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1. Introduetion. A function f is said to be starlike of order « if it is

regular in the unit disc U = {z: |2] < 1}, f(0) =0, f'(0) = 1 and the ine-
equality

Re #, > o
f(

holds for z € U. The class of starlike functions of order « shall be denoted
by S If 0 € « < 1, then S§( St = S*, the class of starlike functions.

The order of starlikeness of aljfamily & of starlike functions is defined
by the largest number « = «[§] such that § CS:.

In [2] R. LIBERA showed that if f/ = S* then the function F = L(f)
defined by

(1) Fz) = 5 flw)dw

0

is also in S*, that is L(S*)C S*. The order of starlikeness of the class L(S*)
was obtained in [3].

In this paper we find the order of starlikeness of the class L(Sip).
We first show that a simple application of a recent result of p. EENIGENBURG
S. MILLER, M. READE and the [first fauthor (1] reduces our problem to
a computation involving a specific function. It is this elementary com-
putation which enables us to obtain the order of starlikeness of L(Sip)-

2. Preliminaries. Let g(z) and G(z) be regular in U. We say glz) is
Subordinate to G(z) writtgn glz) < G{z), if G(z) is univalent, g(0) = G(0)
and g(U)C G(U). _ _

The followix)1g sharp result concerning a Briot-Bouquet differential
subordination was obtained in [1]:
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Lemma 7. Let p(z) be regular n U, $(0) = 1f and let i satis,

i
]
i
i
|
i
i
i

. % [’k
. tial subordination |
differentsai s #'(9) l={l—20%_ % ;
pl) + 20— < = = ),
Bple) + ¥ 1R
with > 0, Re y> 0 and —Re /B < 8 < 1. Then the differential agyy;,
| W0, g0) =1,

() + Bale) +
has a wnivalent solution q(z) and q(2) < h(2). In addition p(z) < 9(2) ang

this subordination is sharp. .
It is easy to check that ¢ isJgiven by
(z) — £K'(2) _ B+ vy [ Hz) ]ﬁ _x
K(2) P K(z B

where

1B

4

K(z) = ( Bty s HE (w)wr—! dw)

and

z

H(z) =2 expS M) =1 gy,

w

0

Lemma 2. If f-€ S, and F = L(f) is defined by (1), then

zF'(z) |, zK'(2)
F(z) K(2)
where
2 I{ - E ; wdw _ 2
(2) (2) zgl_l_w—:[z—ln (14 2)], (In 1=0).

0
Proof. Tf we let p(z) = 2F'(2)|F(z), from (1) we get

P + 2O _ ) 1
2 +1 £ 142

"and the con lusi , g ) : .
take B = Yc=u Sfofnﬁf 1'362“’172? follows immediately frogl Lemma 1 if %

3. Main result.

.. THEOREM The ; ]
sbera integral oj:ergtrgder of starlikeness of the class L(S}y,) where L % i i

v defined by (}is given by
a[L(Sf/z)] = min Re q

lz|=1

() =qi=212-1_ 629...
2(1 — 1o 2)
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Proof. If we let g(z) = 2K'(z)/K(2), wh .
Lemma Qf we ohitain )IK(z) ere K‘(z) is given by (2), from

a[L(Ss)] = inf Re g(z) = min Re g(a),

ls]<1 |sj=1
where ¢(z) is given by (3). Let
R(f) = Re'g(e*), ¢t (—m, =).

We shall prove that
min R(Z) = R(0) = ¢(1)

—n<i<m
by showing that

(5) R{t) > R(0), for all ¢ « (—m, m),  t# 0.

Since R(—1) = R(t), it is sufficient to suppose ¢ € (0, =).
From (3) we get

1

R(t) = 6

[2 — ttg —;- (1 4 2cost) + (1 — 2cost)In2(l +cost)]— 1,

where
N(t) = (2sin¢ — )2 4+ [—2cost+ In 2(1 + cos #) ]2

The equation 2 sin { — ¢ = 0 has a unique root Z, in the interval (0, =)
and #, > =/2. Hence N(t,) = u(yJ4 — #2), where u(s)=s+In 2 —=s),
s < (0, 2). Since u(s) =0 has a unique root o> 3/2 and i — tgf
< 3/2, we dcduce N(t,) > 0. Therefore N(f) > 0 for all £ = (0, =). It fol-
lows that

sign [R(f) — R(0)] = sign H(f),
where
(6) H(f)= (2 — a)N@)[R(®) — RO)] =
— _ga4tdsint— (2 —atgy (1 +2c0s)]—F+

4+ (2 —a+ 2acos t) In [2(1 4 cos £)] — In?[2(1 + cos £,

with ¢ = 2 1n 2 — 1.386294 ...
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We shall write successively

H,(t) = 2l =In [2(1 4 cos £)] 4
(7) 2 (tg —;— — a sin !)
+ _ 2asin? + ¢[a — 2(a — 1) cos £ — 2a cos¥]

2(a — 1+ acost) sint

2(ea — 1 + a cos ?)? sin%
(8) H,y(t) = o ek
— 4a + 3a* 4 3a(a — 1) cos ¢

=t+—2+34—-3a’+a(4—3a)costsint
2 —4a + 3a® 4+ 3a(a — 1) cos ¢

H(t) =

Hyt) = — A= cosfla—1+acos )[4 = 14a + 214" — 90° — 3a(a — 1)(3a — 4) cony |

[2 — 4a 4 3a® 4 3a(a — 1) cos (]2
We have 2 —4a + 3a®> + 3afa — 1) cos t2 2 —a> 0 and
4 — 14 a + 21a* — 9a® — 3a(a — 1)(3a — 4) cos { > 2Pla),

with Pyfs) =2 — 135 4 21s2 — 9s%. It is easy to show that P
3s + 21s* . \ $
for s = (1, 1.4), which implies P;(a) > 0. We conclude that H tt())\iu(i]:
shes f)nly at the point f, == — arccos [(a — 1)/a], =2 <t, <.
Since (7—/17)8 <1< a < (7 + J17)/8 = 1.39 .. ., we deduce

Hilll) 2= Prdat o
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Hence
Hy(s) = i
2(L+5) {2~ 4a 4 3at 340 — 1)st
with

Py(s) = a(— 4+ 142 — 21a* + 98 - (2 — 1)(2 — a)(2 — Bayts +
+ 2a(16 — 47a + 512 — 18a%s* — 6ax(a — 1)(3a — 4)s.

