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RECULARITY OF SETS 1IN ORUERED LOCALLY CONVEX SPACES AND THE

"EXISTENCE OF PARETO EFFICIENT POINTS

by A. B, Hémeth

;g;ggﬁgg;;gg. The axistence of Pareto efficient points. {or effi-
eient pclnts, or alnisum points) for a set in .an ordersd tcpological
VeCLor space Was . investxgatad recantly by different suthors. The
suffxczeﬂcy ccnditiane for the exiatence of such points were sbtainad
either foﬁ & rather large class of sets, the sets having closed and
erder bounded lower sections in an ordered locally convex space with
a8 "good” positive‘cons (sae 8.9, Theorem 1 {a) and (b) in (8} and the
similar results in {P) or Theorem 2 in (1)), or fora restricted class
of sets hav1ng certain compacticity like property im an ordered
locally conwvex space with a positive cone which is closed {se e.g.
Theerem 1 (c) in {B) or Theorem 1 in {C)) .

The common nachinery which ensures the existence of efficient
points is in fact the convergence of some decreasing lower bounded
nets. in the respective sests, 8y introducing @ sort of relative regular-
ity of sets the above two different aspects can be handled in a
unified way when the underlying ordered topolcglcal vector space is
normal. It turns out that some. regularity fype condition is necessary
for existence of efficient points..Even not .explicitely stated this
fact derives from our results in (N1} and {N2) and from some auxiliary

results used in (N3)
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The aim of the present note is to emphaSize on the cbﬁmdn’gart
of the:abova considered two approaches on existence problens of
efficient pointe 1ntroducing the notion of regulsrity af gétn in
ordered topological vector spaces. we shall see that evary glosed .
lowar bounded set in @& regular crdersd locally convex space ia regnlar
and so does every compﬁct set in @ locally cguvexisgaca crdared by 8
closed cone. ~ v |

The basic tool in our procfs is ‘the eﬁpiwiaﬁ of an a’g;grgxiéﬁti}e
efficiency, called here Hn&fficieacy which was Zntpaéﬁged snd ngasd
. W near to minimelity in (N1} end (K2}, In the proofs of our prinéigai
results comprised im Theorews 5 anid & the cendition of the narmaiity
of the space is essentisl. Hence they cannot be considareﬂ ganerali»
zations of the rssults in (M2} wherse dormality is nok ugeds It ramans
to see that by introducing epaces with zwo coneg in the “spirit af

{82} and {N3) thie condition can bs weakéned or note

Let Y be a vector space ar the reale, If K L a gong in
¥ [L.@., L (1) KK S K 3 {23} KK whenever 1 13 @ mon-

negative real, end {111} K N{-K} = fol. 3}, then In

antisymmetrical partial order on ¥ defined by w g v 2557 ﬁi?
when ve=u & K . This order is erenslation invarient and invariant
with respset to the multiplicetion with non-negative resls. The
resulting object ({Y.,K) is called an pgrdered vector =pace [ @a¥eBal
with the positive cone K .

0Sitive Lo =~

A set M in (Y.,K) is said to be lower (gppgﬁ) bounded if it.
exists some .y imn Y such that .¥ £ % {respectively., X &£ v} for
svery x in M o If M is both lower end upper bounded, it is said
ts be order bounded. The set Tu,v] := gi'e.Y cugz €y ES

{

31led the arder interval determined by u and v . Accordingly &
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set is order bounded if it is contsined in some order interval,
A set M is called full if wu, ve M imply thet [u,vl <m ,

A section of the set M will mean a8 nonempty set of form
(y-K) M~ M with some’ y in Y

Suppose that (Y,K) is an o,ves, and ¥ is endowed with o
vector space topology which is Heusdorff, If K is closed and the
topoleogy is locally convex we shall say following (PE) theat {Y,.K)

is an ordered locally convex space (0.1.,C.%,). We consider that the

context of o.l.c.s.~8 is reach enough to sllow of @ comprehensive
treatement of ths most important problems in our attention,

An o.l.c,s. (Y,K} or its positive cone K -is called normzl
if ¥ hes a base of neighbourhoods of 0 consisting from full

L BETS,

A decreesing net in (Y¥,K) is by definition a totally ordered
set which is considered directed downward by the ordering of the
space. The o.l.c.s, (Y,K) or its positive cone K - is called
[qgggg] regular if every decreasing lower bounded net in K is
convergent .[is Cauchy].

