By A. B, Fémeth

G The Eréchet spaces in which every closed normal
1 , amd th@sa in which every latticially ordered
’ H @ontlﬁhous lattlce Spsrations is order

5 a partlal crdering

Ir B 18 an ond:ered vector space which is endowed with a
locally conm tcpolagg, th&a E (and. u:s pas:.tive conse) is

callnd noraal if there 1s ramlly P ips  of seminorms mhich.

) ,gﬂnera;ces the tcpolsogy cf E a.md whxch bas the BToperty %hat

‘if p :.sz.n P and z, yEE, mth x*y ».Then. plx) <p(3) .
The arderad locally fonvex space E  (and 17;8 positive cone

E}) is Zegular if each dmreasmg sequence im K is comvergeat,
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An orndered

vector lattice i

x:(-x)\vO,}xL x+x'

2>z, (ZFd> vy wnd (IrI)?‘-’X/\I mefn
iagtice o _p‘ratl&_n.fg . - = o 1  e T
A vector lattlcz B 1s called !ﬂ'.‘daﬂff %p i_;g 1I’ avery uggaf i

Sounded (lower boumied) subsat in i% poss-cssea a suprem am - :

infizum) dn B

Lm: E be a vector lattice. L aﬂﬂlﬁﬂm (no,‘u} P ..‘a é ,
is ealled \latt;g _sezinorn (lattice w} if. t=bg iyl mm«s
p(x) < p{y) forall zx, y in E , The vechor }.&ti;iee E iz a
lattice if thzrs em.sts & fmly mt lat‘tim

locally convex (ysctor

z2ainoras which generates ths tope}}.e«g} in B. If P is & Iattiﬁe
ora on B, then (E,p) is called &M (zecton) Lo 3 | v

in additien. {”E,p) is nora cmpl@te, it is callad & m M
Locallyiconver latticss (and rmmd m Ba.a@cn lattlaes as w»ell}

ars in partic:ular noraal ordered locally convex apmces, s

4 Tilter ¥ in the ar&zrod v-dwr @sace B :Ls callaﬁ m
copverzent e x , if F c&ntms a fﬁll] of arfbsr :mtmals /
(sets of fora f2 1 a <2 <b] ) with mﬁarmtlex {_xg .
ycm":.'

functiocnal £ om E "is ealled erde_r. ar. x ;.f dny

filser '£(F)" cemvergss to £{z) 5 whznever F is a f:xi,

which is order convergent ' ts X .
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The pormel and reguler loc&ily convex gpaces play a Central

Tole ip srdered vecter space theory. Strongly related te vectorial

eptimization, they have occured im scme fields ciﬂtggnfunctiangl.
apalysis as ep@fator tpzorg, basis theory, numerical analyéis, eLC,
Theizr appelreisi in the basis,theagy funniéheé seme interestirg
characterisations §f varieus types of bases (se? €e Lo {8} 3
Theoren II. 16.% and Preposition IIv 16.2). Cenvercely, basis
.thcary yields useful characterizaticns of spaces im whickh every

clesed nermal cones is regular. & first result eof this kind fer

bl I

Banach spaces is im implicite form contained inm the paper 10 e
Bessaga»and Pelezyhski. It was stated in ordered vecﬁor spacs
setting and was extended te Préchet spaces by dedrthur in 4

The characterizatien of the Banach spaces in which ev§r3
clesed subspace erganized as s Banach lattice with continusus
lattice sperations is alse erder complete Hiih order continuous
perm, is another problem of similar kind. Results concerning it
bave their origin in the menographs of Kantorovié, Vulikh and Pins-
ker {23 and of Hakanoe ZSZ . Deep investigations about the
problen were made by ﬁayér;ﬂiabgrg EB]'. %

The zbeve described studies were done independently. in’
impertant“ta@l in both of them is the pessibility ef the imbeddirg
in the respeéti:e Fréchet. or Banach spaces of the space e of
real gequences ccoverging te 0., This circumstance is-not
accidentals In fact it .expressec the same stiructural featﬁra and
suggests thaetl the two different directioms cam be jeined. This

fact is illustrabed by the follewing result:

THEOREM . Let E be a Fréchet space, Then the following

condigions sre eauivelert



L}.l the steps of the pmar af ms theown can be built u@

': TOR Known facts in the lltar..tm. The cqulaalmas (1)«;%(11)
=>(iv) is ip fdcz the contemt of %&m 1 ln [_4_1 « The prwi
. of the equvaleme (i.u) :?rr(n*) f&r Bamah la‘ﬁtl%s can be -
carried oub putting togetber T.’rzeom II, 5‘}.@ Prﬁpﬁsimw II.

S 15, PI’QPGSluiO‘.nE II. 10. 5 and II. I:Q a, qmﬁ fmdly Ezml&t

-

II. 17. (b) in 7. Ve smn outline a pmof in which all the
steps ars rit}:zer smpl ezc&pt the la.&t em : thae praat 0! :
(iv) —-\»(i} for vzhich we refvar te 47 . %e mt@d pmof uses mang
Iact.. from bas;s theor;. It W tbas & ce.rﬂtm mmi: orf bagis |
theory is mveldable -LlEO m a shnrtm proed Iellw.uzg this
lie. Another way would be evantually the tr&nspaslrlm to

Frichet lattices of the re s.ﬂ_t=z cl’c&d ah@fe fraa [‘?l

. Brocf. Tae implication €i5)7-?37€.ii) follows trod %ﬁevbc}pe-_lﬁ@-"

¢=l boundedress of -ordsr bounded sets in ordered pormsl localily
convex spaces. Per. (Ei) ’~’>{111} we observe First that frém the

{uct that the lathice operstions in & latbise azﬁem Fréchet -

Bpace. are conbinuows, it fallm% That Ghe -positive cone s ﬁl&s@é

204 from Theorems 8.1 and B2 m

by {ii} it iz «leo rzgulur. Using s &I’&flﬁl & m‘u@

dtiE also mmh. ehce

msthod in the way it was dome im the _—;0@“’ : (@}—~>{a; in i
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Theoren II. 5.10 in [‘7] s ®e conclude that the respective

F'réc'netv lattice is order complete and has order continuous
 quasinorsm.

(3i1) =(in) It (iv) does not hold, then E contains =

' subspace: E i,smrphlc o € the space ofall convergent
seguences w:z,th real terms, since ¢ and ¢ o &re isomorphic:

Let us consider them ‘¢ Wlth its .canonical order structure
indmed;bg the cone of -sequences with mwob<negative terms. This
cone is closed, pormal and latticial., Bence the lattice operstions
in ¢ -&re continuous. Let us consider the sequence (x)) in ¢ :

defined &s followms 2.
Ia. = (0,1,.;.,1,.-.) . ’ ‘ ‘
x5 =>(0101l)°'ﬁili"')

x, = (Ope0es03l000sly000e)
n times
Then inf '{xnir £ ,(0,.;.,0,...)“@11(1 bence (x ) order conver-
ges to the zero ‘e’lenent of the space. Mt {x#) is nout - nora
F@n?ergent to this ’elvexlzent' (e can show zlso by.a different W&y
‘v»‘chat ¢- is not order completa.) The. obtained contradictmn with
(nl) prwes the regulred implication.

Flngal};; we pefer tu [14- for the proof of (iv) ->(i} .,

:Za:ufk Tht equivralwt canditiens in the Theorez can be
compieted with other cnes by using vector lattice vheoretic ’
‘métigns; as disjoint sequence » ideal, band, lattice homomorphisz
ebc, in the spirit iz%as done for Banuch lattices in Chapoer

II. of 7] .
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