b ¢ =0
1G] otherwise :
and
]P_lb-rc'b, if a',#
W Dunebew=1p,. _, if @ =0Na'b+¢c=0
[%} otherwise
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gjs st AR
Proof, From (3 r : 3
er {(aqp)(bu)ED,.aa}-'{(“' )[ax+by+c=0}§
Py oy Vb, d RS |
(flo, - g
=1 gl — G hooddt B = OAEE =0
. ) othermse |
TP dte if =0 ,
=T o .
=DIO—¢ ifb'=0(l'b+c,=0
g" otherwise

1 [y

From (3.2):
Du« Prw = {(% )I(%, &) € Do, o} = {(%, b) [ ax + b2’ + ¢ = 0) =

{(8)] —0o<w<+oo} ifa=0Aab+c=0

P_arse b @20
Dy, _y if a=0Aab+c=0
g S g otherwxse R ¥

st K
Y

THEQOR |
EM 7. For hwo straight lines the product is given by the f‘?"”"i"

(.14) DD
&b Lg pt o=

a,;b:b':c:c':b-

» THE G |
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Do, _ 4y, n";ﬁbtv 1fb;é0Va i
P—f.—;— zfa#O/\b';ﬁO/\b—a =0

_ 11-;::: zfa-qb—c=a—~0/\b'?f0
g-'c U?fbﬁa—b—-c~—0/\a?€0 '
RRRTA 7-r, o Mt
By i ar ' DI g IS X
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Proof. We have the equivalences et sTH
(%, _’}/)EDnbcDa v,e &3z ax+bz+c—0/\az | by+c =0

if 520Va %0, then

Jriz= e _ My

srr=—Tie DAY fff}z'b_;fo

(x,%) € Doy, Dy, &{Fz: 2= =T ‘by+c i) ¢ =0Ab2 06

by 4

Jiiaxrt+te=0Az2= — c',if__a’;efO/\b-—_-O

(%,%) € Duw, —tw, we — 4 if @040 o5
(x,3) € Do oo = RXR if (@ = b =¢ = OAb”LO)V
\/(a—c—b—O/\a;éO)
& (%) € Do =0 if (@ =0 =0A0+0Ac 20}V " Y
V(b—-u-O/\a #Z0Ac20)
ifa"=0Ab20AE 0 '
if @@ =0Ab=0Aa=0.

—

(%, %) € Doy,
(.T, _)') € Du,O,t

(‘> (xl J’) € Dnn'. - Wb, a'c - b’ if b = OVa' :-"'- 0
If b=a"=0 then (x,y) €D, 4 Doy c& (%,9) € Dy o,cDo v, e ©

©32:(%,2) € Dajo, Az, ¥) € Doy @3Iz:ax + ¢ =0Aby +¢' =06

(6,y) €0 if (@=0Ac=0)V (' =0Ac==0)
Da,(l,c if a¢0/\b’=c’=0
=>4 D(),b',: if aZC/\b’¢O
P, ,'3 if az20AD 20
re 3
RxR ifa=c=b=c=a" =¥

and thus the theorem is proved.

By definition the relations D, . (for @, b, ¢ € R) are straight lines,
it follows that Do 00 = R X R and Doo1 = Q are straight lines {(in gene-

ralized interpretation).
THEOREM 8. For two reclangles the product z's given by

) . d=a ANb<
3.15 0u i | Qarine Y
(3.15) Qubc,a * Qu,v,c,d {@ zfd<aVb>C
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Proof. We e

I“, bu,d * Ia‘, v, ¢, 0 =

Qﬂ. b an’, p,dd T vElm cjreelt @]

7:f [ﬂ', '] N [b, d] + 9

", =

if [@,¢1N (6. d] =0

= { ugls, ¢l rE€W, 4]

o
Ouv,cd if @, c]N[ba] =0
={g' 1N b dl=0 =
Qn e ifdza Nb<c
={@ fd<a Vb>c

and the theorem is proved.

THEOREM 9. The product of two squares have the area O or
A and A' are respectively the areas of the two squares.

