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THE AXIOM OF ARCHIMEDES, HEMISPACES,
HYPERCONES AND ¢-EFFICIENCY

A. B. NEMETH

It is investigated the relation of the various forms of the axiom of Archimedes with

the hemispaces, hypercones, lexicographic ordering and e-efficiency.

0. Introduction. Although not explicitely stated in the literature, a wide class of
problems concerning ordered vector space theory is intimately related to the axiom of
Archimedes. This note aims to be an illustration of this. It has in fact three origins. The first
one is the extended lite;ature concerning the so called hemispaces, which are in fact convex
sets In ‘vector spaces having convex complements. The laborious activity of I Singer and
Martinez-Legas ( see [2] and the literature cited there ) is a good illustration of this streem.
The second source is the technique of the separation functional in the spirit it was introduced
and used in vectorial optimization by Chr. Tammer and P. Weidner ( see €.g. [17 and [8] ).
Finally, we reconsider more carefully some of our earlier results ' concerning e-efficiency.
([4] and [5]). Some of the ideas we shall work out are implicite in the above cited literature.
The novelty of our approach is the consistency in following the ordered vector space setting
and of the various forms of the axiom of Archimedes. Thus, we introduce the notion of the

anti Archimedian element of the positive cone of an ordered vector space and the ant
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Archimedian subcone of its. We consider then the notion of the anti‘Archimedian subspace
of an ordered vector space. These notions link naturally to lexicographic ordering and
hemispaces, hypercones and to- s-efficiency, allowing a concise treatement of many aspects

of these problems.

1. Terminology. Let X be a real vector space. We shall use in the seque! the following
terminology:

Cone: a subset X of X satisfying the conditions;. K+ K CK, (KCKif1€ER, =
[0,%); and X N (-K) = {0}.

Ordering: a relation "s" in X which is reflexive ( x = x for every x € X), transitve
(x syand y =z imply ¥ s z ) and antisymmetrical (x = y and y s x tmply x = y ).

An ordering s in X is:

(ti) ranslation invariam if x s y implies x +z sy +z, V2 € X,

(mi) invariant with respect to multiplication with non-negative reals if: x < y implies
xsp, VIER,

The following facts are direct consequences of the definitions:

1.1 If K is a cone, then the relation =y in X defined by considering u <y v whenever
v - u € K, is an ordering which satisfies (ti) and (mi). ‘

1.2 If s is an ordering in X which satisfies () and (mi), then K={x € X :x =20} is
a cone and < coincides with sy defined above. The cone K is called the positive cone of the
ordering =.

The pair (X,s) with < an ordering in X which possesseé the properties (t1) and {(mi) is
called an ordered vector space (OVS). The remarks 1.1 and 1.2 above motivate the often used

notation (X,K) for (X,s), where K is the positive cone of s. Depending of the context we shall



sometime use also this notation. The cone X is called also the positive cone of the OVE.

The cone K generaies X or it is generaior cong if A= K- K.

The terms iniroduced in the sequel will be used for the m’dehhg and for the positive
cone as well.

The OVS (X,=) is called semi Archimedian if for xy € K and X = 1y, YIER =
(0,03, it follows that x = 0.
(Equivalent definitions: mx s y, ¥V n €N, or ix = ¥ rER imply that x = 0.)

The OVS (X,s) is called almost Archimedion if forx € X,y € Kand -ty s x s 1,
V€ R i follows x = 0.
(Equivalent definitions: -y s rx sy, VnENor-ys sy, Vi€ T imply x=0)

The OVS (X,=) is called Archimedian if for x € X, y € K and J;‘ =iy YIER it
follows that x = 0.

(Equivalent definitions: mx s y, V n ENor&x = 3, V(€ R imply that x = 0.)

2. Seciion subcones, faces. The subset K, of the cone K is a section subcone if K, =
(spK,) N K, where spK, is the vector space engendered by K, The set K, is obviously a cone.
If X, is an arbitrary subspace of X, then X, N K'is a section subcone of K.

The subset K, of the cone X is called a face of X, if it is a cone and ifxEKyeKk,
and x = y imply x € K,. The face K, of K is proper if Ko = {0} and K, = K.

