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OF THE EXACTITY OF THE EBROR EVALUATION IN THE
APPROXIMATION BY CUBIC SPLINE OF INTERFPOLATION

Costics Mustita

by cubic spline of interpolation,
Let  fi [a,b]-> B be ‘a Lipschitx function op fa,b] , i.e.

(L [ 2(x) - 2(3)] ¢ b2l ]x - 51 2,7 ¢ [a,b)
where '} .fﬂL is the Lipschitz constant given by

2 b, = sap { [£(x) - 231/ |x =¥l x,yela,b], x 4 55

8nd is called the Lipschibtz norm of £ ,

Let b1 5= o éXj<uaux, = b be a fixed d.i-{ris_ion of the
interval [a,b] and 1et £ = f(xi) » 1 =0,1,...,5 the ‘values of
the function f op tpe knots of the aivision b . L e

The following cubic spline of in“ce:'polation
: M, -, . K '
i i-1 3 i=1 2 .
(3) s(x) = N (x‘xi_l)“‘ ‘2‘(?"11-1) fmi-lcx‘xi-l)"‘fi-l

xe[xi__l, =3, i=l,2,..».,n ; Where by = YimEj s 2y = £(x;)
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i=1,2,...,n ' migs'(xi) s Ellzs.(xij r 1 =0,1,...,n ’

was considered in fl} where it was proved that this spline s

is uniquely determined by the conditions @
{i) a8(x;) = i »i=1,2,e0m ,

(ii) s'(xi) =m; ,1i=12,..,n ,
- (113) B, =P , ¥, =q , p,qa given real numbers .
The problem we consider is the following :
Ir £ : [a,b] >R is g given Lipsghi’ci function with narm Jf fuL
then knowing the values £ = f(:gi) , T,e Ay i=0,1,...,0 ,
find evaluations from below and from above for the uniform norm

(4) Is -~ 2] = sup {Is(x) -z} o+ x e[‘a,b]} s

and, if fe Cl[a,b] find also evaluations from below and from

above for

5> st -2y = » sup{‘.s'(x) =@ 1 xefa,n]]

In (1) it was ;g}roved also that the evaluations given for the
norms {(4) ave exact in the class of Lipschitz functions having
Lipsc);it:z norm £ ﬂfﬂL and passing through the points (xi , f(xi)),
i:o,l,...,n. ‘

This proﬁlem is considered in Weny papers, but under more res-
trictive conditions of £ and for cubic splines af interpolation
different from (3) , For instance in {27 , [3] , one suppose
fe Wi [a,bj y lee. ' 4g absolately continuous on {a,0J - and
£ Iw{a,b] , or more generally f ¢ CZWJ: [a,b], i.e.

t e ?fa,b) n ¥e [z, %] sis=o,l,..in-1 .

The evaluations of ‘error are given in terms of the norm of f(w)

and of the norm of the division A ( the greatest of the distances .

between two consecutive points in A ) .
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In 1] , the delimitations obtained for (4)  ang (5) ars

& wiaf|s -7, s - Fal} 6l - £ ¢ nax {Ja - Al s - w1

respectively
(7)  min {ﬂs' + 1] 5]s - lflLﬂ}sﬂs' -1

$ max {ﬂs’ +0er ) HS"~ﬂf3Lﬂ}
if fe olfa,n) .
The function Fl’ F2 in (6) are given by

Fl(x) ®  sup { f(xk) - Hfl]L-}x—xkj i ko= o,'l,...,n}
(8
Fo(x) = i.nf{ f(xk) + ﬂfuL'lx"xk’ t ko= o,l,...,n}
In the case rg Cl[a,bj the Lipschitz norg ﬂfﬂL of ¢ ig

&iven by

(9) IlfﬁL = max {_lf'(x)( 1 xe{a,b}j .

Let £ : (g4, b] =+ R be g Lipschitz function op {a,b] with
lipschitz norm HfﬂL and - let £ = I(x;)  be the values of f op
the knots of the divigion A: a=z xo_< X ¢ *e+&X =Db, By g
. Tesult of Mc EHANE [5] there exists at least onme function p ’

F Lipschityz oz [a,b] , verifying the conditions ; - -

- 1«[& = fJA a.nd‘ anL = fzf, .- S
Lot .
(10) 'E(f]A; [a,b])‘:{F ¢ F s Iipschity on [a,b] , F[Az f.’[‘s s
: - R < ey, ]

- the set or g1 Lipsehitz extensions of ¢ - to [a,b] witn
Lipsechity norm ¢ ﬂfﬁL .