Proof. 1f the squares are Qubatrs+r a0d Qu p a4 g 4 o and

@, +k1N b b+ k1= 0
then

Q":b-ﬂH.b-J-k Qn',b'.m-k', b+ = Qa,b.a + kb k.

We denote by
for areas

Q:Qa'lu : — h2 - 5

If [a e bR, GtQ"-b'.n’+1=',1>‘+1¢'= k'3, cha,b,a+k,n+k' = kK.
a,a 4k b -

to be Proved‘] by g A

THE ]
- ZEZR?[ 10. If the rectangles Q) and Q" are
e A" then the gyeq of product {s v

3,

(3.16) 200’ = o“_ if 00’ = &
P VAT i 9o 2 g
gles, :ﬁﬂﬁ' iel%____ Qat,

tsoyr, O = ectal”

«QQ" = and 4 < 'gpe ,Qc-d.c+ skd+m be the twoTIes
QQ Skt = VAAl, as it ey to It Q =0 then QQI ey Qa, d a4 54 + # an

be proveq,

\/7171_' where

S ——

«Q the area of square @ and we have in this cat

@ then the area of product is 0, as it W

similar reclangles with fhe

H
¥

i
f
i
|
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The interval I, ;. 7 is defined by
3.17) labiwr ={(x,y)[x=a+tcosu, y =b+ tsinu, 0 &bt The

= da,b,a+ Tcosub + Tsinu —
and therefore

(3.18)

u+Tcosu,b+Tsinu;n+:-r,T

I =17 [ S
a,b,c,d a,bjarctg ——, Yic—af + (@ - bF -

For T — oo we have

(3.19)
THEOREM 11. The product of a point and of an interval is

Hrr,b, w— Ia,b;u,m-

Pivitp-aygw if cosa’ =20 /\b_‘“,’e[O, 1]
cOoS U

(320) Puslov,wr = Lviw, 1 if cosuw' =0Ab=2aqa

] otherwise
and

o % f—b e

Piiw—negay of sinuz£0 A asm —€[0, T}
(32]) ]u, biu T I)n', W == Ia’ Via, T ’t:f Sin U = 0 /\ a = b

0] otherwise.

Proof. The equivalences (%, ¥) € Paplu,riwvr®@x=2a A (b)) €
€l y.wr@x=apANb=a +tcosu’,y= b+ tsinw' &

b a’E {:0, T]

cos u’

x=apAy=0b+0—a)tgu Acosu ZO0A

Clr=ua Ay=>b +tsinuw Ab=2a'
(%, ¥) € @ otherwise

and (v,9) € I p;ur Poy @y =0A2=2a +tsinu A @' =b+tcosu@

‘—b
-"=a+(a'—b)ctgu/\y$b/\%s—;€[0' T] A cosu 20
= t=a4isinu Ay=bAcosu=0Aa"=b

(%, y) € @ otherwise

Proved the theorem.
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& point and of @ half-line is ,;
corotlary. Theprde? °? 8L by g
or S _ 7
Jormulac ! EATEL |
) u anqg ——_ g
Py +o-anev if s = cosy’ = :
feosu =0and b =g
¢ Hn’. & Ha, ' 1f . .
) S g b otherwise
and _ o
Put - hetgnd if simnuz20 and ==
(3.23) HosuPov =\ H,yu ifsinu=0 and a' —p —
'] otherwise
Lemma 5. If sinucosw' #Z0 and [v, w] == @ where
[u,w]={t[““”zf+’f“”'e[o,lj}nm,u |
cos #’ Tcosu’ F
then i

(324) Irn,b; i, TIa’, b, T‘=ITucosu+a, (Tvsinu-Fb—a) g W' <&, Tweosu - a, (Twsinu b—a')igs ¢
Proof. From Lemma 1 and formula (3.13) we have

Ia,b;u.'rfm,b’;w, ™= I"f bad4 Teosu b 4 Tsinu In;, ¥,a 4 T cosw’, b+ 1" sinw’ =

T Trosuta, (Tusinu b - o)tgw H¥, Tweosu+a (Twsinu -+ b—atguw + b

Lelmma 6. If .