2.1 Every face of the cone K is a section subcone of K.

aLlet K, beafaceof Kandx € (spK)) N K. Thenx =u-v with u,v € K, . But then
x = u and hence x €K,. This shows that (spK;) N K C K,. The converse inclusion is
obtained. » |

22 IfK, is a section subcone of K then for uv € sp)’(0 we have u s v if and only if
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u SK‘ V.

« From u s, v cbviously follows u = v.

Suppose that 4 s, v, uv € s;SKo. Then v-u € K, v-u € spk| and héncé v-u €
(spK)NK = K, which implies u =, v .»

23 A cone K in X is semi Archimedian, almost Archlmedzan or Archimedian
respectively, if every section subcone of K of dimension two has the respective property in the

subspace it spans.

3. The core of cone. Let M be a subset of the vector space X. The element x € M is
called a core point of M if for every z € X there exists a positive real number £ such that x
+ tz € M whenever |1| <{.

The set of the core poinis of M is denoted by coreM. The point x € M is called an
intrinsic core point of M if 0 is a core point of M - x in the subspace sp(M - x).. The set of
the intrinsic core points of M is denoted by icoreM. Observe that if 0 € M then icoreM is the
core of M in spM.

3.1. Let K be a core in X. If xEcoreK and x =, then yEcoreK. If t > O then
Ecorek if and only if xEcorek.

3.2. If K is a core, then coreKU{0} (icoreKU{0}) is a subcone of K called the core
cone (intrinsic core cone) of K.

3.3. The intrinsic core cone K, = icoreKU{0} of K can be characterized by the
Jfollowing property:

xEKM0) @« VyeEK 1€ K suchthatty s x.

4 The implication =) is obvious.
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Let y € K be arbitrary and t_vEE: satisfying £,y s x. Let be t € R wath Jt] <1, Then
tlysx jtlysiysx Thusx- |[f[y€ Kand x + ltly €K, thatis, x + ty EK.»

In the following assertions "core” can be throughout replaced by "icore”.

34. A cone K with coreK = @, has no proper face if and only if it coincides with its
core cone.

<« Suppose that x € K \(coreKU{0}). Let be K, = ‘{)EK: Ji>0withy s tx). Then

K

3

is a proper face of K. Indeed, K, is obviously a cone, K = {0} since x € K, and K, =
K. because K, cannot contain any core point of X by 3.1. K, is a face of K by its defimtion

Suppose now, that K = coreKU{0} and that £, is a face of K. If x € K\{0}, then x
& coreK. Let y € K be arbitrary. Since x is a core point of £, there exisis a positive ¢ such
that x -ty 2 0. Hence O s 1y < x and thus iy € K, But then y € K, which shows that K, -
K

35 fet K be a cone in X and X, a subspace of X If K, = KNX,, and (coreh)iY
&, then coreK, = (coreK)NA,

« Obwiously, (coreK)NX, C icoreK, Suppose that x € 1corek, and that .
{coreK)N.Y,. Then there exists ¢ > 0 such that x - &y € K, Butthen fy s, x and siey

coreK we have by 3.1 that x € coreK Thus x € {coreK)NX, »

4. The anti Archimedian subcone of & cone. Let K be the posiuve cone of ({5} Tis
slement x = K is called anti Archimedian if there exists some y € & such that nx & 3 ¥ 717
M. Let K, denote the set of anti Archimedian elements of K. Then & is itself a cong whict
is called the anti Archimedian subcone of K W K = K, then it 15 called wr Archmmedics
cone.

4.1 Fxample (16} p.535) Let « be 2 fixed ordinal>0 and consider the space ¥ of all
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families (rg)peq Of real numbers x, indexed by the set of all ordinals < o. Under the ordering
defined by x = y if x5 < yp for the first ordinal for which xg = yp, 07 X = J) (X4=) is an OVE.
This ordering is called the lexicographic ordering. Then K generates. X and it is antt

Archimedian if and only if o is infinite (see also section 6 Ubserve also that X = KUK

and that X is the disjoint union of K and (-KO\{O].