It is known and eesy to check that (Y,K) is [quasi] regular
if and only if every decreasingesequenée in K is convergsgnt
[is Cauchy] (N2) : This circumstance éllowsrto use summation
criterie for Jquesil regularity of the space., By particularizat;on

we can deduce from the results in (N2) and (N3) the following

CRITERION. The o.l.c.8. {(Y,K) 4is guasi regular if end only

-if for every sequence (yi) in K the condition Yy & u for

some neighbourhood U of 0 and for ell i implies that the

1
set

n . i ' ;
: nEN¢ cannot be upper bounded.
i=1 ‘yi } PP

If K is complete "quasi regular” can be changed in “regular~,

The questions discussed in the introduction justifies the
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introduction of & nation of relative regularity of a set &% follows:

1. DEFINITION. Let (Y.K} be an o.lec.s. The set W in Y will
be called tquasi] regulsr if every decreaslng net in W converges

to an element of M [is Cauchi}

Remarkg. It is immediste that & complete set M is regular if
and only if it is quesi reguler. Thie is the case also if # 'is

‘closed and K is comp}ete.

’ It can be easily shawa by a way similar te t%@? in Lewm® I 40
{2} (or (3.1} dn (83}) that "met” in the sbowve defifition can B8
changed in “sequence”. That is zg sey 8 set is Tguasi] ragular‘if
and only if it is sequent;ally [quesi] reguler, Hence “complets™

and "clesed” in the sbove paragraph caen be d te sequentially

compléfa and sequentislly closed.
Using the last remark we heve in analogy with the sbove cited

Criterion the folleowing

2. LEMMA. The [complete’] set M is quesi regular Eﬁggul&%} if

and only if we cannct heve & seguence {¥,) with ¥y € KXY for

‘gach 1 >4, . where i, is a ggvan-inéex and 4 is sonme-neighbour-

hogod of the erigin, such thaf s = - 3? ? = M

“ TR is1 o
Proof. If it exists & seguence (yi} with y; € K~y for
iz i, ‘and s,€ M for any n, then (sé} is e decreassing soguence
in M which is not Cauchy sincg 3”‘1»56 = yﬂﬁﬁ ¥ Thus #  capnot

be quasi regular [regular].

~ If M does not be guasi regu;ar'[kegulaﬁz, then thare éxiﬁtg E
decreasing seguence (zn) in ® which is not Cauchy, i%a.g thers -
can be get some neighbourhood ¥ “of 0 and & decressing subseduence

of its , which we shall denote also by (Zn) such thet Zia17%, & u

r . < . - = i
for any n . But Zna1"Za € K & hence Yo % Z,.3 znéé K>~y , if
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n 22, and Z, == 4; Yy €. M for easch -n. ., Accorcingly we have got
a2 contradiction withzthe condition of the lemma,
Q. E. D,

3. Examples. e

(@) Using Definition 1 we see thzt the p.l.c.s. (Y.,K} 1is quaéi
regular if and only if every lover bDounded set in-it is quasi reguler,
If K _ is complete then (Y.K) ie regular if and dnly if every closed
lowerbounded set in it is regular.

{b) The reasoning in the proof . of {c) in Theoren 1 of (B) Shove

that esvery compsct set in an O.l.tis, dis regular,

II. dzeflicient points

The notian of the H-efficient point of s get we shall 1ntroduce
generallzes that of € -efficient point used in the litersture of
vector minimization. Introduced in (N1} and (NZ) it permits the
developing of a technigue which exploiting the summation criterion
yields necessary and sufficient conditions of existence of Heeffi~
cient points for sets with lower bounded sections in the sbove cited

pepers. Let we remember this definition,

4. DEFINITION. Let {Y.,K) “be an o.v.8. end let H be 8 nonesmpiy
subset of K ~ {0}. Given & set ™M in Y & point x in M is

aalled:an Haefficisnt point of M if there is no v & M spchvthat~

¥ & ¥=h _for each h in H B

The condition in the definition means that there is no y  in ¥

#hich is also in  x-h-K for, socme h .in H s ‘that is, it holds
(=H=K} MM =g

relation which will be tveken s definition for Heefficisnt points
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x in M . The set of H-efficient points of M will be denoted
by H-eff M , ’

On the analogy of the results in section 5 of (M2) and sectien

4 of (N3) we have for regular sets the following

5. THEOREM. Let (Y,X) be 8 normal o.l.c.s. end let ¥ be a
[complete] set in ¥ , Then the fnllawing‘asagrtggng are equivalent:

{8) M iz guasi regular [Zzoular]
{b) Each subset ef ™ has He-efficient points for every H <K

‘such that ¥ ~ H 1is a neighbourhood of 0 4
(c) Esch closed denumersble subset of

for every denumersble sst H < K such that Y\ H is a neighbour-

(o e e e e

# has ’ﬂ-gffigi,,ent points

hood of © ,

Proof., (a)-%(b).&uppesa that Hoe M haes no H-efficient point

with H& KU where U is 8 neighbourhood of 0 ., That is,
(x=H-K) A\ M £ g

for sach x 1in Mo » Take X, € Mg, . arbitrarily ‘end let we construct

inductively the sequence (xn) in M, taking

X341 € (x4=H-K) A M, » LEN,

then xy 1< x4-h, , 1€ N for some h; in H , wherefrom

h, € x, - x ieN,

i+l .°

M By the normality of (Y,K) we can suppose that U 4is a full
neighbourhood of 0 . Then since 'hi @& U the last relation will
imply that

y; = xi-x“lﬁu . 1 €N,



But ‘then' ‘

+1-—Zy ) EanﬁN

n d=l

with - ¥y EK ~ ¥ and by Lemma 2 we see that M cannst be quesi
regular [regular]. o

’l:’hey i@;}l‘i:atian {-b} ={c} is t,rivival.