ROS W = — g =D
then

I ¥
.b;u,T'I: R {
abie, T = QaJ b’:“"l‘TcUSﬂ,b'-f- T. ,r.

Pmoj_

Los, wthay, W, = U

r I, v, =
N, wEI‘,J biu, T u, b

% '”Iﬂ—'. ;w1 =
Py, w€lq, b;u, T H i

=4 5
e u"lL’QOS ! e gt s m—
‘g0, 1) Wl g = Qn. V,a+tcos wb -+ T

THE GEOMETRY OF THE RELATIONS IN THE SET OF REAL NUMBERS
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The interval J is defined by
(325) Ia. ~Scosu, b = Ssinu;u,S4+T7 = ]a,b;u,ls, T

where S, T > 0. In particular in this way can be obtained the following
formulae , :

(3.26) Jabiu0r = y A
(3.27) Jabu,,0 = Denu, — cosu bcosu — asinn
(3.28) Jotuiw =H,; .
(3-29) I = Ps.
(3.30) Jav:us T = Jobiusns
- B {Jg,o;_amg;, ww if@az=0Ab=0
.31 e . Jo.b;0,0,2 ifa=0

4. The radieal from relations

Definition 4, If 4 © R X R and of is a familly of relations, then
(4.1) VA ={(M|M' =4 N\ M e o}

is called the n-radical of A by of (where M* =M - M ... M).

For the complex numbers a« =a + a4, f=b+ b and y =c¢ + e
by definition
(4.2) Dy 6.4

is called complex straight-line and it is a complex relation.
If B0V o 320 then by definition (see 3.14)

(4.3) Dy, g, «Dar,p v = Daa', 8,0 - v
The line

(4.4) ig = Diio0

is called the complex unit-line. From (4.3) we have.

(4.5) i% = Dyio- Diio = Diro
The necessary and sufficient condition that

D, oy D,y = 1e2l relation
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is given by

0 faa' — a;a1 =0
g =
aay T 0%

or CIC; — ¢t = O
! — ’ ’
ohi + 0=, a'c+ byt = aic; + be!
’ I ﬂlc = bCI + 1
ae TN

B orormy]I2. If & boeR, a> . "

4.6)

D s Dy g ¢
=)Dy =" 5, -¥V=b———}"
4] gl { o et A s }
Proof. From (3.14)
i,v,w = Du’, -1, Jw—rwe
From
-Du’, - — 00— Da, b, c
it follows |
uzi\/(;,vzi\/:—b,wzuiv ;
i
As for k20 we have Dy s, c = Dax, s, ot it follows J
DE,V.w=Da,b,c<=)Du,v,u.E D _ _ ) i D _. . . :
s oV |

and the theorem is proved,

THEOREM 13. If D, D' and D" are veal lines and

D? = DI’ D"t — D’ [

H ] ! 1 % . .
ten the lines D, D' and D" wil] inlersect in one point of the first bisetk
I, -10. |
The proof of the theorem is given in.[1]

THEOREM ;
WIf Doy, is a yeal line and a > 0, b > 0, then
V'Dn, be= D

W.VT:EQRD c D ‘—‘f'RD IR E
"av5 L o, -V, A 8 Lo
T a, =Wl g LT

Proof. B .
om (43) D;r, ¥, _-_1RD1’ §, g = . l

= Dz.y.fDl.i,OD Liw=D

& = ZDI. 1,u = D.r, yi, 5 4 ywie

TRl uLwpL I mp_asspasmsmpe—————————— ..
THE GEOMETRY OF
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For a>0, b>0
VDa bc={D @ b D
L b, vav:cv:;_}_c\'b__J — —-—cVa cv_i;]
a-+b atgp ° Ve -3, i—b_u-i-b'j
Then
x=\/ﬂ.y=ﬁ»2=iﬁ:yu=cw)_' = -
atb a+b a--b
and
e 12_\[5’3:6\’“, yu:—__cvb,u= —,
a+b a-+b a4+ b

as it was to be proved.