47, The core K in X is semi Archimedian, if and o

43. The anii Archim subcone K,of K is a

42 Lei K be a core. Then no glement of icorek con be anti Archimedian.

< Suppese by contradiction that x € K, N(icorek) with K, the anti Archimedian
subcone of K, Let y € K be an element for which nxsy ¥n € N, or equivalently fesy vieER
This contradiction is also equivalent with ix = 5, ¥z s €&, Since x is an icore point of K,
we have thatx -y -x) E Kfort € R small enough. Hence -ty +(t+1)x € K for a such /. We
have on the other hand (H2)x < 1, and hence f-(t+2)x € K. By adding the above considered
two élements of K we get that -x € K. Thus x = 0 € icoreX furnishes a contradiction.»

45 IfKis acore and K, is its anti Archimedian subcone, then coreK, = ©.

4.6. No finite dimensional cone K = {0} can be anti Archimedian.

a If K is finite dimensional, then icoreK = @ (see e.g. [7Th-»

47 [f K C Xis an anti Archimedian core, K = {0}, then dim(K-K) = .

4.8, The core K defined in 4.1 is a generator, anti Archimedian cone for w infinite.

Hence coreK = &.

8, The anti Archimedian subspace of an OVS. Let (X=) be an OVS and K its
positive cone. To simplify the exposition we shall suppose in this section that K is generator.

The subset X, of X such that for every x € X, there exists an y in K with the property that
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ysxstyV tE€E is obviously a subspace of X Tt will be called the anti Archimedian
subspace of (X,=).

5.1 If K, is the anti Archimedian subcone of K, then K=KMNX,

5.2. X, cannot contain any core point of K’ This follows from 5.1 and 4.4,

53, X = X if and only if the core K is Archimedion. In this case X must be infinite
dimensional by 4.7.

54 The OVS (X,s) is almosi Archimedian if and only if X, the anti Archimedian
subspace of (A=), is {0}.

5.5. Let X, be the anti Archimedian subspace of (X,s) and let X, be'an algebraic
complement of X, If coreK = @ then K, =X, N\ K is a generator cone of X, icorek, = & and
corek = icorek; + X,

« Let be x € coreX and x, € X, We have -ty s x, s ty for some y € K and for any
(€ R . Since x € coreK there exisis some ¢ > 0 such that x-fy € coreX. But then x-1y s x+x,
and by 3.1, x+x, € corek.

Let X, be an algebraic complement of X, and let x be in coreX. Thenx =x, + X, with
some x, € X, x, € X, Also, -x, € X, and by the above observation, x, = x-x, € coreK. Thus
x, € coreK N X, = icorek, by 3.5. This shows that corek = icorek; + X,

Since K is generator by convention, for every x, € X, there exists , v € K such that
x, = u - v. By 3.1 we can assume that u, v € corek. Using the above representation of corek
we have u = u, + u, v=v, + v, withu», € icoreK,, u,, v, € X,. Then'x, = (- v+ (v, -
u,). But from the definition of X, we must have v, -4, = 0. Hence x, € K, - K, that is K|

generates X;.»

6. Total ordering in B". The OVS (Xs) is totally ordered if for every u,v in X either
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6.1 If K 15 the positive cone of the OVS (X,s), then the ordering < is total if aﬁd only
if X = KU(-K). In this case X is the disjoint union of K and -K \ {0}. ‘

The ordening s in R” is called lexicographic if there exists some basis e,,...¢,in B
such thatw = w'e, + +we W' €ERandv= vie, +. .+ Ve VE B’ are in the relation u < v
if and only if either v vor 1 < v for the first upperscript & for which u* = v* The positive
cone of the lexicographically ordered vector space (R".<) is a lexicographic con2 in the sense
of the example 4 1

If (R" <) is lexicographic, then for the basis ¢,, ..., ¢, in the above definiion of its we
shall say that 1t realizes the lexicographic ordering.

6.2. Every lexicographically ordered vector space is totally ordered.

6.3, If (R" <) is totally ordered with the positive cone K, then K, the anti Archimedian
subcone of K hay the dimension n - |

< Indeed, intk = @ since K is generator. (Here int denotes the intenor with respect
to the Euclidian topology in R"). Let 5 € intK, and denote |

K={x€EK xsth VIER }
We shall show that dimK, =n - 1 and £, = K,, .

