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iSOHMKD SPACES WITH BOOTDED OE COMPACT 

BTBQNGLY PBOIDCIHAL SBTS 

10AH SERB » 

In th i s paper we denote by X a real normed vector apace. I f 

M i s an arbitrary subset of X , then, as usual, the metric projec-

t ion on H i s the mapping PH i X- 211 defined by 

PM(x) = {meM i )|x - nil - d(x,M) \ , 

where d(x,tf) i s the distance from x to M« A set Hex i s called 

proximinal i f PM(x) / 0 for a l l z e l . We say that the set M i s 

strongly proximinal i f card PM(x) > 2 for a l l z c Z W , I t i s clear 

that every strongly proximinal set i s proximinal« As i t was shown 

in [47, i f X i s a Banach spacu and Hex i s a strongly proximinal 

se t , then card PM(x)>o for a l l x 6 l \ M and this property i s not 

true in a general nonned space« By a result of 8« B« SHECKIH t 

i f 11 i s a subset of a s t r ic t ly convex normed space then we have 

card £ 1, for x in a dense subset of X, On the other hand, 

i f X does not be a s t r ic t ly convex normed space, then there exists 

a hyperplane H in X with cardP H (x)>c , for a l l xfcX^H« 

Accordingly, the normed space X contains a strongly proximinal 

subset II , i f and only i f , X i s not s t r i c t ly convex« 

S. T. KONJAGDJ in [3] posed the problem of finding the Banach 

spaces X which contain bounded or compact strongly proximinal sets* 

He ca l l s a strongly proximinal set, a set with the anti-uniquenness 

property« S« V, KonjJagin has observed that in a f in i te dimensional 

space there exist no such sets« For some concrete spaces he have ob-

tained the following results i 

a) I f A i s a complete metric space and AQ i s a closed nowhere 

dense subset of A, then the Banach space of continuous bounded funo-
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ciors f on A with f|A - 0 f endowed with the sup nora, 

X) contains a bounded strongly proximinal set i f and only i f 

card 
2) contains a compact strongly proximinal set i f and only i f 

card A > X 0 and AQ / 0 . 
b) I f i s a positive measure space and LX(A fX t/0 i s 

Banach space of integrable (classes of integrable) functions on 

che space (AfH,/0 then I^U.Sl./O contains a bounded strongly 

7roxininal set i f and only i f the measure jl i s non-atomic« 

We shall give in the present paper necessary and respectively 

sufficient conditions in order to a normed space contain compact 

" and respectively bounded strongly proximinal sets« 

Let X* be the set of a l l continuous linear functionals on I . 

*d say chat X* i s a support functional (exposing functional) 

for a given set l ( c i f i f there exists an so as to have 

either x~(m0) > x"Xm) (respectively x*(mQ) > x*(m)) for every 

a e J I \ U 0 \ t or x*(m0) £ x*(m) (respectively x*(m0) < x*(m)) for 

every 

I f x*£ X i s a non-zero support functional (exposing functional) 

for McX , i t i s clear that >x* ( U 0) i s a Bupport functional 

(exposing functipnal) for H. In the sequel by support functional 

(exposing functional) we understand such a functional of norm one. 

Ihe set of support functionals, respectively exposing functionalv 

(of norm one) for the set If will be denoted by respective-

ly by i (M) . I f for some mQe M there exists a functional x*€ X* 

such that x#(m0) > x*(m) (respectively x*(mQ) > x*(m)) f then 
i s called a support (respectively an exposed) point of M. 

^e denote by U(X) the closed unit ball of I , 
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LEÏUU 1. I f ï la a noraed np«™ «nrt H la a a t r ^ w 
nal subset of I t then t 

W U ( X ) ) ft t t o l U tfCM) n . i ( B ( x ) y ] = t . 

Proof. Suppose that H la a strongly proxininal subset of I , 

and [tf(U(X)) fi ÎOO] U t f (H) ft 2(0(1)) } k 0 . Then either 

a) there exists x*€ tf(U(X)) f\ -£(m) or 

b) there exists x * € H 2(U(D). 

F i r s t , we consider the case a) . From a) i t follows that there exists 

noe M such that either c) x*(aQ) > x*U) for every s€ l ( t a A nQ 

or d) x* (» 0 ) < x*(m) for every ne M t a £ mQ. I t i s enough to 

discuss only the case c ) . I t follows from a) t that there exists xQe 

fc U(X) such that x*(xQ) ^ x*(z) f for a l l x«=U(I).(If we suppose 

that x*(x 0 ) k x*(x) for a l l x * U ( I ) f then x*(-xQ) ^ x"Xx)f for 

a l l x eU(2) 9 and -xQ will be the element which we need). 

Consequently 

- x*(xG) = x*"(— xQ) = s o p ^ x*(x) = ||x*l » 1, so that x*(xQ) = -1 . 