We have Py(—1) = 2(2 — a)2 < 0 and P,(0)
=4 — 14s + 21s* — Os% It is easy to show
e (1,1-4), which implies P,(0) < 0. Since

Py(s) = (@ — 1)(2 — a)(2 — 3a)* + 4a(16 — 472 + 51a? — 18a%)s —
—18a%(a — 1)(3a — 4)s?,

= —aPy(a), with Py(s) =
that Py(s) > 0, for s =

we deduce P, (0) > 0 and Piy(~1) = P,(a), with P,(s) = —8 — 28s +
4 5852 — 39s® + 9s'. Further we have Pj(s) = —28 + 1165 — 117 s* +
4+ 36s® and Pi(s) = 2(5_8 — 117s 4- 54s%). We easily deduce that Pj(s)
has a minimum in the interval (1,1.4) at the point s, = 1.398 ..., where
Pi(sq) = 0, and Pi(se) = (250 — 129 5,)/18 > (250 — 129 x 1.4)/18 > 0.
Hence Pji(s) > 0, for s € (1,1.4). Since P,(1) = —8 and P,(14) =
= —5.9616, we deduce Py(—1) = Py(a) < 0. Therefore we have the follo-
wing table

e e

Theref : Sl s —1 S3 Sz sy, 0
refore we have the following table 5 ; R
2(s) Po(—1) <0 — - 2
t 2
CHI) - i b . m Py(s) Pi—1)>0 0~ Pyls) # Pa(0)<O
H ?t) 0 — + Ha(s) + 4+ 0 — —
T;W 2 B <0 o 8 F +om Hyfs) —o0 A0 g Hyls) N Hy0) >0
1 — — = .
He) | HO) 0 e T ol b From (8) we deduce Hy(3n/4) = H,(a), with
1 Py
From T = | e L L ar 1 2(24+42) (242438
(0. ) and t1ab<let1. We Z%mff that H,(¢) has a unique root ¢, in the interva Bl = R+ va -G+ 2 +3
8) we get . all show that H,(t,) > 0. Since Hyfty) =0, from | o o
) = — 24 3z — 3,52 ' 5 2(2+J-ﬁ)-—3s’ ‘ 0
tz—— 2_4“ 3a +¢(4—-3G)C053g o H;(s)z_wm—ém< ’
From (7) and @+ 3a' + 3aa — 1) cos 4, * 2 -
i and (9) we deduce for 5 e (1, 1.4), we have
: Hyt,) = H t S L (3n 1155 4 1699 42
with . s(cos ;) H,(a) > H(14) = (T ST
(11)  Hy(s) =82 — 3q)

+ 3a(a — 1):.,-’1_

= 22 — 3a 4 3a7)5 4 2a(3a — 4)s2 In [2(1 + )]

2[2 — 45 4 32

1.42 0
1 3 _ 1155+ 1700 x 12%) _ g92... > 0.
5 —2— (314 X E 789
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. .H (3x/4) > 0 and by using Table 1 we deduce ¢, < 3r/4 i
ence Hy(om

o fy > —l/x/i From (11) we get H; —1/\/2) = H:(4), wity :
jmplies cos f» 2(1 + 4/ 2) + 3s — 3s '

Hys) =12 —n( +42)+ 202 + 42) — (5 +V2)s + 30 -

We have - B
(2 + 4/2) Pyfs) ,
Hi(s) = G v — (6 + J2)s + 37T

, 8452624425+
with ?5(5) » (1T<B/ and Pg(1.4) = — (73 + 5'3:) \/2)/20 < 0, we deduyc
P (S)S$C8 fosr s e (1, 1.4), which implies Hi(s) <0, for s = (1, 14)
5 E

Hence ‘ . _
Hya) > H(14) = n 2 —1n (2 + 4/2) + 2(=77 + 290 V2)/789 >

> =3 4 9(—77 4290 x 1.41)/789 = .241... > 0,
5

/hi s that Hy(—1/x/2) > 0. From Table 1 we deduce s; < _1/\/2,
::;:g]}i szlrgglies cos f_(> i:/ Using (10) and’ Table 2, we get H,(t,) >0,
Hence from (7) and Table 1 we deduce H'({) > 0, for { = (0, =), which
shows that H(¢) given by (6) is increasing for ¢ = (0, 7). Since H(0) =0,
we deduce H(f) > 0, for all ¢t € (0, =), which implies (5). Since }ml R(t) =

=, from (5) we deduce that min Re g(z) occurs if and only if z =1
; |7l =1
This completes the proof of the Theorem.

Remark. The order of starlikeness of the class L(S%); for all « € [—1/2,
1) was recently found in [4]. By the elementary method used in, the present |
paper, as well as in [3] and [5], we have shown a little more, namely that
z = 1 is the only point of the involved minimum.
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