Let &, ..., k., be elements in K which form with b a linearly independent set of
vectors. Consider the open line segments (-k,.5) joining the poinis -k and b, =1 .., m- L
Each of them intersects the topological boundary 9K of K. That 1s, there exist some reals 7,
C (0,1) such that y, = 2k + (1 - 1 €9K i=1,,.,n-1 The set of vectors y, .., ¥ 15
lineasly independent. Since KU(-K) = X, for every 4, y, or -y, belongs 1o K. Denote {z,} = {v,
K =1L - Lb’ﬂ"hen Zyon 2, a7 linearly independent elements in K Suppose that

for some =, there exisis ¢ > 0 such that 26 s 2. Then by 3.1 it would follow that =, € corek



= intK which is impqssiblé.‘ Since the épace is totally 'ofdefed, we have that z;, s b,
Vi=1,.n-1,V (€K, Hencez,,., 7,, €K,

‘We have obkusly K C K, and since dimK, 2 n- 1 and dlmK s n- 1, it follows'that
dlmK =n- 1. EvernyK can be written as y = 4z, +. +t,,,z,,., wn.h somet, e | ,ER, :
and hence y = 15, V IER. That i is, yEK,, and thus K, = K,.»

6.4. Let K be a generator cone in X. Thus (XK) is a totally ordered OVS if and only
if for every sécfion subcbﬁe K, of K, (spK,,K,) is a totally ordered OVS. "

-« The if part is obvious, since K is itself a section subcone.

Suppose that K, is a section subcone. Then if the space is totally ordered, we have X
U (-K) = X and hence spK, = (spK,) N (K U (-K)) = (5pK,) N K) U ((spK,) N (-K)) = K,
U (-K,).>

65.If ('R",s) is totally ordered, then the ordering s is lexicographic.

< We proceed by induction. For n = 1 every total ordering in R’ is lexicographic.

Suppose that each total ordering in R™!is lexicographic.

Let (k",s) be a totally ordered OVS. Then by 6.3 we have that the anti Archimedian
subcone K, of the cone K is of dimension n - 1. Since K, is a face of K it is a section
subcone of its, and hence by 6.4 the OVS (spK,,K,) is totally ordered. Let e, € K\ K, Then
every x € R” can be uniquely represented in the form x = te, +y for t ER, y € spK, Then
xEKiftz0andx€-Kif 1<0. Indeed, x € K and ¢ < 0 would mean that -te, +x =y €
K y€EspK,and 0 s -te, < y. Nowy € K, and K, being a face, it follows that -fe; € K, and
thus e, € K,, which is impossible.

(spKK,) is totally ordered 1 - 1 dimensional Euclidean space. By the induction
hypothesis there exists a basis e,,.... ¢, in spk, whicﬁ realizes the lexicographic ordering in

(spK,K,). But then from the above considerations it follows that e,, e5,..., ¢, is a basis in R”
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which realizes the ordering = as a lexicographic ordering.>

Remarks. The assertion 6.5 is well known. It appears for instance in [6], as Theorem
11.3.6.Tt follows from more general considerations in [2]. The abbve proof uses the idea of
anti Archimedian subcone and its properties and even though expigits related geometric ideas,
it differs from the known ones.

The same problem in more general algebraic structures was considered by Lassak and

Proszyaska [3].

7. Hypercones and hemispaces in R". The subset /7 in X is called a hemispace if H
and X\ H are both non-empty convex subsets in X,

The cone X in X is called 2 Aypercone if it is not contained in any other cone as 2
proper subcone.

71. Let K be a cone in B, The following statements are equivalent:

(1) K is a hemispace;

(i) K is a lexicographic cone.

{ii1) K is a hypercone.

a (i) = (ii). Suppose that x ER"\ K. If we would have -x € B"\ K, it would follow
that 1/2x + 1/2(-x’) € 0 € B"\ K, since the last set is convex. But this is impossible. Thus -x
€ X and hence B” = K U (-K). From 6.5, X is then lexicographic.