Let we ;;rmze {c)x@{a) by assuning that ¥ is pot quasi regular

[regularj Thsn b’y mea 2 there exists 2 seguencs (yi) ‘such  that

¥y & R ~ U for sose fu i gbbayrhagé@ v of rﬂ and each 4 =1,
A :

with i, & given imiex, arvd 5, i= = 3 yié M for sach a .
’ fwd '

Canside;r A,.'Q i %_sn 3 “‘5“} ;mé H o= gyi s i€ N . The set My

is cj'iscrete since sﬂ nep j{ yn-ri &Y for mny wm, p e N . This
follows using Y, +:t,¢ U fram tha ﬂ&ﬂaiﬂitiﬂﬁ’thaﬁ U iefull, Let
| m

% be an arbitrary elefent of M_ . Theh x =8 = - F y, for

- ) ; 1=l '
gome m & N , We have further

‘ fa+k .

le"v%i_iyifﬁa and x-ym*1€x=HCx-H—K

wherefrom

(x = H-K)AM, £ .

Bince x ‘was arbitrarily chosen in Mo the abowe relation shows
that ﬁ@ cannot h.ave H-—effiéien! po:’f‘.ntis,‘:mcw, M’o ‘is denumersble
and discrets, hence closed subset of W and H is denunersble in
E™ U o Thus # cannct‘have’property {c) end the required

implication follows.

Iiz. uclstencfa of efficient points

Let (Y,K) be an o.v.s, and let ¥ be a set in Y . The point
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x € M is called an efficient point (or Pareto efficientpoint, or

minimum point) of M if the relations y €£x and ye M imply
Y = X o The condition of efficiency for a point x € M can be

expressed by the relation
(x = K)"AMma=$xt, >

The results in section II can be used to deduce necessary and
sufficient conditions for existence of efficient points of a set,

vie have by analogy with Theorem 5 the following result :

#

6. THEOREM. Let (Y¥.,K) be 2 normal o,},c.s. and let M ba &

complete set in Y or let K . be complete and ™ be ‘a‘tlosed

set in Y . Then the following asssrtions are equivalent:
{a). M is regular ;

{b) Each closed subset of M has efficient points ;

{c) Each closed denumerable subset of M has sfficient points.

Proof, (a).#>(b). Let M, be a closed subset of ™ , By Zorn's

lemma there exists a totally ordered subset Z in Mo which is

meximal with respect to the set theoretic inclusion, Then Z can be
considered to be a decreasing net in Mg + Since M is regular this
net converges to z € M ., Because Mo is closed we have z e My o
3y gwrollary II. 3. 2 in (PE) we have also z g x for ‘each x_ in

Z and since Z is a maximal totally ordered set in M, it follows

that z € Z +, The point =z must be efficient point of M, since

if (z-K) MM, would contain any point different from z  this
would contradict the maximality.of the totally ordered subset Z
in M,
o o
The implication (by=>(c¢) is trivial,

{c)} ==(aj. Since each denumerable closed set in M has efficient
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poinfs, it follows that each set of this kind haa H-efficient points
for esvery denumerable H=K .such that Y~ H is.a rneighbourhood

of O . When M  is complete it follows that it.is regular by (e} of
Theorem 5. If M is clgéed and: K. is complete then for every x -
in M the set '(x~K) M will be asclosed subsét of -K trenslated
with its vertex .in x . Hence the “above set is compiete being a closed
subset of a complete set., Repeating Qarbatim the‘above reaéoninga

for (x-K) MM in place of M we deduce that this set is regulsar.
Since X was afbitrarily_chosen 16 M fﬁe deduce that every decreasing
net in M is convergent becaﬁsé it has %éctions in sets of form

{x=K) A M.; But these sectigns are obwviocusly convergent to some
:element“of this last set since this set is regular., This shows thet

M is itself regular,

The normality of (Y,K) was used in the proofs ofv(g) ={b}
and (c)=2(a) of Theorem 5, It is perhaps an esssential condition.
For Fréchet spaces the normality foliaws from -the regularity of
the space (M); There exist non-complete normed regular spaces which
ar; not normal. ‘ , .

Zorn's lemma was used in the proof %é (a) =>(b} 'in Theorem 6,
Its use is inavoidable. This results in the way followed in (8)
sgction 3 where was investigated the relation of the existence of

efficient peints in a set with the axiom of choice,
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