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4 RORMED SPACE ADMTTTING COUNTABLE MULI-VALUED
METRIC FROJBCEIONS
by
IOAN SEEB

Lot X be a normed vector space and M an arbitrary subset of

x. The metri¢ projection om M 4is the mapping PI t X— 2N » Qefi—
ned by:

Px) ={meM: Ix-nm|= a(x,u)§ ,
where d&(x,M)  4is the distance from x to M. If card Py(x)

for all xeX\M, we say that the metric projectionys totally multi—
va.lued and in tho Bpocial case when ocerd Pn(x) =X

o ? for all x &
€ X\l, we pay that the metric projection is gountably multi~valued..
The set M 1is called proximinal if Py(x) £ 9 for all xeX\k,
Ir ZPl is & totally multi-valued metric projection, then the set i
will be called strongly proximinal.

It is clear that every proximinai sot 18 closed and every stromi-
ly proximinal eet is proximinal, hence closed,

) Some resplfs about the existence of bounded or compact strongly’
proximinal sets in concrete Banach spaces was obvained by 5. V.
EORJAGIN {2]. He calls & strengly proximinal set, & set with the
anti-uniquenness property.

In this note we shall give a normed space X containing a bouc:-
dad. strongly proximinal set M with Py countable multi-valued.
Piret, concerning strongly proximinal sets we haves

PROPOSITION, If M 48 & strongly proximinal set of the Banach
space X , them ‘

card P (x) 2 ¢,
201' a_ll xel\ M.
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Proof. We denote by B(x,r) the closed ball of cemter x apg
radi:;r— Let M be e strongly proximinal set of the Banach space
1.- Then M is s closed set and PH(x) = ¥N B(x,d(x,M}) 48 a clo-
sed set too, as an intersection of two closed sets. We will show
that if xeX\ M, then Pn(x) does not contain isolated points,

We suppose, cn the conirary, that moePH(x) is ar isolated
point of Pu(x) , for & given xeX\ ¥, Then there exists an ge(0,l)
such that B(m , E4(x,M)) N Py(x) = {og e

et x, = (E/3) x + (1 -¢&/3) m,. We have 1
bx - x U =ix=(E/3) x-(1-(&/3)) myle(l=(/3)ix-n]«

= (1 - (£/3)) a(x,B) < a(x,N).

It follows that x € X\ M. On the other bend

ix, - =0 =l(§/3) x+ (1~ (e/3)) m, - ;:O[[ = (E/3) ix - B\l =

. = (€/3) a(x,N).

From thiae‘?ollowa d(xo,l) < (€/3) &{x, ), Let me M, If ni—Pu(x)
we have 1

bx, -mlelux - =l -ix - xl] sz omy-gx - xl >

>z M) - uxy - Tl = &z, = (1 = (£/3)) Alx, W) = (£/3) a(z, ).
It 18 clear now that m ¢ Py(x ). If meP(x) \ B, we have i
B, - mi > 10mg = mil-lmg - x b} 2 "€ aCx,u) = (e/3) a(x,b) =
= (2¢/3) «x,M) and = ¢ Py(x ).

Then, for all m £ m,, mcl, we have mfP,(x) and it follows
that Py(x)) ={m,} and this contradicts the fact that ¥ 4is a
strongly proximinal set. It follows that Pu(x) ie B closed set
dense in itself, i.e. a perfect get in X for all xeX~M. But

every perfect subset of a complete metric space hes the cardinality

at least c (theorem 6.65, p. 72, [1]). Bence card Py(x) 2 e, for
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all xeXNM, ; '

In the precedent proposition, the condition ™ X is a Banach
space” cannot be improved by ™ X is a normed space™.

EXAMFIE. Lot X be the space of all real ssquences x = (x )i
having only a finite number of nongzero therms. With the norm

ixt = max i)},
X 4is a noncomplete normed vector space. Lot N be the set
M={xeX: x e {0, 17224,

We will show that Py, iz a éountably multi-valued metric projec-
tion, i.e. card Py(x) = X for all xeX~M, Let be xecX“M.

°
Then the therme of the sequence X = (xn);'=1 will be of the form @

xn = I/Zn, it .n = nl.' nz. cee ,nk
x, € B~{0, 1/2%) 4f b= n g, eee oBy
X, = O in rest.

Let 2° = (md);7, the element of M defined by

1/2%  1f D =0y, Doy eee aBy
m: = or if me{ng, s oo o0 ) and ixP>Ixy - 221,
o in rest.

For every m = ('51);;1 ¢ M we have 1@

- - >

hx - nl= ::; {lxn nn\} 2 2?‘nk§1’too’n1h{\xn -n\i
» max {min (lxl,lxy = /2°D =

nqnx‘_l'o.o'nr’ .

o . (]

= 3 ix - l}‘ﬂﬂ i\\"n-‘n”‘

:aéx{nhl.....nrt} a "n D ey, eeerRy
e max {1x, - mglf siix - =% .

neXN .

0
This implies that ¢ Pu(x) and thez’:A a(x,M) efx -2’ >0.
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Let K ¢§ be such that 2P ux - vl 4 for all n>L. et X =

= nax{nl, Bye eeo ,nr'j and N, = maxiiﬁo +1, B + 1. 1ot

 ={n® e /2 o 5,

e
where On = (0’ .;. ’o' .1. o. eve )n 1
It is clear that '1 is a countable subset ef M and if e

= (';)::1 € U, , then 3
1l 12,
ix - -lu = ::; {\xn - mxlxﬁ = max{:n:n \xn - mn\, :afl \::n - mn\i_

2 2

.

4m{1/2n‘ .ux-n°ﬁ slix -2 .

¥e have that (x =~ llll ¢lx - x°1 . and since 2’ ¢ Pl(x), it follows
that ®' € By(x) for all mlc k.

Pinally, if xeX\M we have proved that card Pu(z) zcard M, =
= )Co and card Pl(x) £ card M = N,'o. Thise implies tbat P, is a
countable multi-valued metric projection.
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