(1i) = (iii}. Every set contmniﬁg K as a proper subset, must contain an eiément of
form -x with x € K \ {0}. Hence there is no cone containing K as a proper subcone.

(iii) = (i}. Soppose that X \ K is not convex. Then there exist u,v € X\ K and 1 €
{0,1) such that z = 1 + {1-fjy € K. Then & - z and v - z are not in K Puty=u-zw=0 Then

theset K, = {xER"x=w+H,wEK (ER.] is acone. We have obviously that K; + K
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C K, and sK, C K, for 5.2 0. Let us check that X, 1 (-&,) = {0}. Suppose Gt x €K7
(K) Thenx=w, +iy=cw, - tywithw,w, EK and 1, 1, ER. If 4 =8, = 0 we s
have also x = 0. If not, (1, + )y = - w, - w, € <K\ 10} Using. the definition of z and y we
have 8 = t{u-~z) + (1-0)(v-2) = & + {1-0)(v-z); {0y € K {0)-and hence -(,+4,)1-9)(vz) & -
K\ {0}, wherefrom, since (¢,+,)(1-1) > 0 it follows that v-2. & X, But z € K, hence we have
v € K which is a coniradiction. Thus &, is a cone which contains X as a proper subcone. »

1.2 K is a semi Archimedion hypercone in B if and only ifitis of form K = G U {0},
where (5 is an open semispace determined by a hyperplane H through 0.

< Suppose that K¥ G U {0]. Letx, € G and suppose that x,,..., &, is a basis in /. We
suppose that the elements in B” are represented in the basis {x,x,,. o Leta =, u), v
= (V',...v") € B" and denots by = the ordenng induced by X Thenw < vif and only if #' =
v'. The. only element u = (', ") in K withu' = 015 0 = (6,...,0). Suppose that nu s v with
4y € K and any n € N. Then ' = v with o',V € R, and any # € N Hence o' = 0 and #
= 0. This shows, that X is semi Archimedian.

Assume that K is contained in the corek,. Then X, and K have the common supporting
hyperplane H. Suppose that x = (x',...x") €K, \ K. Then x' = 0 and thus x = (0,7,...x") = 0.
By the definition of K we have obviously

(1,0,.,0) - 00, XYEKCK, ¥neEN
This shows that K| cannot be semi Archimedian. That is, K =G U {0} is a semi Archimedian
hypercone.

Suppose now that X is a semi Archimedian hypercone. Let & be the hyperplane
through O which supports K. Let G be the open semispace determined by H which intersects
K. Then K, = G U {0} is by the above considerations a semi Archimedian cone. Assurne that

x & X\ K,. Then x € H\ {0}. If -x € 8K from standard reasonings on convex cones we have
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that -mx € 8K, ¥ 1 € N and -nx + y € K for an arbitrary fixed y € coreK and V n € N. This
shows that mx s y, V n € N with xy € K, x = 0. Thus K cannot be semi Archimedian. The
obtained contradiction shows that K C K, and since K is a semi Archimedian hypercone and
K, is semi Archimedian, we have in fact K = K, »

7.3 Let K be a cone in R". Then the following statements are equivalent:

() K is a semi Archimedian hypercone;

(ii) If K, denotes the anti Archimedian X subcone of K and X, the anti Archimedian
subspace in (X.K), then K, = {0} and dimX, =n - 1.

< (i) = (i1). We ;mve obviously K, = {0}. We have by 7.2 that X = G U {0}, with
G an open semispace determined by a hyperplane H through 0. Let x; € G and let x,,....x, be
a basis in H. If we represent the elements in R” in the basis {x,,..,x,}, then putting v =
@',...u™, v= (V") € R" we have u = v with < the ordering induced by K. if and only if
u' <. Let x € H. Then x = (0,x%,...x") and taking y = (1,0,...,0) € K, we have that -ty = x
< ty for any /€ R,. This shows that H C X, By 5.2 we have dim.Y, s n - 1. Hence dimX, =
n-1

