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BOBMED SPACES WITH BOUNDED OR COMPACT
BTRONGLY PROXIMINAL SETS
by
I0AR SEHB

In this paper we denote by X a real normed vector space. If
M is an arbitrary subset of X , then, as usual, the metric projec-
tion on M 1s the mapping B, + X— 2! defined by

Py(x) ={melM 1 ix = my » &x,0){,
where d(x,M) is the distance from x to N. A set McX is called
proximinal if Pu(x) £#9 for all xecX. We say that the set M 1is
strongly proximinal if card Py(x)22 for all x<XN\M, It is clear
that every strongly proximinal set is proximinal. As it was shown
in [4], 1 X 1is a Banach spacu and M<X 1is a strongly proximinal
set, then card Py(x)>o for all xeIM and this property is not
true in a general normed space, By a result of 8.‘3. STRCKIN 5] ,
if M 1is a subset of a strictly convex normed space fhen we have
card Py(x) <1, for x im a.dense subset of X. On the other hand,
it X does not be a strictly convex no;med space, then there exists
a hyperplane H in X with card Pn(z)e.c, for all xcX-H,

Accordingly, the normed space X conta;ns & strongly proximinal
subset M ,if and omly if, X 12 net strietly convex.

8. V. EONJAGIX in [3] posed the problem of £inding the Banach
spaces X which contaln bounded or compact strongly proximinal ssts.
He calls a strongly proximinal set, a set with the anti-unigquenness
property. S. V. Konjagin has observed that in a finite dimensional
space there exist no such sets., For some concrete spaces he have ob-
tained the following results i 3

a) If A 1is a complete metric space and Lo is8 a closed nowhere

dense subset of A, then the Banach space of continuocus bounded func=-
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Tiozs £ om A with fl; 0, endowed with the sup norm,

1) contains a bounded Btrongly proximinal set if and only if

zard A2 No'
2) contains a compact strongly proximinal set if and only if

~ard1>?(, and 4, £ 9.
b) If (4,Z,) 1s a positive measure space and L4, ) 1a

;b2 Banach space of integrable (classee of integrable) functions on

coe space (4,X.,K) then it (4,3 ,K) contains a bounded strongly

2roxininal set if and only if the measure /L is non-atomic.

¥e shall give in the present paper necessary and respectlvely
zufficient econditions in order to a normed space contain compact
znd respectively bounded strongly proximinal sets.

Let X” be the set of all continuous linear functiorals on X ,
7e say that x"e X" is a support functional (exposing functional)
Tor a given set McX , if there exists an m €M 80 as to have
2ither x‘(mo) 2 x"(m) (respectively x”(no) > x*(m)) for every
aedNim}, or x"(a) x"(m) (respectively x*(m,) < x*(m)) for
every meM~{at. )

If x*¢ X" is a non-zero support functional (exposing functional)
for McX, it is clear that Ax™ (A £ 0) is a support functiomal
(exposing functional) for M, In the sequel by support functional
{exposing functional) we understand such a functional of norm one.

Tne set of support functiomals, respectively exposing functionals
(of norm one) for the set M will be denoted by Y (M) respective-
iy by fw). 'If for some B € M there exists a functional x“e X~
sach that x'(m)) > x"(m) (respectively x(m,) > x(n)) , then
3, 1s called a support (respectively an exposed) point of M.
~e denote by U(X) the closed unit ball of X .
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LEMMA 1. If X is & normed Space and M is a strongly proximi-
pal sgubset of X , then 3

(@@ n el v v n g@@rl-=» .

Zroof. Suppose that M 1s a strongly proximinal subset of I ,
and [YUGE) N E] VIYw) n 4(U(X))] £ #. Then either

a) there exsts x"¢ Y(U(X)) N (M) or

b) there exists x*e Y(M) N £(UQX)).
First, we consider the case a). From a) it follows that there exists
m, € M such that either c) x"(mo) > x"(m) for every meM , a £ »,
or 4) x"(no) < x"(m) for every meM , m £ m,. It is enough to
discuss only the case c). It follows from a), that there exists x,€
€ U(X) such that x"(xo) £ x¥(z) , for all x€U(X).(If we suppose
that x'(xo) 2 x"(x) for all x¢€U(X), then x"(-x,) < x™(x), for
all xeU(X) , and =x_ will be the element which we nsed),

°
Consequently .

