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A. HOBMED SPACE ADHITTDIG COUHTABLB ITOIffl-YHoSD 
UBTEIC PHOJBCSIOHE 

by 
IOAH ESBB I 

Let I be a noraed vector spaoe and 11 an arbitrary subset of 
Ketri.9 pro^tic^ on II ie the mapping pm , x — 2U, defi-

ned byt 
« M i Ix - il c d(x,M)i , 

where d(x,M) ie the distance from x to U, If card PM(x) > 2, 
for all xeXNtU9 ve say that the metric projections totally multi-
•alued and in tho special case when card PM(2c> * Jf 0 t for all x 
* I M , we say that the metric projection is coontably multi-valuedL, 
The set M is called proTlmlnal if PM(x) / 0 for all xtXM!. 
If PM is a totally multi-valued metric projection, then the set IT 
will be called strongly proximinal. 

It is clear that every proximinal set is closed and every stroâ v-
ly proximinal set is proximinal, hence closed. 

Borne respite about the existence of bounded or compact stronglx' 
proximinal sets in concrete Banach spaces was obtained S. V. 
KOHJAGIH [23 • He calls a strongly proximinal setf a set with the 
aDti-uniqaenness property« 

In this note we shall give a normed space X containing a boun-
ded strongly proximinal set H with Pg countable multi-valued. 
First, concerning strongly proximinal sets we havei 

PROPOSITION. If M 1b a strongly proximinal set of the Banach 
space X , them 

card PM(*) ct 
for all x€XNM. 
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Proof. Ve denote by B(xtr) the closed ball of center x and 

radius r. Let M be a strongly proxiniaal set of the Banach space 
X. then M is a closed set and Py(x) « » 1 B(x,d(x,»>) is a clo-
sed set too, as an intersection of tsro closed sets. We will show 
that if xe!\M, then PH(x) does not contain isolated points. 

•e suppose, en the contrary, that m0tPM(x) is an isolated 
point of P„(x) , for a given xeX^K. Then there exists an 6«(0,1) 
each that B(mc, £d(x,M)) 0 P uU) - • 

let x0 «? (£/3) x • (1 - £/3) m0. We have t 
Ox - xo0 = ||x - (£/3) x - (1 - (e/3)) mQn «-(1 - (e/3)) Ix - ®o0 « 

- (1 - (e/3)) d(x,M) < d(x,JI). 
It follows that x0el\l, On the other hand 
||x0 - »0H = I (6/3) x + (1 - (£/3)) «0 - n0tt » (£/3) 11 x - *0« = 

- (6/3) d(x, l i ) . 

iron thiŝ followB d(x0,M) c (e/3) d(x,tt). Let at 14. If a £PM(x) 
we have t 
• - • I fc I IX - «1 - |X0 - x | I «= llx - nil - Ilx0 - X 11 > 

> d(x,U) - ttx0 - x|| = d(x,U) - (1 - (£/3)) d(x,M) = (£/J) d(x,M). 
It is clear now that a iP„(xo). If .tPK(z) \ a0 we have i 

I x0 - » I 11»» - »1 - I a0 - x0H| i £ d(x,B) - (£/3) d(x,M) = 
« (25/3) d(x,B) and a i PM(xc). 

Then, for all a / v • 6 H, we have a tl^xj and it follows 
that PK(xo) and this contradicts the fact that III is a 
strongly proxiainal set. It follows that P^x) i e a c l o B e d 8et 

dense in itself, i .e . a perfect set in X f o r all xtX^li. Bat 
every perfect subset of a complete metric space has the cardinality 
at least c (theorem 6.65, p. 72, fl]). Hence card * c, far 
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all leXNM, 

In the precedent proposition, the condition "I is t Banach 
space" cannot be improved by * X ie a norned space". 

KXAMPLE« Let X be the space of all real seqaences x s (x^)^ 
having only a finite number of nonzero therae. With the norm » 

IzA « naxllxj} f iid 
X Is a nonconplete nonned vector space. Let M be the set 

Ve will show that F^ is a countably multi-valued metric projec-
tion, i.e. card PM(x) • for all x«X^M. Let be xtlsM. 
Then the therms of the sequence x = will be of the form t 

xn » 1/2°, if n « nlf ng, ... »n̂  
xa € H^lO, l/2ni if n « n ^ , ... 
XQ « 0 in rest. 

Let m® « tb® «lemellt of M defined by 
jl/211 if n * n v ng, ... 

a£ «J or if nt{nk+1, ... and \xn\>\xn - 1/2"I, 
I 0 in rest. 

For every m = fe M we M ' 
«x - mil« max {|x_ - m^} £ max " ~ 

i B a x imindxj.lx^- l/2nl)î* 

»il^i «,1 n^,...,!^ 
s max 

« max {|x_ - - MX - ®°U ntH 
TMs implies that m°c PM<x> and then d(x,M) . yx - m ll > 0. 
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I*t K t 5 to such art l/^ax - . ior all n > V Let « 
. *ax {nx, x^ -d «2 - - « K • »1 • ' L<>t 

^ - • Cl/2®) a £h2 

«here e » (0, ... »0» .1» ••• 
'— 1. 

It ie clear that ^ is a countable subaet of M and If • « 

* C-i^l 6 "l ' then ' 
ttx - m1« - -ax - « " ' 

£ max { V & • lx - « 1* - • 

We have that Qx - m^Ux - m°0 . and since m° * PyCx), it follows 
that m1 fe Pg(x) for all m1c 

Finally, if zel^H we have proved that card PM(x) fccard U^ • 
a X 0

 card ?n<*) * card M = ^o- 51118 i®Plie8 that PM i e * 
countable multi-valued metric projection. 
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