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Alexandru Lupaşl) 

In 1914 P. SCHWEITZER proved the following theorem: If {al9 an} 
is a set of real numbers with the property 

0<m^ak£M (k — 1, . . . , ri), 
then 

. ( M + m ) 2 

o (' 2 ""H1 2 -V 
kt 1 l \ n k-iakJ 

4 Mm 

In [4] (see also [3]) G. POLYA and G. SZEGO have obtained the follo-
wing generalization: If {Ar ... , An}, {JBX, . . . , £„} are real numbers which 
verify 

0<ml<Ak^Ml, 0<m2<Bk<M2 (k= 1 , . . . , n), 

then 

(2) 

II-«4 
/m, "h 
M, M, 

Then they showed that the equality is attained in (2) if and only if the 
following conditions are simultaneously fulfilled: 

Mj M2 

/w, m2 m l m2 are natural numbers. 

* Presented November J 5, 1971 by D. S. M I T R I N O V I C . 
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II. a of the numbers . . . , An are equal to w p and p of these num-
bers equal to M r and if the corresponding numbers Bk are equal to M2 

and nu respectively. 

1 M ^ - y / M , M i : = 

77M=_L then (2) is the same inequality as (1). On the other hand in 

this case 

^ 2 

such that for w = 2 /? -i-1 the SCHWEITZER'S result does not give the best bound, ta-
king into account that in (1) the equality is not attained (except some trivial 
situations as: m = ak = M = 1, k = 1, ... , n). 

The object of this note is to improve SCHWEITZER'S inequality. 

Theorem 1. If {av . . . , an} is a set of real numbers with 

0<m^ak^M (k = 1, . . . w), 

j i i . W f f i ' t ) 
then 

El 7 L ? I "k! Mm 

where the symbol' •] denotes the integral part. 

The equality is attained if j^yj of the numbers a1, . . . , an are equal to 

m (or to M) and if p ^ J of these numbers are equal to M (or to m). 

Proof, it is stated in [1] (see also 3.2.26, page 205 in [3]) that if 
••• ' An}> {Bi> ••• » B„} are real numbers with 

m ^ A ^ M , , m2£BkSM2 (k = 1, . . . , //), 
then 

where 
2 A k B k ~ ~ 2 f . Bf< 

k=\ » k = 1 kJ 1 
^(M.-m,) (M2 — m2) w (n) 

y for n even, 

w (n) = < 
1 r for n odd. 

-r/- 4 // If we take 

°k m M' 
then from the above inequality we obtain 

nu: = — 

(Ml,^ (M+mf n - g (n) 4 Mm 6 K } 
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where 

{0, for n even 

for „ o d d . 4 Mm 
An easy computation shows that 

(M + m)2 2 , V 
4 Mm Mm 

and the theorem is proved. 

In [2] P. HENRICI showed that the KANTOROVICH'S inequality 

. (M + m)2 (IH(l>)s! 
4 Mm 

0 < m < a k < M , p k ^ 0 . 2 / V ^ 1 • • • > 
k= 1 

is a simple consequence of SCHWEITZER'S inequality (1). 
By using the same method of proof which is described in [2], from the above 

theorem we obtain the following improvement of KANTOROVICH'S result. 

Theorem 2. Let {p,, . . . ,pn} and {ax, . . . , be real numbers which verify 

pk ^ 0, 0<m^ak^M (k= 1, . . . , n). 
k=I 

Then 

2 « p . | ' 2 l J ' - 2 j ' 
¿TI / \ * - I * * I AF/MR 
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