- x*(x,) = x"(-x,) = ::g(x x*(x) =Ux*l = 1, so that x*(x)) = -l

But from 1 = 1x'(x°)l <l z'll-llzoj! s izl ¢ 1, 1t follows ixf =1
Let mow : x; = B, = X,e We have @

itz -l 2 |x*(x) =) = (x*(a, - m) - x*(x)| = x"(m, - m) + 1>

>Lel=x0 =lix == i,
for every melM, m £ m . Then Nxy = moll < ix - rll , for every m<M
m 4 m,. It follows that Py(x,) = {m,} and by hypothesis this im-
plies that X; 2 By f.e x, = 0, in contradiction with uxo\\ a1,
We consider now the case b). There exists m € M such that
¢') x*(m ) > x(m) for all meM. We have as in the preceding case
o

ix )| = 1e if X e U(X) and x""(xo) <x*(x), ¥x TU(X).
o .

x*(xo) = -1 and
*® t ]
Let x; =&, - x, and meM, m £ B If x (mo) > x"(n) then
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itk the saze proof as in the case a) we have

hx, -all>ix - L

If x*(m) = x%(m ) then, x"(x; - m) = x(x; = ‘9) =1, and from
X, ~mix) ~By ==X, , it follows that x; - @ ¢U(X) ,since, if
contrary, x'(xl -m) <1,

Hence |x) - mfi>1l aj- x B =lxy. - ml @M, m A m . Then

for every meM , m 4 B if x"‘(mo) > x*(m) we have

ﬂxl - m il >“xl - ‘0“ )
nence Py(x;) = {m j. It follows that x; = m, i.e. x, =0, in
contradiction with ix i = 1. Then, in both cases a) and b) it fola

lows that [() A (N U [¥@wa@) n tw] = 2.

RBemarks., 1) If X 1s a finite dimensionsl Banach space then X
does not contain bounded strongl'y proximinal sets, Indeed, if M
is a bounded strongly proximinal subset of X , M 18 a closed set
(since it is proximinal) so that it is & compact set. Them < (M) =
= U(X"). But, from the Krein-Milman property €(U(X)) £ @ and
PO N EUE)) = UEY) N $UEX)) = £(UQR)) £ , relation con-
tradicting the condition of our lemna,

2) If in a normed space X , there exists & compact strongly
proximinal subset M , then U(X) contains no exposed points, If
contrary, then (M) N §(U(X)) = UX") N € (U(X)) = 4 (VX)) 4 #
and by lemma, M 15 not a strongly proximinal set.

As usual, m is am extremal point of M mea.u.s that m is not
the midpoint of any segment of positive length contained in M.

¥e shell give in the next proposition a sufficient condition

ia order to exist a bounded strongly proximinal set in s normed

1p3cC2,
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ROPOSITI
P TIOR 2. If X- is & norm ¢_spacs_apd U(X) has:\'t extre-

mel pojnts then U(X) is e 8brously proximine] set in I,
Proof. Lat Xg€ INT(X)  and et LA

nal

= xO/lxo\\. It 13 clear that
1%, = xl 20x, -3 4= Ix] =1 =%>0, for all xeUu(x). Bince
U(X) hasn't extremal points, it follows that there exist R K
€ U(X
| (X) y 35 #35 » such that To = (31 + 3p)/2 and gy, =iyl =
=1yl =1,
? . . .
Denote by o= 1y, = 3,0/2, Then « = ¥y = 3o0/2 < (Ul +
Let be p=d (zin {1,2]) and L, = Jo + A (Y - 7,)/2. We
have O< P £ 1 and B < & £ A
But

“20‘ = 110 + ‘S(yl - 32)/2“ = ‘(’1 + 72)/2 + ﬁ(’l - 12)/2\ =
=1 (1 +p) 3/2+ (1 =p) y/21 <1, hence £ e U(X),

On the other hand we have
Ixy = 2ol = (X, = ¥, - (&(;r.1 -¥)/2l= k2y, - p(3y = 35)/2]) =

= 1oy, + 3)/2 - (3 - 7)/20 N (A =P) 3172 + (D¢ p) 7/2] -

= AF(A=8) 3./20 ¢ (Aep) 3/220€ D,

From this, it follows that s, =y, + (5(71 -3y)/2 € Pulx,).
But p£0, SR £ 0 implles <z, # y,+ Then P“(xo):{yo, z°’3
and since x, was an arbitrary element of X~U(X) , it follows
that U(X) 4s a bounded stroagly proximinal set in X .

In particular, if we denote by (4,2 ,}) a positive measure
space it is well known (see for inmstance R. B, HOLMES [2]) that
U(Ll(L,Z,ﬁ)) contains an extremal point if and only if 3 con-
tains at least an atom. If A, 4is en atom of X then £'= 1 ) N
/JA(4) , where ')(Ao 1s the characteristic function of A, , is
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an extremsl point of U(Ll(L, ./~)). Then if 3 does not contain
atoms, then U(I. A, X ,,n.)) contalns no extremel points and hence
by the preceding proposition U(L (A,}: ' /L)) will be a convex, bour-
ded strongly proximinal set.

We shall give in the sequel a generalization of the notion of
exposed points.

The point xDEI is called a k-exposed point of the set N if
there exist the linear independent functionals x{, xg, cos ,x.; %:(6'9)
such that s .

o+ -«

xl(xo) > xl(x) for all xéeM

x5(x,) 2 x5(x) for all xeMNE,

x;_l(xo) > xk'_l(x) for all xe€MNE, N ... NEH _,

(x,) > 2p(x) for all xeMNE; N ... NE _;N\ixY,

where by Hi we understand the hyperplanes of equations xz'(x) =
=xi(x) ,1=1, 2, ... k-1, If k=1, then x «M is l-exposed
point if and only if it is an exposed point. If the dimension of X
is.at least k + 1 , then a point x € ¥ which is & k-exposed point
is also a k ¢+ 1 exposed point,

On the other hand there exist k-exposed points, which are not
k - 1 -exposed points. We will give an example of a 2-exposed point
which is not an exposed point.

