MATHEMATICA — REVUE D’ANALVYSE NUMERIQUYE
ET DE THEORIE DE L’'APPROXIMATION

MATHEMATICA, Tome 23 (46), Ne 2, pp. 225250

THE ORDER OF STARLIKENESS OF CERTAIN INTEGRAL
OPERATORS

by
PETRU T. MOCANU, DUMITRU RIPEANU and I0AN SERB

1. Introduction. Let a be a real number, « < 1, and denote by S*(a)
the class of functions f(z) = z + a,2* + ..., which are regular in the unit
disc U = {jz] < 1} and satisfy : i ;

Re 24

1)

If « [0, 1), then S*(a) is the well-known class of starlike functions

of order « and S*(a) C S*(0) = S*, the class of starlike functions. We also

are interested in the case a < 0, and continue to call ,,starlike of order «”

any function in S*(«), although it is not necessarely starlike, not even uni-
valent. .

Let B and y be real numbers and suppose § >0, 4 v >0 and

— X < « < 1. From a more general result on Briot—Bouquet differential

subordination [1, Theorem 1] it is easy to deduce that the integral opera-
tor Iy ., defined by g = Ig(f), where

>a 2z e U

(1) gle) = ( B :‘YY S fﬂ(w)w*‘ldw)”a, 2 eU, feSH)

maps S*(a) into S*(a), i.e. Ipy: S*(o) = S*(a).

For a given a e [— Y, 1) we define the order of starlikeness of the

C S* 8 & . .

i i : hoices of «, B and
In this paper we find 8(«; B, y), for appropriate chol .
Y, by using %hg sharp subordination result recentely obtained in [1] a;d
[3], as well as the useful lemma due to j. FENG and - WAL [au_i}:
Our general result includes some particular ones obtained by seve

thors [2, 4, 5, 6, 7, 8, 9]. s Bl
iminari i . We say that f 1s -

9. Preliminaries. Let f and g be regular in U. We s st
dinate to g;, written f < g, or f(z) < g(z), if g is univalent, f(0) = g(0)
and f(U) C g(U)-

We will make use O

" class I, ,(S*(a)) by the largest number 3 = 8(«; B, y) such that Ip,(S*(e) C
)

f the following lemmas to prove ont main result.
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Lemma A. Let B>0, P+v>0 and —y/B < ¢ < L Th, .
differential equation

q'ld) 14 (1 —2a)z 0) —
Bt gwer - 1o H0=1,
has a univalent solution in U, given by
B WP
i , q(z) BR() B
where .
1
) 0 = | (F=2]* it 2 < v,
0

and q(z) < [1 4 (1 — 2a)2]/(1 — 2).

If p(2) =14 pz + ... s regular in U and satisfies the differentiql
subordination ‘

(4) pe) + 28

Bp(a) + v
then p(z) < q(2) and this subordination is sharp.

More general forms of this lemma may found in [1, Corollary 2.1]
and [3, Corollary L.1].

1 4 (1 — 24)z

1 —=z

integrable on [0, 1] for each z < U. Suppose that Re 0@z &) >0 in U,

Re Z —
Qa1 ~ Q(-r,
Jor 2l Sr <1 ang ¢ = [0, 1].

I

1

Q) = SQ(z, #)du(f)

then 4

Re -_1._ = —~1__
This ] 0w ~ gy Jor Bl <7 A
'S emma is’due to 3, pryg and p. R, wiLkEN [2, Lemma 2].
3. Main result,

THEOREM. )
Iy, déﬁnecﬁjf (leetIp. >0, B+ Y >0 and consider the integral 0pC

To,+(S*(a)) 4s given éyq € [=/B, 1) then the order of starlikeness of the
(5) '

rator
class

Oa; B, ¥) = inf Re g¢(z). .

lsi<1
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Moreover if &  [a,, 1), where

= cJE=x—1 _ ¥
(6) oy = max {—_25 . B}
and g = Ip(f), for [ = S*(«), then
() - =1[ e _ ]
2 i g(2) > 4(=7) BLF(L2BI —a), B+ v+ 1; #/(1 + 7)) T

for |zl 7 <1 and

. - o = _l_ B+Y === ]

s gt 2 2] 4 ' tric function,
where g 1s gwen by (2) and F(a, b, c; z) is the hypergeome s
The e;{trcmal Sunction is given by g = Iy (k), where k(z) = z(1 — z)¥=~1,

Proof. If we let p(2) =—2£(:£)i) from (1) we obtain .
g

) _
Bp +y S

p(2) +

Since f e S*(a) is equivalent to

zf'(2) . 14+ (1 — 2a)z
f@) l—z
we deduce that p(z) satisfies the differential subordination (4) and henc,

A, p(z) < g(z) which implies (5).
. Ll?(:lx]}clawe s}fis(tl{ usg( t)he following well-known formulas

=MP(4, b, ¢: 3), 630 50,

9) S p=1(1 — t)e=b-1(1 — £z)-= dt 2

and
(10)

