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In this paper we solve an extremal problem connected with
the transfinite diameter of a continuum by using Schiffer's
variational method (2] and also the same simple geometric argu-
ments as described in the paper of Reich and schiffer ([1]. As
the matter of fact,our problem is quite similar to those solved
in 11,

Let

(1) @(01,02,03)= |c1—c2\ + |c2 -03\ + \c3—c1l ,
where c1,c2,c3 are complex numbers. Lt is obvious that the
function (1) , which represents the perimeter of the triangle
(61,02,03) , is invariant under translations and rotations of
the plane.

Let E be a continuum in the complex plane, and let
C43Cp1Cx be three arbitrary points belonging to E.Qur problem
is to find

(eqrchiex)
(2) sup ég--l-_g__z__

where d(E) is the transfinite diameter of E.
The result is the following
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THEORENM . If E is a continuum in the plane and €73Cps

3 belong to E , then
(3) Jeq-cpl+ Vep-cs] + leg- o) & 372 a@) .

This inequality is sharp,equality being achieved if and only if

E is the union of three segments of equal length making angles

of 2TC/3 with each other,having a common initial point,and

Cq3CpsCy 28 endpoints.

PROOF. It is well-known that if €11C, belong to E ,
then |cy - 02\$4d(E) , [31. Hence @(c1,02,c3)/ d(E) & 12,
which shows that (2) exist and is assumed. Let E,c1,02,c3 be
extremal for (2),and let D ©be the complementary domain of E
which contains the point at infinity. Consider the conformal
mapping

a4

(4) w = f(z) = d(E) [z +ag toam ot e ]

il

of 1 £ |z« oo onto D .
For woe]), we congider the variation
(5) W = W 4 —eme———
where \XJ is sufficently small., Denote by c: ’ c; ’ c;', E*
the images of c¢4,cy,05,B by (5).

If we set @ = @(c1,c2,c3) and ¢*= @(c?,cz,c;) .

thenwe have the following variational formulas

(6) log @l’: 1og¢ - Re&(% A(c1,c2,03;w0)} +o(A),

where

A(C,3CryCqiW ) = m~em—mmm—Seeee 4 mmem—S el + o —————
1772000 T (e cw ) (ep-w,)  (epmwo)(ogmwy ) (ogmwy) (cq-w)

and
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(7) 1log da(E¥) = log d(E) - Re{;égrz---z} + o(A) ,
[s] EO)
with w = f(zo) y [21.
Since @*/d(E ) £ @/d(E) , We have
#*
log ® - log a(8¥) < 1logd - log d(E)

and by using (6) and (7) we obtain

A
e oiosa - %A‘°1’°2’°3’“o>} vl g0
o} (o}

for all small enough values of |A| . From this we conclude that
if E,c1,c2,c3 are extremal for (2),then the extremal function

(4) satisfies the differential equation
(8) W emmmeZoolZldol = g
(w-c1)(w—02)(w—c3) z (dw)?
where
_ 1
'@(c1,02,c3) = 6[01 \02—03\ + 02\03—c1\ + c3|c1—02|]
Since
“{/(c1+a,02+a,03+a) = “{J(c1,02,03) +a,
and the extremal points are determined within an additive
constant,we can suppose “}'(01,02,03) =0, i.e.
(9) cilep-eq | + c2[03-c1| + c3\c1—02| =0 .
The differential equation (8) becomes
w(dw)2 (dz)2
(10) e = ——pe— y lz)>1.
(w-c1)(w-c2)(w—03) 2
As in (1] it is easy to show that the extremum conti-

nuum E is the set of values omitted by the extremal function

f , and the range D of f has no exterior points.
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The extremal points c, are distinct from each other
and distinct from O, Indeed,if c1=0,then from (9) we deduce
02|c = -c \02\ and we have C§ < 2max{|cz\,\c3\},and cﬁ/d(E)ss.
If ec,y=cy=a , 03=b , then é_ 2|b-a) & 84(E).In each case the
value of @/d(E) is not extremal.We remark that the extremal
points c1,02,c3 can not be collinear,since in this case we also
have @ = 2|c1—c2\ 4 84(E),if we suppose that c, lies between c,
and Coe

Since ﬂ? is invariant under rotations we can suppose c1>0.

