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ON THE APPLICATION OF A VARIATICNAL KETHOD TO THE STUDY OF
SUALL OSCILLATIONS OF 4 FLUID IN MOVING TANKS

D. Bréideanu and P. Br&deanu

A finite 'wolume ) of ideal, incompressible fluid is inside
a rigid tank which is in a state of motion. #e take 01‘1'71"1 a refe-
rence system that is fixed in space and Oxyz an invariable reference
system connected with the tank. S¥ is the. tank surface that is in
contact with the fluid. Let F(X,y,z,t) = Q,or . F= 2- f(x,y,t) = O be
the jequetion of the free surface S of the fluid at the moment t kol
is the free surface at the initial moment t = O (the undisturbed sur-
face). We note with v, (?i) and with p(?,t) the absolute speed and
respacuvcl; the fluid pressure at the poxnt P(r) 2 T = OP(x,_y,z)

The nnnsuuonary movement Of the fluid is taken ‘as a potential
one, i.e.’ ;: = V¢ _ where ¢ (r,t) is the wvelocity potential ;
then V.V® = 0. On the other hand, at the moment t, we have on S

aF _oF ar _ dF - -
= =— +VYF. = = + (D )IVPl = 0= va =
a{. st at ot rsS | Sn !? 1¢f;+ f‘;

)

where Yan is the relative velocity of the fluid from (x,y,z) [

in projegiion on the exterior normal at S which has the unitary vec-
tor o (S J.s admitted to be a fl.nd surface). The derivative o f/dt

is calculat_ed at point (x,y,z)€& S. If a surface Z ) B = ri(‘lyvt\ -

* G s )
for instance the surface S ' of the tank - is connected with Oxyz



then i)rl/at = 0.

The nonstationery end potential movement of the fluid in the
mobile domain S verify the equation as well as the boundary and
initial conditions (1], [2], {s]:

(_1) The Laplace gquation 3 A{b(xg,;,t) = G, u"""”‘-“,-‘“u"l’
¢ o Lt 0y tyc00

(2) The geometriceal condition: '-?5% - on 5%
¢ 5 - ;

,(3) The Xinematical condition: '-%-; 2 W8 +¥%, on3s (z=2(x,y,t)

(4) The dynamical condition : %%— #%—W“;o U -:t.ﬂa.b'—%?-‘) on S

(5) @ (x.3,2,0) =@ (x,3,2), P(x,5,00= £ (x,y) — given functions

where U is the potential of exterior body forces while dv: = 7‘+'zl"?
is'the transport velocity of the fluid particle (¥, = trenslation
speed ; £l = the sngular speed of the tank) . and .G) m.ﬂtl the
Cauchy integral. x i Bar-ge :

The unknown functions in (1)-(4) are : @ (x,y,2z,t) and f(x,5,%).
The study and the solving 6f the system (1)-(4) are aifficult becsuse:
1) the system contsins nonlinesr eguations; 2) T is an unknown func-
tion; 3) the domain L1 is varisble during the movement.

, Uaﬁerthnltp‘etofinmnxpn-
well as of ihat of the inertis forces, the fluid has slow oscilla-

tions in ). n\ttruaurfms (tbefrte.ur!méfthtﬂnidat
mt)u\..kentobehoriuutal,t.beplm(lqth (z = @) and
tbe-xuo:umucal.lemmtthn}miv ,-thafm<
surface dcunt.xcnS(zsﬂx.:,t))frns uuna-mrmuuu-
nuuvuv and T mmll Thmtheirmwiﬂxmpntutbc

unit may be neglected:
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IVF] = Vl - 12 ?’ -5 'Snk'%{' - !\V¢12::: 0 " im(W)’;

2
%% . :, on s ; ve.vr=xcC

and the conditions on S are npphod on So » thus ¢’ (x.y,z,t)[z_ =
= d(xq,c )4

)  The .qnauou (1)-(4) for small oscxllauons get reduced to their
linear form:

¢

e A‘(xq,z.t) D “in fL, t € (te,tlj,{q <%0
1'1 = g—% - 7t.-:= 0 on S
(6) y
?2¢ <> = 3¢ ‘
ngﬁ-vt.l-s-.{:o onso;(%%=ysn)
% 4
(7 1-,5"'[ *. U= -:'_,70 =0 onS,

- - » ’ —,
where the unitary normal on S is replaced with the unitary vector k
- - ;
on the axis Oz (i.e. n =k on'so).
i i 'llnuona. Either the varia-

tional Galerkin uuwd C 5] or the Bateman principle [ 4 Jcan be used
in order to infer this equation. If the former is used, the foilo'me

formulation is added [ 4 J: . ]
S { S("&”J’ an + s Hs‘ ﬁs‘# g - Lz J‘Aldso + g L,Jszso:o
to n s' so So

(led\“:t ) - o,, \ &é(x,,'z'tl) = O )
-turo uu vnruuom (-uluplxer.) are chosen as follows. .} .
If we use Groen 8 for-ula .

