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. Introduction. A function f is said to be starlike of order o« if f1is
reanlar in the unit disc U = {z: |z| < 1}, f(0) = 0, f’(0) =1 and the ine-

quality

Rcﬁ> o
f(2)

holds for 2 € U. The class of starlike functions of order « shall be denoted
by S*(a). If 0 € « < 1 then S*(«)C S*(0) = S*, the class of starlike func-
tions (i.c. normalized univalent functions for which f(U) is starlike with
respcet to the origin).

The order of starlikeness of a family & of starlike functions is delined
by the largest number o = [5] such that § C S*(a).

In |1], R. LIBERA showed that if f € 5% then the function F = L(f)

given by

2
() Fz) = = S flde
0
is also in S*, that is L(S*)C S5*. . .

In this paper we find the order of starhkencss of L(5*). We first show
that a simple application of a recent result_ol ST. RUSCHEWEYH _al_ld V. SINGH
[2] reduces our problem to a computation involving a specific function.
It is this lengthy but elementary computation which enables us to obtain
the order of starlikeness of L{S¥). - . '

9 Jemma. Lect 8 denote the class of regular functions p(z) in U which
satisfy $(0) = 1 and Re plz) > 0 for z € U. One of our main tools 1s the
. veyh and Singh concerning an extremal problem

following result of Ruschev ) : 4 g
in the class € related to a differential equation of Briot-Bouquet type ™2].
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0 p e C with Reb>O.F0rpEQlet q be the

a. Let a>Ys _ :
regul{;resrglfﬁlion of the d-qffereutml equatron .
) + (q(z) — p()(ag(2) +0) =
which satisfies the inatial condilion q(0) = 1. Then g 1s regular in U and

min Re g(z) > min Re Q(2)
- (3) s]=r isl=r
Q 1s the solution

p(z) =(1 —2)[(1 + 2)

2q'(2)

92\ which corresponds
for @l 1< 1, where of (2) Jt o

3. Main result o

3 *) where is the Libera
s The order 0 starlikeness of L(S*) @

i i f(l) is gwen by

integral operator defined by
K@ 3—4m2 000435 |

(4) o[ L(S*)]= min Re K(z) T 22In2—1)

|s|=1
where K(z) is the function obtained from (1) when f(t) is the Kocbe funclion

11 + 12, that s,

- 208 ¢ 2 _ = 1 =0
6) K@) = ?SD(T——:)?”E = = (1 +3) — | (In )
Proof. For f € S* let

1f'(z) £F'(z)

= and ¢(z) =

pe) =L and g) = T

where F is given by (1). Then a simple calculation shows that ¢ satisfies
the differential equation

29'(2) + (gl2) — pl)ig(e) + 1) =0, 9(0) = L,

which is of the form (2) with a =& = 1. It is easy to see that if p(z2) =
= (1 —2)/(1 +2z) we have q(z) = Q (2) = zK'(z)/K(z). Hence from (3)
of the Lemma we get

(6) min min Re ¢(z) = min Re B0
PS8 li=r 2] =r IK(z)

Since f € §* if and only if p = €, from (6) we obtain
(7 - “a[L(S*)] = inf Re 2 _ min Re 2K,
. lal<1 K@) =1 XK(2)
N r H s N, .
B (_1(:)\ n(;u‘rN ePlizk)lem is to find the above minimum. For z = €%, 0 €

R(0) = Re 2@,
K(z)

e SR ————
- R TR
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where K(z) is given by (5). We shall prove that

(8) min R(9) = R(0) = 3—4In2
—n<0<n . ) 2(2 In?2_— 1)

by showing that
9) R(0) > R(0), for all 8 € (—mx, —x), 0 #0.

Since R(—90) = R(9), it i "
we obtain =4 (6), it is sufficient to suppose 6 = [0, m). From (5)

zR'(2)

, — 1+ z =

K(z) . A+d—z+0+2In(l+2)] i = 2
Therefore

R(8) = —1 + S5(6),
where
- 1 ;

S(0) = m {fl + 0 sin 6 + cos 0 1n2(1 + cos 0)],

with

N(0) =2 — 2 0sin 0 4 01 + cos 0)—
—2(1 + cos 0) In 2(1 + cos 8) + (1 + cos 6) In? 2(1 + cos 0).

We first remark that N(0) can be written in the following form

N(0) = — [N}(8) + N3(0)],

where
N,(0) = 2cos 0+ 0 sin 0 — (1 + cos 0) In 2(1 + cos )
N,(0) = —2 sin 6 + 6(1 + cos 0) + sin 6 In 2(1 + cos 0).

1]

We have N(0) = 2(2 In 2 — 1) > 0. If there exists 0, = (0, =) such
that N,(0,) = N.(8,) = 0 then it is easy to see that 0, must satisfy 6, —
—tg (0,/2) =0 and =2 < G <. Since 4/(1 + 62) < e, a simple cal-
culation shows that

N,(8,) = [1“1 .:03, - 1] sin 8, < 0,

which contradicts N,(0,) = 0. Hence N(0) > 0 for all ' = [0, w). It follows

that
(10 sign [R(6) — R(0)] = sign [S(6) — 5(0)] = sign S,(6),
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where

' 1
SO) = Zomz -1

5,(0)= 2(2 m 2 — 1) N(8) [S(O) —
4 (24 pcosO)ln 9(1 + cos ) —

F. h ~
h p=4 n 2= 2.7_723884 -

5(0)] = __i).{-pesmﬂ—e (1 4 cos 0) 4
(1 + cos 0) In®2(1 + cos 0),

1 write successively

We shal
ol o Y . ¥ o

247501, 21 4 cos 6) —

S0 _
(11) Sg(e)Emdj) { 4 cos @ 1 4 cos 0
— In22(1 + cos 0)
14 cos 0 S4(0) = In 2(1 + cos 0) —

(4_.p+9cos 0) tg (0/2)
24 0(2—p+ 2cos 0) ctg (0/2)
4 —p+ 2050
o = s 02
_ (l—cos O —p 200808 grg)
() Sd(0) = 12— 6p +pt+ 43 = p)eos 0 !