5. Some equations connecting relations

In the above section, we derived (for a > 0, b < 0 and a® ¢ 4 that
the line-roots of the equation Di ww= D, are

. . and D &
VaV=b 55y R U
In this section we consider the set of some equations with relations.
THEOREM 15. The solution of the equation
(5.1) MN =0
1s given by
(5.2) M={(xylyed}NC N={(xylxeB}ND
where A and B are sels of real numbers, C and D are relations and
AN B=29.
We denote this solution by
(5.3)

Si 5.0

Proof. Using (1.2) we obtain MN = ) P-Q.If Pe{(x 9lyed}NC
PEM,QEN

and Q ¢ {(x,v)|x € B D then P = P, , and Q = P, where %, v ¢ R
and x € A(, yﬁe) ,B, thei-eQ)re x =Yy and P - Q = (J. When MN =@, then

A={y|3x:(xy) eM;
B=1{x|3y:(xy) €N}

— C=Z\/IandD=4M-
This will complete the proof of our theorem.
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& on of the equation ](J - 45
~ THEOREM 16. The solutro? g » THEOREM 18. If _t/"w equation MN = A has the minimal solutions
o ) AR AT M, N mew
:;.j;venl i} Coa={ y)l yeA}N {(xy)lxeB}nC - then the general solulion of the above equatz'oﬁ 15 given by
e 4, BCR, ANE=0 and CC Iisx K <69 M =M.UU, N =N.U7,
This theorem follows from theorem e
PP 7 .
then TaH;ZZZ:«IIarIZahgo: of t{kf a::qb;’mtu:;’ wind 5 b "w (5.10) Ma Ve U UNo U UlVe C 4. |
(5.6) MN =4 Proof. Let Mg, N, be the minimal solution of the equation MN=A.
is We consider the equation
6 i (4L U U)W, U V) = MY,
No=q Py cvom £ st d . We have

where ;72 % (L k=12, ..., 0 jZ k). ; (MU U)NeU V) = MNe UMV, U UNU UV, =
Proof. This follows from the representation M.N = UPQ =A4a

therefore M—{Pa:l]—l s B}, N——{P, b; TE= PCM \Efz}

=AUM,V,NUN,UUYV,

6. Some special problems

" In this case
We denote by S,., the square Q, , ,11,641. From (3.15) we have

MN e
.(Upi-ip‘f.*) (U P,, s Pua) =4 U (U Pysby . See ife—lgb<etl
=L...n ik=1,. G 5 oy (6.1) Sa.,‘.Sc'd..—__{ .
IEY A . 1] otherwise,

and MN =A when for j & we havé Therefore for the equation
which i P YL o :“ (6.2) MN = U Saj b
e is valid when y, %1, (j '
J# k)

Defj _ we have th inimal solution of the form
nition §, The solution M — M', N =N’ of the quatiot e minimal so .

. ' o
" £ | MN = _ ; k _ :
S called minim“l ’!f for T 4 ¢ {6.3) M= LJ: Sa; £ N ——H Sy; v
: *and B ) C =@ we have = B
(M AN C) = A, : * Where q; ... g4, are the distinct numbers ay, ..., @ and

In ;
assumptj b, and x; 7y, for jZ k.

011 R0 . '6" ! ' .
¢ minimal sojyt Of thls .deﬁmtmn the solutions (5.7) of equatio? b bi...., b are the distinct numbers by, .
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Exemple For & ) U Is,s s 17,875 Ulssss U Ts 555 <
— ()s,3,6,4 e

= 4,2 J 54,5U55:5 U 56. 557,5 |
: tation i
' have the represen
according to (63) W€ 2 A =MN E
where i=55U Ss.9 U Se, 9 U Se, 10 v 57,11 i

and N = S s USuzUSuaVU Siz2U So,s U Siz,3 U Se, s U Sizy Y

U Se,s U S5 U SisU Sizs

2 : i imative solutions of , |
thod can be applied to obtain approxima S0] ' the
equaggf ilx?erelation MN = 4, when we determine two finite sistems o

squares § and J’ where

SCACS.

An analogous method can be applied for the approximative solutis L
of the implication
MNCA !