But from 1 « |x*(x0)| 4 II xT l lx J I a \\xQ\\ é l f i t follows Ux0ï « 1 

Let now : = a 0 ~ xQ. We have t 

II x x - mil ;> I x * ^ - m)l = |x*(m0 - a) - x\x 0 )| « x*(a0 - m) • 1> 

>1 « I - x08 » t * ! - a 0 i l • 

for every me*, a A * 0 . ®ien llxx - aQ|| < H^ - all . for every a*M 

a A m0. I t follows that P^Xj) = \ * 0 ] and by hypothesis this im-

pl ies that xx a m0 f i . e . xQ » 0, in contradiction with Qx0tt » 1. 

Ve consider now the case b) . There exists aQ€M such that 

©•> x*(m ) > x*(a) for a l l a fc M. We have as in the preceding case 

x* (x 0 ) / - I and llx0ll « 1. * and x*(%0) <*•(* ) . * x , U ( X ) . 

Let x x - mQ - x 0 and «eM, m A mQ. It x*UQ> > x*(a) then 
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roof as in the case a) we hare 

\\ X l - all > -

I f x"(a) = x * U 0 ) then, x#(xx - a) » x*(xx - a ? ) - 1, and from 
- a / - « - xQ , i t follows that xx - a f since, i f 

Hence HxJL - mil >1 » ( - xQJ) = l|xx. - aQ|l f 

for every m t H f m ^ mQ , i f x^(mQ) > x*(m) 

- all >||xx - a0D t 

a &VL , a A aQ . Then 

we have 

hence PM(x1) B | t t o j . I t follows that xL = mQ i . e . xQ « 0 f in 

contradiction with flx0H • 1. Then, in both cases a) and b) i t f o l -

lows that [<J(M) A <(U(X))1 U [tf(U(X)) H *(M)] = 0 . 

Renarks. 1) I f X i s a f in i te dimensional Banach space then X 

does not contain bounded strongly proximinal sets« Indeed, i f M 

i s a bounded strongly proximinal subset of X , M i s a closed set 

(since i t i s proximinal) so that i t i s a compact se t . Then V (M) c 

= U(X*). But, from the Krein-liilman property H(U(X)) 0 and 

^(M) 0 1(U(X)) = U(X*) 0 l(U(X)) =r ^(U(X)) A 0 , relation con-

tradicting the condition of our lemma, 

2) I f in a normed space X f there exists a compact strongly 

proximinal subset H , then U(X) contains no exposed points. I f 

contrary, then SP(M) 0 ^(U(X)) = U(X*) A 1(U(X)) = i (U(X) ) A 0 

and by lemma, M i s not a strongly proximinal set . 

As usual, m i s am extremal point of U means that m i s not 

the midpoint of any segment of positive length contained in M. 

We shall give in the next proposition a sufficient condition 

in order to exist a bounded strongly proximinal set in a normed 
pace. 
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PBOPOSITIOH 2. I f X - 1« o 
~ i ^ S ^ S i S f i j ^ ^ G M U(X) hasn't extra-

laLiate&UtoS* U(X) j ^ ^ n ^ r o x i m l n a l set m X . . 
Proof. Let .xQ< Xv*(X> and let yQ . V u y . I t l a ' c l e a p ^ 

1*0 - x 4 * B x o - « ilx0fl - 1 - 0 f for oil xcUtt ) . Since 

U(X) hasn't extremal points, i t follows that there exist y l f y2 £ 

^U(X) f 7 l A y2 f such that . yo « * j 2 )/ 2 and uy^ « , , 2 , « 

* 17^1 • 1. 
Denote by « « ^ - y2)|/2# ihen « « \\7l - y2»/2 4 («y^ • 

• ll72i)/2 * 
Let be fi * * (min U , * } ) and « yo • fi> (yx - y2)/2. We 

hare 0 < M 1 wd P ^ * * £ * . 
But 

»*o> • U 0 • fr^i - 3r2)/2* B H j i • y2>/2 • M7X - y2)/2l * 

* 1 U • fO yx/2 • (1 - (S) yg/2 M l » hence U(X), 

On the other hand we have t 

l *o - *o11 * I x o " yo " <*(yl " y 2 ) / 2 i * 1 * * 0 - • c 

- n ( 7 i • 72)/2 - My x - y2)/2B « K * yx/2 • <*•/*>) y ^ D 

« * ! ( * - A ) 72/2*1* > . 

From this , i t follows that *0 c 70 • - 72)/2 * P M (Z 0^ 
But ^ 0 , y i : y 2 / 0 implies tQ A yQ. Ihen PM(x0)r> \y0, 
and since x was an arbitrary element of XnU(X) , i t follows o 
that U(X) i s a bounded strongly proximinal set in X . 

In particular, i f we denote by a positive measure 
space i t i s well fcnown (see for instance R. B. HOIiffiS [2]) that 
U(L1(A,2lt/i)) contains an extremal point i f and only i f X con-
tains at least an atom. I f Afl i s an atom of X then f 1 X'a ' w o 

f where Y A i s the characteristic function of 1Q , i s 
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an extremal point of U C I ^ U , Z T * e n ^ £ *<>es not contain 

atoms, then U(LXU9T9/0) contains no extremal points and hence 

by the preceding proposition HQlH^Z ,/0) wil l be a convex, boun-

ded strongly proximinal set . 
te shall give in the sequel a generalization of the notion of 

exposed points. 