=0 14 —=17p + p24(10 — 3p) cos 01: P_
- 12— 6Gp+p* +4(3—plcos 0~ 2
We have
(1 — cos 0)P;(cos 0)
Si(0) =
(14) 4( ) (1+C050)[12'—6I’+P”+4(3—-p) cos 0}
with

Piy(s) = —288 4 280 p — 100 p* + 16 p* — p' +
4 (—432 + 368p — 104 p* + 10 p)s — 16(3 — p)*s*
Yor- § & [—1, 1] we have

[

with
Py(s) = —360 + 280s — 68s2 + 5s.
It is casy to see that Py(s) is an increasing function in the interval [2.77, 3]

and Py(2.77) =0.112 .... > 0. Hence P 1
— ‘hi : op) >0 and Pj(s) > 0 for 2
se€[—1, 1], which shows that Py(s) increases in the 1nterva(1 )[31 1] from

oo L m T
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p(—1) = — p(p — 2 < 0to Py(1) = —P,(p) with Py(s
- = 864 — 744
4 % %OS;] 3553 413 s; 7;t 1s easy to show that Py(s) dec1('e)ses in the inte:vj;]
2. 3, 3(2.77) = —2.5708 ... < 0. It follows that Py(p) < 0
syl P1( ) > 0 (in fact, we have P,(1 ) = 2.6705 ...). Hence there exists
a unique 651 € (=1, l)such that P 1(s1) = 0. . o
Let 0, = arccos s;. From (14) we have Sj(6,) = 0. Sinc
= 0. el2—6
5 A e Z—ﬁP+P*M3—M=P@—%>0mf$
[0, =], we deduce that S3(0) > 0 for 0 < 8 < 6, and S}(6) < O for
0, < 0 < . We conclude that S 4(0) increases from 0 to S,(6,) > 0 in the
interval [0, 0,] and decreases from S,(6,) to —oco in the interval [6,, =)
Thus, there E\IStS a unique 0, € (0,, =) such that S,(0,) =0 o
If we let o -
Sg(0) =4 — p + 2 cos 0,
then S;(=f2) =4 —p >0 and S;(r) =2 — p <0, so that S5(0) has a
single root © == — 0; in the interval [0, n) with 0 < 6, = arccos 222 <
2

< -: From (13) we get Sy(m — 05) = Sy4(p), where

6 —s
s— 2

Se(s) =

For s = 12, 3] we have
Su(s) =

4 —5 -
-G =-26-5

so that
Se(p) > Sg(2.7) = = — arccos ;—:; — \/%:-J’ =0.107 ... >0

(in fact, we have Sg(p) = 0.337 e
From (12) we deduce .

—20 — 10p — p?

S,(0) = lim S55(0) = =

Since 5 — 453 <277 <p <5+ A3, it follows that S4(0) > 0 (in fact,

we have S,(0) =0.938 ...).
Since S,(6,) =0, from (13) we get

B, o 14——7p+p=+(1‘0-—3p) cos(),t 0,
2 T f e _6p+pr+4B—pcos O 2

and substituting into (12) we deduce
Sy(82) = Sz(cos 0)
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2 4 5 iz )s]
with (4 —P020 — 10p ;l- p4.; _(P)s-]i—- '
S,(s)::lu(l—'rs)—- w6+ P+ (
e e @ — p)Pulp) + 2P, (p)s + 16(3 — p)2s?
Sitel = (1 +s02—60+ P+ 4(3 — p)s]

" 7 52¢ + 1252 — §°

P,(s) =72 — )

Plgs; e {44 — 1368 445 — 588

5

. 3 _ 50 4 2s — 352 and Pi(s) .;—- :1?_% ‘é‘0?8)85 —<1532 aarg

Singe P‘(sil—s real, we get Pyf) < diw })1 ve P .(f)) = —1241 .
negative Ifo(l;) ';1) —0855... <0 (in fact, we ha 4 ’ T
Pylp) £ Fglad) =

and Pj(p) = —1.401 <o) . —1<s <0. On the other hand we have

Therefore Sj{s) > 0, }flo
Su(27/3) = Se {p — 2), wit

2= —'4-—25“}'252‘
SE(S)=?_,\/3 2+S"

Since -
] = BBt )
Sa(s) 3 \/3 (2 4 32)2

2 182 =y
for sl we defme S0p =2 « 8107 =- (: - 2—4—5\/3} =

3
i —2) = ..). Hence S4(2n/3)>
=0.091 ... > 0 (in fact, we have Sy(p — 2) = 0.176 . )r : 4 :
> 0, which ?hovjs that 0, > 27:/3? Since cos 0, < cos (2x/3) = —1/2, we
have

o (P =2 —5)
S5(0,) = S;(cos 8,) < S,(—1/2) = o < 0.

We summarize the above partial results in the following diagram

0 0 T — 0, 0, =

S48 0 + + +0 B ==
S53(0) | + ¥ g i) = e
Ss(0)1S4(0) > 0 » +=|_, A S3(0,) <0 \ —o0
Ss(6) | + + 0 — — = ==
S:(0) | + + + 4+ + ups
S,(0)] 0 A Ve A +Foo

R,

e e T ————

s,
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From this diagram and (11) we deduce S1(0) =0 and S,(6) > 0 for
all 8 = (0, =). Cousequently, from (10) we get (9) and (8). From (8) and (7)
we get (4). This completes the proof of the Theorem.
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