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BEST BOUND FCR THE ARGUMENT OF CERTAIN ANALYTIC FUNCTICHS
JITH POSITIVE REAL PART (II)

Petru T. Mocanu, Mihai Popoviei snd Dumitru Ripeanu

l, Let ¥ > 0 anéd denote by Ey tne class of functions p, with
P(0) = 1, which are analytic in the unit dise U ={ AL 112 1} and

satisfy
4 ' .
) 'Re[p(Z) + 3 Zp (Z)J > 3 el
It is wsell-known that all funetions in Pr have pesitive reel
part in U and a natural problem is to find
(2) fp= sup{lerz pe2)| ; zev, pe Bt
In [2] we showed that
f, = 0.911621%. . 152%23... )
and in this paper we shall show that
%= 138 Lo iv 12 PO (66235,

where %; is given by a rather complicgted eguation.
2, According to & well-known result due to Hallenbeck and
Rusheweyh [1] ‘the inejuality (1) implies the sharp inelusion

p(t) qr(U) , where

L




3
o 36

- :‘ ’u (9) Hy(6) = 1 + 3cos6 - cos’® +YR(9) - 4log(2coa—9£)
(6] q\‘.z)._‘;'( —=_ 5 as » 2& 0., wink
: r T 45 with 3 - . 7
3 (10) R(6) = [—26+ tg (4+2co80 - cos“é )][29_—:1‘.1:6 (3= eosG)]
The domain q (U) , whieh lies in the right half-plane, is | B, Weok (1) e Andues
'i »
convex and symmetrie th respect to the real axis and ‘P‘,. defined qztelo) £ 9005 + 1 yON",
by (2) is given by
where
T csOﬁflars qf(e l A a(@) = - %- + 2cos® -8 8in2@ - 2cos 29 log(2cos %)
For =2 from (3) we deduece qzlz) = zqztzi s+ Where ' v(9) = = 28in@ -@cos2@ + 2s3in2@ log(2cos -%-)
. 4 2 2 and
i LD = -+ T - le(len) , 2c0 ' ¢ @®) = arcteP (o) |,
= where ¢(9) = v(8)/u(@) is given by (7).
N sz .‘o_’_jarg tae "o ¥e have
. ‘ Ho(8)
3. PROPOSITION 1. let ‘P(G) T{_O)— )
(6) (ffe) = arg Qz(eie) ’ 0 26T » where H, is given by (8)s We also can write
where Q, is given by (4). The behaviour af Lf _]LE__L- P'(B) . _4_[“0) S06T% Sadg@nd co'29 - 4105{2::05%).)2_] .
following table : J-u:" (8)
: H,(0) H,[0)
(12) 2 uc6)
g o g, T 2 e
HJ‘{G)- 1+ 3cos® - cos 6 - (R(8) = 41log(2cos =)
ﬁ(@) 0 ~ -4, o o
: | where H, and R are given by (9) and -(10) respectively.
Table 1. I 4
We can write
T y |
ELEE (P = arcf-s(-q’(ﬂ,)) s (0.2 ﬂ £ -:) 5 'ith - (1%) — R(OJ = H,(G) n4(9) .
¢ (8) = iu-.e Gceslf + 2,5m20 @(2’%5! : with
_i +2c0s6 9&»&9-&%39&,{&:&_‘) ! 3‘5(9) = tg—:’ {4+ 2co08.@ -~ coazg) - 26
i i (14) ~
9, “ (2.’7) is the unigue root in the interval (0,']'? of the . E‘(O) B0 g Slacn0) .
funetion . 3
(8) H (€) = 15 - 4 cosd- 201, i (7T + 4 cos® - 2 cos?@) + ‘ oy cose 2g
-2
+46%- 81 + 3 cos @ - cos’@) Log(Zcoa—- ) +161og"gm5ﬂ 33(6) [2+ cos @ ;- _]'.'
in Table 2 we have 0 < 94:1: arccos %—1 < -

or, eguivalently, of the function

.