If we consider in B> the convex body obtained from & cylinder
completed with two semi-gpheres it is easy to see that a point p
of the circle of contact of the cylinder with a semi-sphere is not
an exposed point but it is a 2-exposed point. Here Bl is the u-
nique supporting plane in the point p , to this comvex body and EH

_(xg(x) = x5(p)) is for instance, the plane containing the circle
of contact passing through p.

2



ancernins k-exposed points and compact strongly proximinal sets
we have i

PROPOSITION 3, If the normed space X contains a compact strong
1y proximinal set, themn U(X) contains no k-oxposed points, for
‘K€ No

Proof. Le't M be a compact strongly proximinal eet of I. We
suppose that x e U(X) 4is a k-exposed point of U(X), for a given
k € N. Then, there exist the functionals x;é oz , 1 =1, ;.. ok,
such that

*(x) r-l(x) for all x eU(X)

x3(xy) 2 x3(x) for all xeU(X)NE]

xp(x)) > xg(x) for all ‘x<U(X)NEI N ... NEF ;>1x3,
where H: are the hyperplanes x;(x) = x{(xo) y 1 =21, a0e k=1,

From the proof of lemma we have ixo]l_ = xI(xo) =1, Bince M im a
cogpact set it follows that the sets defined inductively by
= imelM ¢ x(a) = int xJ(x)
1 =4 i rou 3
= {mel.t x(m) = inf x5(x)}
2 = meyr x3(a) = 2 T

g = {mee e ) = i‘:‘uk,-l‘i(‘)'ﬁ ’

are all nonvoid and compact. B
Let be R, € 'k‘ We have @
xI(n ) < x7(m) for all meM
xz(m ) ¢ xz(n) for all nelnx'i

oo.-oo-n.o-'ocn..o'o

for all nelnﬂn(\ eoe r\n' -1°

and melM , méinm. It x7(m) < xy(m) , then
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f(a = x)) = x((n = ny + x,) > x(x,) = 1. Hence im - =2
>1x(m - gl > 1 =mixyl =limy = X380 In this cage it 18 clear that
m¢Py(x)). If x{(m)) = x{(m) , then xJ(m - xy) = xj(m, = x)) =
= x7(x,) and it follows that = - X € H{- If in what follows we
suppose that xS(mo) < x{(n) for all me "nHT ; we have X5(m - X0
>xj(m, - x;) = x5(x,) and since m - x, ¢ B} , we have again
m - x; £0(X) s0 that m ¢Py(x)).

Suppose now that x3(m,)) = x;(n). We obtain inductively that
2 €Py(x;) if at least one inequality x{(mo) < x;_(n) is shaxp.
Suppose that x{(m ) = x;(a) for i aly 2, eos yko This implies
that x;(n - xl) = ij(1|° - xl) = xf(xo) .1 21, sv0 yk 1,0, m = x) &
€HIAEZ N ... NE, Now, since m 4 m  , it follows that m - x; 4
£ x . But x;(- - x’l) 2 x;(-o - 1) = x.;(xo) > x;(x) , for all
er(x)an N ... nﬂz_l\ Slxo'\. Hence m = x1¢ o(x) , i.e. méPu(xl)
Therefore in all of the cases m # m, implies l¢PM(xl). Then
Py(x;) ={m } and this contradiction shows that U(X) does not con-
tain k-exposed points,

Remark., If A 1is a.aeparable,l'nétric sp'ace and X1y Ty eee is
a dense sequence of points in A , if C(A) is the Banach space of
bounded continuous functions defined on A , normed with the atip
norm, then 1t is clear that the continuous linear functional om C(4)
glven by ce
() = 3 (x)/2t

1=1
has the property that
x"(e) > x™8) ,

for all f Ae , with Ifll {1, (Here e stands for the %function
1dentically 1). This implies that e 1s an exposed point of C(4)
and by the pmcediﬁg proposition C(4) does not contain ‘compact
strongly proximinal sets, .



(1]

(2]

(31

!

151

~ 167 -

REPERENCES

D ay, M, M., Normed Linear Spaces, Springer-Verlag Berlin
Heidelberg New York, 1973.

Bolnas s, R, B,, Geometric Punctional Analysis and its
Applications, Springer-Verlag New York
Heidelberg Berlin, 1975.

Kongjagin, 5. V., Approximation properties of arbitra-
ry sets in Bapach spaces (russian) Dokl, Acad.
Nauk S.S.5.R. 239, (1978), 2, 261-264,

Serhb, I., A normed space admitting countable multi-valued
metric projections (this preprint).

8 ted&kdin, 5. B., Approximation properties of sets in

normed linear spaces (rassian) Rev. Math. Pures

Appl. 8 (1963), 5-18.