(see theorem 18) where are unknown the relations M and N.

7. The produet of relations and the composite functions

f Iy =/flx) and y = g(2) are increasing functions defined respectivel
or X € [a, 0] and x € [f(a), (b)] |
then we define

by f° 4
(Fo 8)(x) = g(f(2).

If we consider the relationg

=)y =) and ¢ = {(x.9)
then the Product of these ig

ly = g(x)}

(x,y)|3z: (v,2) ¢ F A (

) Z,y) €G} =
= {(%.9)1z = flz) Ay =g2)

={(% )y = g(f(2)}-

THE GEOMETRY OF THE RELATIONS IN THE SET OF REAL NUMBERS
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In the case of two lines (bd' 52 )
G ={(x.y) 1y = g(x) = _:’Ti}
and

FG = {(% )]y =g(flx)} = {(x, 15 = gl =SS a0 =0 *b:'“ = ””’} -

= { (.L', _’V) Eaﬂ'x = bb’j’ -}- a’C —_— bC’} = D

aa’, — b¥', a'c — be's

Therefore the theory of relations is an untrivial generalisation of the
theory of functions.

We conclude by the observations that the theory of relations can be
generalized for the cartesian product

RxRx ... XR = R®,

ok

The product of relations in this case is inducted by the composite of func-
tions. E.g. if £ =3 and

z=[xy), z=¢g(x ), 2= hix,y)
F={(xydz=fx} ¢={(xy2z=¢x} =
= {(%, 5, 2]z = Mz )}
and we define the composite
(7.2) 2= [lg(x, ), h(x ¥))
then the inducted product is

(.2) FHG = {(x,y,2)|3u, v: u = g(x, ) Av = bz ) Az = fw, v))-
If

(7.3) z = f(h(%, ), &y, %))

then the inducted product is
(7.3) FHC — (%, 9 2)|uv:u=¢gy x)At= B(x, ¥) Az =flg. B}

The theory of the relationsin R with the prodgc?:e%fpt;e f-;;?;)(.';;?h)é
(7-3') ks Clre object of the so called ,,grudq—theory nt considerations.
8eometry of these relations is analogous with the prese
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ZUR CHARAKTERISIERUNG VON MINIMALLOSUNGE"\I
. IN NORMIERTEN LINEARE\I RAUMEN

VOI’I

W ()I] GANG W. BRECKNER
Clu] T C

und BRUNO BRObOWSKI

" Cbttmgeu g

1. Es sei X cin nor1merter lmearer Raum {iber dem Korper de1 reellen
oder komplexen Zahlen und Y .eine nichtleere Teilmenge vou X. Ein Ele-
ment y, aus ¥ ist eine Minimallésung beaughch Y fur em vorgegebenes
Llement x, aus X, wenn y, der Gleicliung

[Hxa — 1'frH = mf IFwg —J’H

[8 K’lp Ill 18])
von A folgeuder-

die

geniigt. Bekanutlich (vgl. 1. SINGER Lonnen
Minimallosungen im Falle eines linearen Texlraumes

massen charakterisiert werden :

Yin Element v, des linearen Teilraumes ¥ von X 1st genau dann eme
Minimallosung fiir das Element %o-aUS X, wenn eines der bﬁlden folgenden
Kriterien erfiillt ist:

(1): I:.s gibt ein I'unktlonal fe M[xu

oo, Re f(v = vo) e 0 :
gilt, -5 spn 1 : ¥ i

- yol, so. dasa . i
fur alle y E Y “ 5"“

¢

(2): Jedes Element y aus Yy genugt der Ungle1chung catz ok
 min Re f(y —y) =0 "-::z e
i T arvard sheessel wk wik A esmutetl
Dab&l ist o ’ ) o oo Bosunons s o
i i¥ mavpe a 5 T H 3
Mg {fife X%, an51 f(xo e

wd Ly Sl bezexchnet d1e Menge der Ex’crelllall)uﬂLte ‘5‘_"1;

[x():—~y0}._ Fad 15t sRmelod 80 Calllll

=M "
¢themalica vol, 11(34) — Fascicola 1/1969.