&
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Denote by Lip {a,b] the set of all real valoed Lipschitz
functions defined on [a,b]. Then Lip [a,b] is & linear subspace
of the Banach space ¢ [a,b] of all real-valued contnucus func-

tions on [a,b] with the uniform norm
(11) izl = max{jf(x)j : xe-fa,b}} s, 2e ¢fa,0] . .

PROPOSITION 1. Let f£€ Lip [a,b] having the Iipschitz nornm

I2l; and let A1 a=TX,cxC .. ixn =b be g division of [a,b].

Then the set .
E(f[b;[a,zﬂ) ={F t Fé Lip[a,b] . 31&= f[é s qu\LsuﬂlL}

bas the following properties :
(a) P, B, E,E(flb;[a,bl) , aere Fy, F, are given by (8) ;

(b) E(f{ogta,b_}) is a convex éet in ILipfa,b]
(¢) The inequalities
B € H@ € F(x) ,  xelab]
Bold for all Fe E‘(f‘a;[e.,b]) ;

(a) E (f[é;[a,b}) is bounded with respect to the uniform

porm (11)

(a) ECf[A;[a,bJ‘) is equicontinucus ;

(£) E(fla 3 (@,b)) is eclosed with respect to the uniform norm;

(&) f (f{ﬁ slesBl) is compact with respect o the unmiform

norm .

Preoof. .
(a) . Is obvious since IlI-A ‘= 1?216 :'fXa and UF]_HL =HI“2HL =ﬂfﬂL .
(b) . Ir 7, Ge E(f{é; [2,0]) and Ae [0,1] then

AP + (1 -2)6] = aF - = - =
. + A) }A ig, + (1 -3 )GlA 7,-:8164» (1 ;‘)fiq_ i‘la
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Iars (1 -2 L ATl + (1 -a) Mol &pen, |

() . Buppose there sxisvs g ela,b)vA  such that EACIESICY

Then thers exigts X;& &  such that

f(xi) + llf]L Ixi -ul < Flu) .

Therefore_ :
£x;) - P(w
——L_____ { - ﬂfﬂL
[xi - ul]
or -
P(z) - F(w) -
= ( - ﬂfﬂL E

lx; - ul
as F(xi) =f(xi) .

' On the other hang

TPl = sup {IF(x) = FDN/ Jx3l ¢+ x5 [a,b] y X Ey),

Pu) - F(xi)
—_— i

Ix; = u]
It follows that

“P(x.

4

D= Pl

-ﬂFﬂLS < ‘ﬂﬂL

{xi - uf
in contradiction o the hypotihssis pe E (r[a; [a,b]) . Conse~
quently Fo(uw) 2 P(w) » for all uela,b]. .

Similacly , Fo(w) € F(w)  for al uelan]

8ince on tas poinss in A all she Zunctions Fl.' FP’ F  agrees
with - f , it Tollows that the inequalities {e) hnela for all
T ela,b] .
(4) . By the insqualities (e¢)

IPl S nax {12y, (29}
for all F'eE(f[A,; [22]) , 80 thas & (2 ; {a,b]) is boundeg
N .
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(e). For £>0 tare d= &/ (P2l + 1 ). Taen
[P -2l e bely =z -5

for all z,yela,b] with |x - ¥yj<¢ ga.nd all Fe 8( .f[ [a,b])
which’ shows that ¢ f[ [a,b]) is an equz.conv:.nuous subset of
O[a. D] )
(£) . Let (F )y s, be a sequence in ‘& f[ {a,b]) converging
uniformly to ¥ . Then for all neXN and all x,ye[a,b] one has
[#(x) - Bl ¢[P(x) - F RES EEREMCORES- W EHI 1F.(3) - () ¢
2{F -F PYIE R F4 PR C I 3 N
Taring n-»ee ons obtains
[Pz = 7z shel Jx -3 ,
80 that | FﬂL uflL . Sipce F (x) = i’kx ) it Ffollows F(xi) =

f(l 3, Tor all X; &€ & , S0 that FeE( laf [2,b]). Therefore
€ f[ [3,5]> is closed in Gfa,b] .
(g) . Foliows by (a) , {e) , (£ and Arzels - Ascoli theorem .

Proposition 1 ig proved .

THEOREM 1. Let £¢ Lip[ 8,b] w®ith Lipschitz norm llfBL . Then

there exist two function f and f in 'E( fi i [a, b_]) such that

(12) i Uf-suslf-sﬂsuf—su ,
forall te E(f]é; fvb]) . -

Eroof. Follows by the compactness of the set (fIA s[a,b]).