(it) => (i). Since K is convex X, N K = {0} and X, is a hyperplane it follows that X,
supports K at {0}. Let x € X, be arbitrary. Then we have some y € K such that -ty s x < ty
for every 1ER. Let z € coreK. Then we have also -#()++z) = x = #(y+z) V 1ER] with y +
- € coreX. Further, if we denote # = y + z then tu + x € K for every tER. But tw + x —
x as ! ~> 0, and hence x € 8K. Then from standard considerations on convex sets in R" we
have also that w + x € coreK ¥V tER, and hence x € d(corekX). Thus X, C d(corek) and
using a geometric reasoning similar with that in the proof of [9], Lemma 1.2.14, we conclude
that K coincides with the closed hyperplane determined by X

7.4. Let K be a generating core cone in R* which is not a semi Archimedian hypercone
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and is not an almost Archil;tedian cone. Then there exist two section subcones K, and K, in
K with dimK, N K, = 1, K, is a semi Archir;tedian hypefcone in spK, and K, is almost
Archimedian cone in spK,, such that K = K+ K,.

.4 Since K is not almost Archimedian, the anti Archimedian subspace X of (X,K) is
not {0}. Denote by X, an algebraic cpmplement of X, in R” and let be Kl = KN X, Since K
is not a semi Archimedian hypercone in R”, dimX, < n - 1 by 7.3. Hence dimK, = 2 and
obviously icorek, = @. By 5.5 we have coreX = icoreK, + X,. Let x € icorek, and consider
the subspace X, = sp{X, U {x}}. Then it can be easily verified that £, = X, N K = {p+tx: »
€ X, tER} U {0}.This representation of X, shows according 72 that X, is a semi
Archimedian hypercone in X, We have also that K, N K, = {= 1 € R} Let z € K be
arbitrary. If z = 0 we have z € K, + K. If z = 0 then z € coreX since K is a core cone and
hence also z € icoreK, + X,. From the definition of X, it follows that there exist x, € X, x,
€ X, such that z = x, + x,. Since z € coreK = icorek, + X, we must have x, € icorek,. If x
is the above defined element of icoreX, then for E K sufficiently small we havex, - x €
K, and thus z = {xrex) + (x,-&x) with xtix € Ko,‘ x-ix € K.

Observe finally that &, is almost Archimedian in X. Indeed if not that there would
exist some element u € X, - {0} such that for some v € K, it would hold s+ € X, and sv-u
€ K, for each /€ B.. But this means that -fv s w = ¢v for each fER and thus w € X,
comtradicting the construction of X, .»

Examples in B® show that a reprezentation as in 7.4 does not hold when K not a

COTe COone.

8. ¢ - efficient points. Let (X,<) be an OVS and M C X The element b& Xis alower

bownd of M= @, if b= x, ¥ x € M Let £ be the positive cone in {(Xs=). If (- N M= &



for some y € X, then this set ic called a section of M.

The point x € M is an ejficient p

oint x & M s called 2 soint of MO (-8 - Ky MM =@

—
ron
fon]
e
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=
o
Q

only if every set with lower bounded sections po.

-

for arbitrary x, € M we must have (x, - & - £) N M = & Choose x, € (x, - ¢ - £} N M, x,

& (¢, - & - K) N M and in general x, € (x,, - e-K) N M Let & be a lower bound of A Then
x, 24 ¥ nEN, and since x, € x,, - s K it follows that we have x, = x,, - ¢ - £, for some
£, € K Hence
eseth, =x ,-X,
By summing the above type relations from » = 1 to m € N we obtain:
MESXy~X, S X~ b
Thus m e s x, - 6, ¥ m € N and x, - b € K which shows that ¢ € X, coniradicting our
assumpiion on &.»
8.3. The jollowing two conditions are equivalent:
(i) Every non empty lower bounded set possesses in (X.K) e-efficient poinis for every
s € K\ {0}
) (XK) is semi Archimedian.
< According 8.2, (i) holds if and only if X, = {0}, condition which characterizes the

semi Archimedian cones. »
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Remarks. The assertion 8.3 and related questions in ordered topological vecior spaces

occur in {41

the supporting functional method devs

3%

L

Fare going generalization of the idea in 8.2 for more general order relations is in fact

ed by P. Wiedner and Chr. Tammer in [1].
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