[ dsednzsf B igas ,stew Ao
&u&"

and if we choose ‘} =4 , the Galerkin equation (8) is written
under the form (a#/a*t* )
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(9)

+ ! ( g + 0 =¥ .v¢)JA2@ }dt = O
Se :
As we have SCP= 3(J¢)/¢)t and Vsp = 0 on S’( S*ia fized in Oxyz)

we infer . i
Stl( g 'Sn5¢ as)at = gtl( I vaJ¢dS)dt = Itl( 5{ g J¢ an -
t, s ' t, suy to Q_-(t) ‘

e |
-J %quamgtx- S &J(?&-)mat i (528 );

.né’ds '[n.v (v unw. L\J" .Vé)a

*
SouS

( V. (v, JIP) = (V 't)J¢ + v -VJ¢ s v.v —v.v +V. (0 1:)-0)
If we employ these nti-;atuu, the equationm (9) becomes
%! ¢ W o fgerem i
(o {SJ( 5t - - 7éran+ { ¢ 3t + - v.¥é)1d Ayas Jar - o
to 0 S° ;
¥e take 3z = h’(x,y) the s’mrfnce equation (the tank surface in
contact with the fluid at the moment t). Then, for a function G we

have

£(f c(¢(x,y,z))u). 3! (,f e(¢)as)as _(Jo d.n.o‘.r oersn

If we take JAZ =Jr » Since U, t ort ‘and ty are not anbject to vari-
_ ations, (1C) becomes j
“ ? | i)
ay 4 S <a—?*v-7¢vwww°98§ S pafat=o
. Ya : t, "B
o Yo
The formulation (11) represents Batemsn’'s principle : for the slow

nonstetionary real movement that takes the volume of jideal incompres—



.
« Lo

sible fluid S froa one position (B,) at the fixed moment t 6 to ano-
ther m.siuna (Py) at the fixed zoment t;» the integral functional
T L )i :
e o£).o _( S (D 1) an at
; LA
u -utioum [ P - the pressure in the ideal incompressible fluid,
de ‘ e
¢ (nm stg)) s LEC . (S x(t 0] .

The variational o(ﬁuticn of slow motions for the heavy ideal in-
compressible flxnd in .ounc tanks u obtained from (8), with Jﬁ
= Jf -naus g.r,niu-t.hoton £11

S{I (’A*’d’dﬂ,"f % -v.n)J¢dS+
I[($-f.?-%>§sm+(§.$ - . 1l ;(]ds}dt_o

where v v¢ may be considered a mll term of second order (ne-

llicl-bl‘i ir "t is -L‘L ;
g4, —

. fon Sovenam (&7 = o, 7]

. ; . , .
Solutions in the form of series are chosen for the differential pro-

blem (6)~(7),[11],

= v,

a
C(313) - T(x,y,t) = :é: a; (t) 7fi(x,y)
o0
: , —
(14) é(‘v’tzt‘) # Z c“t) ?m(!d,ll + 'oo;’
. ¢ m=1

¢ aglt) = § £L,  d8y:0)

So

where the coefficients a~(t) and Cp (t) are the unknown functions and

‘p_‘ are known functions ( similar to the function-systems

f.; and
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in a generalized Fourier expansion, or in a direct tpproxi.ution
method (an, Galerkin)) which should verify the properties necessary
~ for securing the validity of the series (13) and (14) as well as for
Daking possible the effective determination of the tunctiou a; and

-

Cn with respect to the time t.
The ruuetiona«ai and ¢, are so determined that (13)=(14) should

verify theé equation (12) for any variations Jai and o‘:.. By using
(13)-(14), the_equat.ion (12) turns into the identity (with respect

to c"al - Jc-)
. '_’

Z[ZT I r(“Pl)’ Y - ) T e, -

2=0 q
so

Ms

- C vy (Vﬂfn)]z_o £, a5, - v2 f A as°] da; +
_ » E s
-0
& Zl{k-l LN Ll(-"A?k)(P. af) + k§1 e, . -a—n- a @S~
oU
”
;x 5 (1) K g [Dg (. 1@ as'}:fc-xo
& ‘-

Now, we notice that we have on S*

-D - -
50 (' .r) = n.V(v .r) = v,

( j‘ (fnds - finit.e)
S*

'rhen, as the variations - Jai and Jc are independent and arbitrary
on their definition domain, from the identity (15) we get the infi-
nite ayatem of first order differential oquauona with respect to

the funct:.ona a; (t) and ¢ (t)



i=1 - hlaﬂk“t = O0ug e @ a2 y0s.
« g =
__!dc b I - .
. “by 2 .
CEYY - él ci. om + ('o - &) hi - ",,-Z- Tinen' voT; =0, is12,.55

=1

if we introduce .thc notations

By = = gn’f_ A, en

] 5

Sous* s
Cia = js‘ £ (Wl4’=o as,

Tin =, £, (W',L:o s,
% ".‘o

‘ bi = r fi dSo ’ Ti .. fi dSo
: S 3

° ; %
The choise of functions P~ _and f . From (14) we find that
the function
: o0

.CP(x,y,z,t) = zl ep(t) “PI(X..Y.‘Z)
i n=

'is the velocity potential of the ideal fluid for the irrotational

movement in tanks which are fixed in space. In the case of the
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fixed tank . (;: =Q )y if we put P(x,y,z,t) S‘;(x,y,z)cos(ft +£)

then (p satisfies the equation as well as the linear conditions
(an eigenvalue problem)’ : fic '