Bemarks. a) Usifig the functioms Fy » F, given by (8) , in®

(lj it was constructed efectively two functions T » £ in
‘E( f ;[a,b]) verifying (12) .,

b) m all Fe £ tf, 5 [2, 8 méhsanL <hely, . Ie
4| HL = l{fﬁL sy then there exists X; € A such that all the.

O
functions in § (fj i[8:b] ) agree on [xl ,xl +13 with the
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line passing through (xio, f(xio) ) and <xio+l’ f(xio+l) Yo

3. For feCl{a,b] ,
uflL = max {(f'(x)( : xe[a,b]j‘ .
Let Ai a= T CXy< ... <X, = b be a fixed division of the
interval {a,b] and let

€t stt) <fr ¢ reclfay) CICE: N L NP P

4
The set ‘51( fiA i [a,b]) is comvained in b3 (f[b;[a,b])
and is comvex, bounded and equicontinuous (therefore relatively
compact in Cfa,b) ) and its closure in Cla,b] is contazined ir

k¢ £lys[2,e]) , that is

as Elidyimen S €Ca e .

4
As E( fIA;[é,b}) is nov closed ic is nov sure tnat Shere
exist f and I in fi‘(f{d;{a,b]) for which the evaluations

(?) are attained. The following theorem holds :

. THEOREM 2, For every £> 0 the?e exist the functions Gl , G2 &
b f!A; {2,0]) such ghax 0¥, = Ueqliy = WP 0y = 16,0, _ana

(14) Iz, -ejpes Mz, - c,h<e

where o, F, are given by (8) .
Proof. Let i e {o,l,...,n—l} . Gonsiaer tue funttions Fl, Fi
given by (8) on the interval [xi + X;,1] and comstruct the func-

tions G1 » G5 verifying the condition (14) on- this iﬁpefval

(see TFig, 1)
The function Gl is constructed in the following way : The

graph of ¥, on fxi » X3,1] 1is formed of the segments L.9%: T
Bi4i+l and the graph of 'Fl is formed of the segments Aici ,

Cidiq -
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Pigure 1 .

-

Figure 2 .

Construct MiNi AiBi and .PiQ']._ Aici such that the distance
betwaen AiBi and MiNi and between Piqi and Aici ve,ri‘fies

the inequality

d < £

2V1+i1fllL .

d



. lomg as i+2<n , one obtains the functian G and G

do14

The circle inscribed in the triangle A P D; is tamgent to AiPi
and P D in the points ‘Ii and T. » Tespectively ( Fig. 2 ).
Let the triangle H;Q; be congruent te the triangle A, 3 P35 Dy .
The circle inscribed in the triangle EE, 1 is tangem: to E, 19y
and to QJ_H in the points Li and L + Tespectively ,
"On the interval [xl . x1+11 y the graph of G, is formed of
the line segment AiTi y the circle are T, T' s the llne segment
T, Li y the eircle arc @ and the line segment L'A 41 ¢

The graph of G, 1is obtained slmllarly on ['xl v Xy, using
the circles inscribed in the congruent trlangles AiMiDi and
V. N,W. .

kepeating the construction on the interval [xul, xl+2] as
5> on[a,b].
Theorem 2 is proved .

From this Theorem one obtains the following corollary :

COROLLARY . For f e E( f[A [2,0)) ana e>o0 there exist
1 » G, € E( f[ +[a,b)) -such that

min {Js - b > Vs - Goll-cel s - 2} ¢ max {5 - G 5 Ui - Gy

ﬁhere 5 ie piven by (3)
Proof. EBince te &Y% f[ i[2,5]) implies re § (f[ 3 {a,0)) ,
the inequalities (6) give
min {ﬂs - b, bs - Fzﬂ} < lls - s max »{“s - 5, s - FEI]S .
By Theorem 2 , for every £> 0 , there exist Gl ,. Ga sxii;};l thaf
l‘Fl -G fl<g ana "F -G H<.€_ + Therefore
€17 ~gll=Dr - 54 s G111>IUF - sl- s - atf ,

‘ which implies
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£]r, -sl-ﬂs-sln < g
fs -6, -¢ slF - slsts-an+e .
Sixmilarly
bo-Gl-es 08, - slels-Glae
These inegqualivies give

wax {JF, - 5}, b7, - o)} ¢ nax A P

anc.
wn s - &f , s - G))-¢ « ain {IF; - sl , 7, - s}

ana the Corollary is proved .
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