The point xQeM i s called a k-exposed point of the set II i f 

there exist the l i n e a r independent functionals x£, x£, ••• 

such that s \ 

x*(xQ) > x£(x) for a l l x € II 

x|(x0) * x£(x) for a l l x€lIf\H1 

x k- l ( x o> * x k - l ( x ) C o r a i l x é B î A ^ n . . . 
x j ( x 0 ) > x j ( x ) for a l l xcMHH^ . . . A H ^ n U ^ . 

where by Ĥ  we understand the hypeiplane6 of équations x£(x) « 

c , i • If 2 k-1. I f k b 1 t then xQ«r AI i s 1-exposed 

point i f and only i f i t i s an exposed point. I f the dimension of I 

i s ,at least k • 1 , then a point xQfcli which i s a k-exposed point 

i s also a k • 1 exposed point. 

On the other hand there exist k-exposed points, which are not 

k - 1 -exposed points. Ve will give an example of a 2-expoBed point 

which i s not an exposed point. 

I f we consider in fi^ the convex body obtained from a cylinder 

completed with two semi-spheres i t i s easy to see that a point p 

of the c i rc le of contact of the cylinder with a semi-sphere i s not 

an exposed point but i t i s a 2-exposed point. Here i s the u-

nique supporting plane in the point p t to this convex body and H2 

Cx|(x) x x£(p)) i s for instance, the plane containing the c i r c le 

of contact passing through p. 
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Concerning Exposed points and compact strongly proximinal sets 
ve have i 

PEOPOSITION 3. I f the nonned space I contains a compact strong 
ţv proximinal set , then U(I) contains no k-exposed polntB. for 
keN. 

Proofs Let II be a compact strongly proximinal set of I . We 

suppose that x Q e a ( I ) ia a k-exposed point of U(X), for a given 

k€H. Thent there exist the functionals x*£U(X*) , i • 1 k f 

such that 

X £ ( X q ) > xJCx) for a l l x*U(X) 

x|(xQ) * x£(x) for a l l x 6 U(X) ft Ĥ  

x£(xQ) > x£(x) for a l l x*U(X)f\H^n .. . . A H ^ M x ^ , 

where H* are the hyperplanes x*(x) = t 1 * ••• 

From the proof of lemma we have ljxjl « x£(x0) = 1. Since M i s a 

coippact set i t follows that the sets defined inductively by 
M. B \mfcM t xT(m) = inf x f ( x ) ] f 1 1 i x«M a 

M2 « {meU^ x£(m) « inf x£(x)\ f 

are a l l nonvoid and compact 

Let be «„e hare t 
tor a l l 

x * U ) 4 f o r • U " B t l l f x H î n ••• 

^ ^ . . o - x 0 ^ . - > V » - W < > & > • 
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x*(m - x j ) » x*(a - aQ • *0> > « 1. Hence lia - x ^ :> 

> |x^(a - > 1 « lx0l| - II « 0 - In th is caae i t i s c l ear that 

b^P m (x 1 ) . I f x*(mQ) = x£(m) , then x£(m - x ^ = xJ(mQ - x ^ = 

= xJ(xQ) and i t follows that • - x x € h J . I f in what follows we 

suppose that x*(mQ) < for a l l a * HAH® • we hare x£(m - x ^ * 

> x ^ a Q - x 1 ) = x|(xQ) and since a - x l « Ĥ  f we have again 

a - x ^ U C l ) so that ajtP^Xj^). 

Suppose now that x£(n0) = x£(a) . We obtain inductively that 

a t 'Pyix^ i f at least one inequality x£(mQ) ^ xj(m) i s sharp. 

Suppose that x£(mQ) = x£(a) for i « 1, 2 f . . . f k . This implies 

that x£(m - x x ) =» x£(mQ - x^) = x£(xQ) i * l f . . . i . e . a - x ^ 

A . . . OHJ. How, since a * aQ f i t follows that a - x 1 A 

A xQ. But x£(a - x x ) » x£(aQ - x ^ = x£(xQ) > x* (x) f fo r a l l 

xeU(X)AH*H . . . Hence a - U(X) f i . e . n i P ^ x ^ 

Therefore in a l l of the cases a A aQ implies a^Pjg(x^). Then 

Pg(x^) =^aQ\ and th is contradiction shows that U(Z) does not con-

tain k-exposed points. 

Remark. I f 1 i s a separable metric space and x^9 x^, . . . i s 

a dense sequence of points in • 9 i f C(A) i s the Banach space of 

bounded continuous functions defined on • , normed with the sup 

norm, then i t i s c lear that the continuous l inear functional on C(A) 

given by 
x * ( f ) = 1 2 f ( x i ) / 2 i t 

has the property that 
x*(e) > x * ( f ) , 

for a l l f / 6 e t with II f IU 1. (Here e stands for the function 

identical ly 1 ) . This implies that e i s an exposed point of C(A) 

and by the preceding proposition C(A) does not contain compact 

strongly proximinal sets« 
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