F(a, b, c; z)=(1—z)“F(a, ¢c—b, C:z-z-l)'

which hold for all z e C\ (1, ). b o BT —
by (6) and denote
)Sgppose “Tea(:(.l)’ cl)—“éhieya-?—li ivg 11|— { (Sgnce ¢>b>0, from (3),
—-—u), = —

by using (9) and (10), we deduce

T _b) = == Fa!c—blc.: _z_ )=
Q(z):(l_z)ﬂﬂj_)?(i)_—F(a, b, ¢; 2) B 7 ( T
i o1 F(l,a.c; : ],ZGU-
B+ -

’ ; ¢
Since a > a, implies ¢ > @, by using again (9), we ge

1—2z

_———dp.(t), Z e Ul
1= (L—1H2

ot = {
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where

=‘Lb)_ta—-l 1 — #)e—a-1
du() T(@T(c — a) ( ) o5
If we let Q2 #) = (1 —2)/(1 — (1 —#)z), then ReQ(e, >0
is real and + O
l=l—9z 14+(1—pr 1

1
R = TN S

Oz, ¥ - 1—: 147 Q(—~r, 1’

Re

for 2] £ 7<1,0 <t <1 By Lemma B we have

Re-]—> .

0k ~ Q-

which implies (7). If we take g = Iy .(k), then a simple ¢ i -

# =g, which shows that (7) is sharI;. In the case i = zfliﬂgagf;iﬁm%ds
by letting @ — «#. From (7) we obtain (8), by letting » — 1—. This compl (t !
the proof of our theorem. pietes

4. Particular cases. 1) Let B> 0 and +v>1 i
, 2c = . I —_
(B —y — 1)/28 and if we take ¢ — g, 1€, E: c.zY by usinl; IE'IZ;S Zas; .a",,).__

)

= (1 —2)7, we easily get 9(2) = (B + v2)/p(1 — z) and

3 f—y—1 g _ B—x
! 2{3 ’ Br Y - Zﬂ
which shows that, if B> i
4 Lhat, ZY 21— B, the inte
starlike f : :
tion. ,I?hi:";‘;‘l‘:l': ;’f Ofldﬂ (B—y —1)/2B into a starlike (univalent) func-
5.5041p if B =y > 1/2. For instance, if B =y = 1, we

deduce that the Iibera i
—1/2 into starlike f;xtilélr?s_gral operator maps starlike functions of order

gral operator Iy, maps each

2
) Let B> 0 and B+ 7y < 1. In this case ®y = —y/B and we have
(~y/B; B, y) =L TB+v+1/2
;By) = —Btry+1/2)
If in thi b T4y *
1s last formula we take y = 0 and B=1/a <1, we get
8(0; /e, 0) = 111/& + 1/2)
VrD(Ya 4+ 1) °
a-convex functions, for « = 1, [4]-
. 1/, 0) = 0 # ¢(—1), for « [0, 1).
) Let ﬁ>0and ﬁ‘f‘Y‘:l

= [} = 1/g, 1) we have

In this case =1 — 1 and for ae

ll_’;?ﬂ;g)_ 128
S(m;B,l—g) Bl 2 o%i—q +[3——1,, a#1— /_,.

I

E[}T:;;Jrﬁ-—l], a=1—1/28.

5

=74 |
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If in this last fo_rmula we take B = 1, we obtain the order of starlikeness
of convex functions of order a, for « e [0, 1) [2], [9]. If we take B =
= 1/2, then, for « « [—1, 1), we have '

ac/(l — 279 — 1, a#0

S bl L) = { 12 —1 0
== o = U.

4) Let >0 and P  y =2. In this case a,=1— 3/2@, and for
a e [1 — 3/28, 1) we obtain

1M (1—28(1— a))(1—B(l— a)) Bl e A _
B 223(1—0,)—1 ) 2[3(1 — q) +3 "‘]J o F 1 2ﬁ » a?l:]. 1/ﬂ

8o; B 2—B)={—[—— )+p——2],a=1—1/2p

B!21—In2

Ll = emB gest 1
5[2(21n2—1)+6 ]’a B

If we take f = 1, we obtain the following result.

Corollary, If « e [—1/2, 1) then the order of starlikeness of the
class L(S*(«)), where L is the Libera integral operator defined by

L)) == { flw) dw

z .
0

is given by

_2Bx—h 1, s 1fS 240
227 +a—1)
1
) N SN S = 1/2
Ma; L D) =4 i 1, a=1/
: —1, «=0.
22mm2—1

We note that §(—1/2; 1, 1) =0, but 3(—1; 1, 1) = —1 #¢(—1) =

-~ 1 8, then
i A. is the operator defind by Ag(f) (2) = z(f(2)[2)8,
we hﬁi??: i =1) AI,f,B oBI i, Bpal g A,. Since A maps bijectively S*(a) onto

B £ i
S*(aB + 1 — B), we easily deduce the following relationship

B3(x; B, y) =SB+ 1—B: 1, B+y—1)+p—1

1 . volved in this paper it is sufficient to
which shows that for the problem 1nv g g 3

i i 1 rators of the form

Consgie}loritesgor;eogzrticular cases, in [5], [6] and [7] elementary ErOOflsl

of ths fact that min Re g{z) = g(—1) were given. We note that in a
‘ ls1=1 — —1 is the only point of minimum.

those cases it was proved that z
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