MATHEMATICA VOL. 11 (34), 1, 1969, pp. 135—136

KOROVKIN’S THEOREM FOR NONLINEAR
3-PARAMETER FAMILIES
by

A. B. NGMETH
Cluj

The aim of the present note is to prove the theorem of P. P. KOROV
kN [1] for the general case of 3-parameter families (we use here this
notion in the sense of [2]). Our theorem may be formulated as follows:

THEOREM 1. Let be F a (linear or nonlinear) CONLIMUOUS 3-parameter
family defined on the closed interval [a, b). If the sequence of linear positive
operators {A4,} — which transform the space Cla, b] of continuous functions
on [a, b] normed with the maximum Horm, into the space Bla, b} of bounded
functions on [a, b) normed with the supremum norm — has the property that
lim A,p = ¢ for every @ in F then lim A, f = f for every fin C [a,d).
This theorem for the particular case of the linear 3-parameter families
(i.e. Chebyshev systems) 1s the above mentioned theorem of Korovkin.
Reffering to Korovkin's proof we observe that there in fact the followings
have been proved: ) .

Let (7 be a family of continuous functions on [a, b] with the proper-
ties

(i) for any x, € (a, b) there exists an element { € (F so that ¢(x0) = 0,
W(x) > O for x € a,b] — {%o}:

i )(ii) there exigts an element $, € (F S° that o(@) = Yold) = 0,

Uo(2) > 0, % € (@, D)5
o )(iii) for an(Y yl)and 4, there exists an element {, € (F so that $u(@) =N

an = .
‘ ';‘PI;Q)REﬁz.Z. If the sequence {A,} of linear positive operators which
transform Cla, b] in Bla, b] has the property that tim 4,9 = ¥ for_ each eag:;
where (F 1is the above defined family of functions, then lim A, f = f for ¢

Ie Clj’[r‘:)’vl:e].Theorem 1 showing that the 3-parameter family F may be
transformed by addition of 2 function to each of 1its elements in a Zamay
(7 which verifies the conditions (i), (i) and (iii) and then Theorem y

be applied.
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that if F is an n-parameter family and g is 4 fixeq
e

It i to show i
is easy to s mily of functions F = {9 —¢glp g F)

continuous function, then ‘the fa

is also an m-parameter family. L
Let now F be the 3-parameter family in Theorem 1 and let be B

Form the new 3-parameter family (F = {9 — &2 € F}. Then the ,
function will be an element in (Z. From the properties of the 3-palralcm:lt:ro
family (£ it follows jmmediately that the conditions (ii) and (i) .-
fulfilled. - " e

Prove now that the condition (i) is also satisfied for our 3-paramet
family (£ Let be %o € (a,b) and let be a < % < %, < %, < b. Th o
exists two elements ¢ and ¢, of (£ so that ¢,(a) = o(a) = 1, ¢y (x )erf
= Gu(x) = 0, Ua(¥g) = dafx) = 0. Observe that o (%, 8) is valid the
inequality {,(x) < y(2). Let now %, < % < %, and let 3 € (£ an elee
ment with the properties $3(@) = 1, $s(%o) = Ya(¥s) = 0. Then on (x, bs
we have Ua(%) < Pa(2) < da(). If {x,}is is a monotonous sequence of
points ;€ (%o, %;) converging to the point x, then the sequence of
fun;:tlm)ls {46,-} where {; is determined by the conditions Y;(a) = 1, ¢ {x,) i
= {,(x) = 0_converges uniformly to the function {(x) of (F hick satis.
fies the condition (i). AP S5 SRS

Really, the sequence {{;(b)} is momnotone increasin

] ; g and bounded:
l,b,.‘(b) <, (0), += 3,4, ... and therefore it is convergent; the sel;tlxei(}:é
{$,(%,)} is monotone decreasing and. positive and then also convergent
Téhe sequence {{,(a)} is convergent being constant and then from a theorem
o[ L. TORNHEIM (see [2] Theorem 5.) it follows that the the sequence
{q,.gx)} converges uniformly to a function ¢(x) of the family (Z. It is
obvious that ((x,) = 0. Because ¢;(x) >0 on [a, x,) we have b(x) =0
c;n (a, %;) and because ¢,(%) > 0 on (x;, 5], ¢ =:7' ;’—{— 1 it!#({ao)llbé‘—;vs
\é(x) =0 on (x; b). But j is arbitrary and therefore (x) ’2.6 on (x,, 0]
: 1;)_ %o is a duble zero of ¢(x) and therefore it must be the single z o o}
is function, which proves (i) 8 ere

Finall ' ‘
s Auli;a;’:li;f—; be jfm@[i Tl"fn n=¢ —g for some ¢ in F and
appiied. n @ 2E=0 —lg =7 and Theorem 2 may be
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LA RESOLUTION DES SYSTEMES D’EQUATIONS
OPERATIONNELLES A L’AIDE DES METHODES ITERATIVES

par
10N PAVALOIU
a Clyj
1. Soient X et Y deux espaces de type Banach et Z=XxYle

roduit cartésien de ces espaces.
Dans l'espace Z on considérera I'équation suivante:

(1) x = o(x, )
y = 4x )

I

Dans la présente note on interprétera ’équation antérieure comme

un systéme de deux équations a deux inconnues oit ¢ et ¢ sont des opé-
rateurs définis sur Z et a valeurs respectivement X et Y. De cette maniere
on mettra en évidence un critérium  de convergence du procédé de Gauss-
Seidel appliqué 2 la résolution de ce systéme. Tnsuite on montrera que c€
criterium est plus général que ceux qui sont connus.

Enfin on appliquera les résultats obtenus 2 l’élab.orat:ion d’une nouv
méthode de résolution des systémes des équations lineaires.

Une partie des résultats de cette note ont été obtenus P
un cas particulier (X=Y= R) dans le travail [1].

2. On suppose que les opérateurs ¢ et ¢ satisfont

vantes :
a) Les opérateurs ¢ et { transfo
b) 11 existe des constantes «,

elle
ar nous dans

les conditions sui-
rment le domaine D C 7 en lui méme.
g,aetb telles que

”"#(xz: Yo) — d(%y, yl)H < a||¥: — x| + b||ye — i

Y2 — yill

HCP(xz» ¥s) — ‘?(751’3’1)” = of|x2 — )| + Bl

pour tout (x;,¥:) € D i=12"