{18) OGP (2,3,3,0 = 0 an L

~

?

a~ ~ - i~
¥ AP oms, , 7;3=o ons¥, (a=67¢)

———
Az
, ‘ s
which can be inferred from (6)-(7) by putting @ =0, v, = 0 end

combining the kinematic and dynsmic conditions on Sye

-~

The functions c-Pm are compared to (f and we may choose

e, -
(19)  AY (x,3,2) =0, (x,3,20€0 53 =0 ons¥
n

The functions f; are required to form an orthogonal (and complete’

harmonic function system

Af;(x,3) =0 . on S
(20) '

S 7 5

(fi'fj) - SS flts dso =
o 10 ,4f Ge# i

and, according to (18) let us put

tax,y) = A YPo(x,7,0

0,
( 3z " fm(x"v), on So)

The functions "Pm and f ° employed to apply the variational
egquation (12) may alsc be picked up from harmonic function subspace”

of the Sobolev space Hl(ﬂ) . and HI(SG) 'respectively. The aystems

<y | ) s . 1
19,3 and {21 will be camplets in BL(Q.), B (Sg)e
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The fluigd motion eguations (the eguations of the coefficients

ai(t) and cp{t)). The following expressions are obtained if we use
the formulas (19)-(20)

j (ld)ds -
3

B = ©
-1 .2 =
: I —rﬂI' gl = o
= T s f. ti dso = ’
A m ("] 0 » ik =
(21) |
oY I 1 ;2
= k o vy I ! e
By I<q.'ﬁ’1‘ as- -1 £, 45 -{M' .
so ° 0 , kAa
2
: b iy m =1
i ?
|
(o] y B £ i
. -’ i .
Considering b, = (bil'b'Z’bn)' for the components b, k =

= 1,2,3 , we have the expressions

‘»

Ry Ix'fi'dso i

So
(22) ' bip = j yf; a5, ;
% s°
2 p? 2
Ny T .{rfdso"zxi
5o

(bi3=jlzfidso= It,fics,f §<Z .kr)ras-aif fs:

So SD o O

According to the linear theory, the parameters that characterize
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the movement of the mechanic system (tank and fluid) are small
values and subsequently their products may be neglected. Therefore,
the nonlinear terms with respect to €y, 3 and v, from (16) and (17)
may be removed. :

If we admit the linearization appmdmtiada and we use tht'
formulas (21)-(22), the eguations (16)-(17) are reduced to thé form

da_(t) y '
(23) —i—-— e B li) Mos Sl VR
I‘i? de;(t) > - ¥l - %
(24) Z —-L--dt s (v, - B [x 1f ag(t) » B -0 vi® = Lkl
) - % - ) — "

The functions ai(t.) are solutions qug"ﬂ)o iﬁfidu system of

second order eqnatiohs

-

dza (t) . ' fo g
(26) el siaim - - -’1; WP RE e el
| p ,

- o
where the vector b; is given in (25) and

' : 2 PO :

) 2 . -y 3 5, ,

i Fo-2' 0 6 s M o s Agte - B,
. Tl L

Initial conditions or per'iodi'ci't.x conditions are associated to the
systea (26). The coefficients of these. equations sre caleulsted by
means of the above fcmln, by using the solutions (h;tmnic ooel.l.h-
unu)aftheﬂua-nﬁu n.mwmr-o,m :
previous equstions correspond to the ﬂzod tlnk- g i

-~ A _perticular 2 niforml; 82 .
verticsl sxis 0z (M Z)s In this case we Bave ('8 < tank sccele-

ration)
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-— L =y - £
Volt) = %o, () B =ak ", v, (t) =at, a=const(> 0O)

: .
d"a. 2 2 v
2y SR G 0, e R L2,

The general solution to this equation is

ni(t) = Ii cos G;t + Ei sin Gt -, i = YL2geis

After (13)-(14) the solutions of the problem are rmnented by

s

t.be series (simple harmonic oscillations) :

(29) w !‘w"ﬁﬂx.y,t) = lz-_-i 9\1 Ai sin( G—it + Ei) &fi(‘x’y’oy’

i o™ o0 ' ‘
(30) - Pix,y.z,t) = él 0y Ay ein( Gt En) P (xyy2)
—
The scr;iea (29) defines the free surface S. Each term of the
series’ mﬁmta e stationary wave. A point on S has a harmonic
oscillatory movement of Ay P (x,y,0) amplitude and respectively

G 3 frequency.
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By using e Galerkin method, Bateman's principle is demonstrated
and s varistional ejuation is inferred for the linearized motion of =
idesl, incompressible and potemtisl liguid in a mobile tamk. In the
case of tank tr-mlntian, the variational eguation il solved by
choosing, for the uloczu potential and fnr the free surface func-
tion by time dependent generaliszed nr.’uo. lo haeve obtained dxﬁ'-m-
tial ewumummmumumwuuuum
in the case of an unlfmh accelerated motion of the tenk.
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