The extremum continuum E consists of the union of three
analytiec arcs X} yk=1,2,3, having 0 as the only common initial
point and c1,c2,c3 as endpoints. The three arcs X; meet O in
equally spaced angles [11.Using the same topological argument as

in (131,we conclude that there exist numbers tk ’ O<'ﬁ{<1,

such that
c + ¢ c c
(11) 1m _Eila___EtgtK= Im _EilEEtQ , k =1,2,3,
k Cy

where we denote c4==c1 sy C5=Cpe

From (9) we obtain

mm k2 __ 1%ke2 7 Skl g Sk
k [®k+1 ~ %kl X
and
e J2 V%2 = Gke1l 1%z T%kpo Gk
Cx 1k+1 ~ %k | 1®k+1 ~Ckl °x
Hence
(r2) 1w ket P %zl o L% T %kl lkee T %l ok
Cx 1 ~ Skl Cx
c c \c - e c -c c
I R oy i
|kt~ Cx | 1%+ 1 X k
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Using (9),(11),{12) and (13) we find that the extremal
points c1,c2,c3 satisfy the following conditions

(14) cylep-cq| + cples-cq} + cxleq-c,| =0

(15) ({eg=eq] = Jeg-cql) #4

L}

c
lez-c,| + 2\c3mc1]ReE%

(16) (\01-02\ - |c3-c2\) t,

c
lc1-c3\ + 2\c1-c2]ReE§

(17) (Jep-cxg) - eq-c3l) ty

c
| ep-e | + 2|02-c3|ReE%

where c,;>0 and tk€(0,1).

We shall show that this conditions imply

(18) ‘01 -yl = |02 - c3| = |03 - c1| .
If we let
(19) ¢, - ¢y =4d = rel?t » C3 - Cy = g =@ e1T

condition (14) becomes

(20) ‘c3 - c,= [SN— al= - [r + 9 4+ gf (el &+ eit)]

From (15) we obtain
(21) (r -9 )(1-t1) = %fl[cos t -~ cosT - i(sint + sinT )]

If rg¢ =0,then from (21) we deduce r=¢ =0 and from (19)
we get the trivial solution € =Cp=C3 which is not possible.
Thus re>0 and from (21) we obtain sint + sinT = 0, which
implies cost = ¥ cos?T .Suppose cosT = -cost. Then (20)
becomes {§ - d| = -(r + ¢ ),that is, r=¢ =0 which is not possible.
Therefore we have only the case cogst - cosT= sint + sinT =0

and from (21) we obtain r = § . From (19) we deduce
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(22) ey = ¢y + reit y Cg o= ¢, 4 re'it

1 .
Employing (22) together with (16) and (17) ,we obtain

2

(23) ax” + bx + ¢ =0 , a'x®

+ b'x + ¢* =0,

where x = r/c1 and

(’ a = -3 + 4sin°t + (1 - 2|sin'tl)t2
b= 2cost](-3 + (1~ 2jsint]| )t,]

(24)< c = =3+ (1 - 2lsin'tl)t2

al 14+ (1 - 2|sin'tl)t3

il

bt

\ o

On the other hand,employing (22) together with (14) or (15) we get

[

2005't{1 + 2lsint)+ (1 - 2|sint ])t3]

]

1T+ 4]sint] + (1 - 2|sint |)t3.

- 1 +1sin ti .
(25) X = - ——66-8-— ————
If sint =0 ,then x = r/c1 = -1,which is not possible.

If s8int>0 ,then from (23),(24) and (25) we obtain

]

(1-t,)sin®t (1 - 2sint) = 0

and 2
(1—t3)sin t (1 - 2sint ) = 0

hence sint = 1/2 and from (22) we get (18).In the case sint<o0

we obtain
(1-t,)sin’t (1 + 2sint) = 0
(1—t3)sin2t (1 + 28int) = 0

hence sint= -1/2 and from (22) we also get (18).

We remark that (18) holds if we only suppose tk # 1.

We conelude that the extremal points C1sCpyC3 must
satisfy (18),that is, (11) is of the form Oatk = 0,for k=1,2,3.

As in (1] this means that the arc X; coincides with the segment
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from 0 %o Cy ,for k=1,2,3. We have ¢, mwWey c3 = ufc1 ’

where s> = 1 and the differential equation (1o) becomes

- EEE- (dY)2 =1 .
e AL

The extremal function will be
£(z) = a(B) z(1 + 272)%/3

where d(E) = 4—1/3c1. Moreover the extremal value of d) is
Q? = 3'31/2c1 = 33/241/3d(E). This completes the proof of our

Theorem.

COROLLARY. If the function

84
£(z) = z + Byt gt oeee

is regular and univalent in 1 < |z|< o0 and E is the comple-~

ment of its range,then the perimeter of any triangle with vertices

in E 1is less or equal to 33/241/3. The equality holds if and

only if the function f is

————

f(z) = a, + z(1 + eitz_B)z/3

In this case E 1is the union of three segments of equal length

L = 41/3,making angles of 2T /3 with each other,having a

common intial point.The vertices of the triangle are the

eéndpoints of the three segments.
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