*) where log is ithe natural logarithm and logl =
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He can write
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(18) [ain & (2-8&959 * 'Tcoa;G -2c0s? 6)- @ (1-4cos ¥ -2caa"&+4cos’6}j‘-

I E

1
E,(8) + ¢ - o - . - 5 i
3 } _ -sin“@(1=-cos8) “(i+2cosd)“R(B) = (5=-dcos @) He (@) He(8) ,
B, (9) )o —7 4=T HZW"O‘) - oei w#nere -
b 3 ES_(G) = 6 - sin@ (2 - cos®)
- 9 8- 5cos@-2 059
- 5T _afa -1+ V17 H.(8) = € - sinfp —=— = )
Singe. cos - == \[v_z (=1+ 202 + ¥73) > Pk € 5- joes"6
we have 6, > g- and -16(7 -6,) > - 3?95 > =39.793% .- Since Hi(@) = =2cos®(1- cos® ), we obtain Table 4s
Hence we easily obtain
- ‘ : ' 3 (r
Hy (7 -e,)=g['3\/2(43+1r Vi7) - 16(F -§)] > © | 2.1 E 4 "I
and froa Table 2 we deduce H,(@) > C , for 026 ¢ T , 30 that He(6) - Y +
from (13) we obtain & B (#) l (¢ — - 1';7; -~ (o) e T
(15) sg R(8) = sg H,(@) (0 <027 ).,
2 Table &

1
From (14) we deduce 84(9) = (1- cos@)(1- 2cos€) , which gives -
§e aiso have

Table 3..
gy o L0036 (i-tosO)(i-2can ) (4 + Cos # - Lcos*s) ;
- 3 } = ]
¢ o i ¢ : x| S (Sr4sesd)s
S, T |
¢ T 2 - which gives Table 5, with 6, given by Table 2.
H,(8) | - 0 " _
, f T , ' -
L@ Joring "3 20 o 53 2 o7 | | @ jo 4 ¥ T -6, 4 T
Table 7 32(9) l - 0 + o . 0 +
From (12), (15) and Table 3 we deduce B |0 % R(3) 2 T o Snae o G
: £
(16) Pier < 0 for 0coce, . it ne
a a
On the other hand, we have g '
: 4 ) Simce Table 4 and Table 5 give B, (4) = H (8,) = 0, i.e
H (8) = o R o2 Sanad @ 5 / s
il [ql( ) (4+£058) Vﬁ?:a[““e (2= Becsf + Tcos’d - 2co0s* @) - e'% I
[-9(1-4coaG -2:’:03 ] +4cos3¢9)—sin9(l-c039 ) (142c0s€ ) VE(-G—)] (20) Gy = sin@',(?- a5y ) o s 9~= winky "‘;‘5:&' :? . '
H.( R i - 2 4 - 4 cos
2 (4+ea36) \kle) [#in 6 (2- 82056 + 7c0s’% ~2cos®s )- from (17) we deduce H

- 8 (1-4cos 0 -2c05'¢ +4coe 6 ) +8in(1-cos®) (1+2c0s & ) v'?(';)J .

1 . ) -
{21) H..(%) = MJ? (1+ 2cos 93)(1— coef )< £ 0
= (t+osby) VR (&)
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( since by (19) we have 55(“3“) # 0 , hence % ﬁ'z; ) and
- I
(22) Ey(#) =0 .

We also have
2 Sin By (€058, ) | (1-2c0s6, Ji+2e054,)(2+ 056, - 2005 4)
(23) B0, =
(1+cosa, )(5-4ycos?a,) V(e

3,# Y 6y hence 2+ coa&. - 2cos? g 20

( since in Table 5

and in (19) we have HB('E'-') 20, hence 9,,)‘5 —_ ) and
(24) 52(94,) =0 .
In order to be more explicit, we mention that (10) and (20) yield

" 2
R(Gy) = [;—:::—s;i (1~ 2cos8y) (2+ coa ), ~ 2c032§")]

Since Table 5 gives 5059,1 < cos(W =€) = (=1+V17)/4 , we have

2 + cos @, - 2cos’g, £ 0, so that

4-co.
B(p‘,) = - ?——;fei; (1= 2cos B, ) (2+ cos &, -2cos’ Gy )

and we can deduce the values of 31(3,’) and HQ(G;,) =

From (17) and (12) we deduce that the possible roots of Hl(ﬂ»)
and 32(9) in the interval (0,% ) are among the roots of HS(E) and
H (€ ) , i.e. the numbers 93 and 9,, «Hence from (21) and (23)

we deduce
(25) H(8) 20 (6 <dec7 ).
From (14) we obtain 1lim ainﬂﬂ,(&) =2 and limH,(@g) = 2% .
T e~ 4 '

3 er
Therefore (13) yields

g_inal. sind \}R(G )J = 0 and from (17) we deduce
¥

Jin [+ coso) VE(E) 5y(6)]-1T .
This shows that in (25) we have H;_(G) >0 (6ceeT) and
we obtain the following table. i =



