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Summary

In the work a quantitative study of the H(¢) and B(r) shape curves influence is given concerning the
equivalent complex magnetic permeability of ferromagnetic materials, defined by means of the first
harmonics of the functions B(¢) and H(r) and admitting for H(r) a curve close by those met in practice
H(t) = H,, sin wt|sin w¢[P~* with p >> 0. The ratio between the magnetic permeability defined in this way
and the static permeability obtained from the normal magnetisation curve for the peak value, for the
peak value of the first harmonic and for the effective value of the magnetic field respectively is determined.
The variation of these ratios is studied, for normal magnetisation curve using the expressions: a) B

X H
=KH" ;b)B= B, (] — ?0) ;¢) B=aH — b sincH, in which K, n, By, Hy, a, b and ¢ are constants.

Several useful conclusions are drawn for the calculation of the equivalent permeability in alternating
field. The calculated values agree satisfactory with the presented experimental results.

Zusammenfassung

Es wird der EinfluB der Kurvenform der Zeitverldufe von magnetischer Feldstirke und Induktion
auf die dquivalente komplexe magnetische Permeabilitit ferromagnetischer Materialien quantitativ
untersucht. Das Verhiltnis der durch die ersten Harmonischen der entsprechenden Zeitfunktionen de-
finierten Permeabilitit und der aus der Hysteresekurve fiir den Spitzenwert resp. fiir den Spitzenwert
der Grundwelle und fiir den Effektivwert der magnetischen Feldstirke ermittelten statischen Perme-
abilitit wird bestimmt und fiir verschiedene analytische Approximationen der Hysteresekurve diskutiert.
Fiir die Berechnung der dquivalenten Permeabilitit bei Wechselfeldern werden einige niitzliche Folge-
rungen gezogen. Die berechneten Werte stimmen mit den experimentellen Ergebnissen zufriedenstellend

iiberein.

1. Introduction

The study of the equivalent complex magnetic permeability of the ferromagnetic
materials in the alternating magnetic field is required for the magnetic circuit calcula-
tion. Thus for the calculation of the electromagnetic field in ferromagnetic conductors
in the hypothesis of a sinusoidal time variation of magnetic induction B, a magnetic
field H and an electric field [1-4], this study enables us to obtain indications in regard
to the value of the equivalent complex permeability.

1 Dr.-Ing. Victor D. Saviuc und ALEXANDRU KovAcs, Forschungszentrum fiir Physik und Technik
Jassy, Str. Perju nr. 4, Jassy (SR Ruménien).
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The static permeability of the ferromagnetic materials for alternating magnetic field
varies in the course of a period of time. The influence of the variation in time of this
quantity upon the equivalent permeability, regardless of the time, should be expressed
by means of the static permeability determined from a normal magnetisation curve,
which is mostly employed among the ferromagnetic material characteristics, for a
certain value of the magnetic field. For this study it is necessary to take for H(¢) various
shapes, taking into account that at present the ferromagnetic materials are required
for magnetic fields which have a time variation far from the sinusoidal one.

For two given materials in the case of sinusoidal variation of the magnetic field the
absolute value of the equivalent complex magnetic permeability was studied by DREYFUS
[5]; by neglecting the hysteresis, the determination of the first harmonic of the magnetic
induction is done by the approximation of the curve B(f) with the straight segments
and the decomposition in Fourier series of the trapeziums obtained in this way.

NemMaN [1] studied the problem more generally, in the case of strong magnetic
fields, admitting for the magnetisation curve a parabolical expression.

In this paper a quantitative study of the influence of the shape curves H(t) and B(t)
on the equivalent complex permeability in some calculus hypotheses is made.

2. Definition of the equivalent complex permeability
For a non-sinusoidal variation of the magnetic field in time, the value of the equi-

valent complex permeability,

£
B

L
Hge

gt = = e ¥ =pcosy —jusing = fi1 — jtz s ¢))

depends upon the manner in which the equivalent harmonics B,,. and H,, of the mag-
netic induction and the magnetic field are defined, therefore it depends upon the shape
of the curves B(¢) and H(t), of the shape of the magnetisation curve, respectively.

For the determination of the three unknown quantities By, Hme and y we have to

fulfil only one condition, that is to keep unchanged the hysteresis losses during one

cycle and in the unit volume:

Wp = 4) HdB = § H.s sin w? d[Bne sin (CUI = X)] = THyBue sin % 2

B(t) and H(¢) are in general nonsinusoidal, the
ould be done in several ways. DREYFUS [5] and
and H,.

Taking into account that the curves

determination of the other conditions w
NEeIMAN [1] arrive to the conclusion that it is more suitable to consider B,

equal to the peak values of the first harmonics:

B = B, (3)

Hpe = Hin
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These relations will be adopted also in this paper. In this case
U= Blm
2. “
sin w= _wh_
W-BlmHlm (5)

It . ;
should be emphasized that in order to preserve unchanged the hysteresis losses

the ang]B x dOCS not equal thf: p 14S5€ ( .”el cnce be Wi -
| . I ] ﬁ [ 1 l : ‘ :
I : . t cen the ﬁ] st hﬂrmOnlCS Of the n

th;l'hi coi]dlltlo.ns (3) can be readil_y employed, leading to the relations which enables
- calculation by means of static permeability determined from the normal m i
sation curve for a certain value of the magnetic field L

3. Calculus hypotheses

th‘Ee harmonics due Fo t?le hysteresis are separated from those due to the nonlinearit

of the n'ormal magnetisation curve. In many cases the superior harmonics d ly

hysteresis are negligible [6, 7]. et
For H > 0, the normal magnetisation curve is expressed by one of the relations:

H,
H ]

¢) B =aH — bsincH,

1
a) B = KHuw,

b)BzBo( = ©

in which K, n, By, Hy, a, b, ¢ are constants.

The intensity of the ma i ; :
gnetic field is co s e
oF the:shape: nsidered to vary in time according to a curve

H(t) = H, sin wt|sin of[?~1,

E F < i

Thus, in these hypotheses, in th :
“hus, in 3 e case of B(H) = K|H|w 'H, th ici i
varies in time according to the relation: e L

B(t) = B, sin wt{sin cuf,?p‘l,

®)
having a sinusoidal shape for p = n, flat shape for p < n and sharp shape for p > n

In Fig. 1 are represented the time variation curves of the ratios A = h and - b

m By

for some usual values of nand p:n =8 andp =0, 1, 8, 64, n = 0:5 and p = 0, 025

0-50, 1, 2, respectively. From this figure it results that the curve shapes B(t) and H{(r)
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Fig. 1.

are close enough to reality: generally these curves don’t move away too much from the

sinusoidal variation, the parameter p varying from 1 to n. .
The study of the dependence of the equivalent permeability on the shape of the. time
variation of the magnetic field and on the shape of the magnetisation curve will be

made separately for the absolute value and the argument.

V. D. Saviuc et al.: Dependence of the Equivalent Complex ... 2T

4. Absolute value of the permeability

The influence of the shape of the curves B(#) and H(¢) on the absolute value of the
equivalent complex permeability may be observed by studying the ratios of this, deter-
mined by the relation (4) to the static permeability determined from the normal mag-
netisation curve for the peakvalue of the magnetic field intensity g, for the peak
value of the first harmonic of the magnetic field [therefore for the same value of the
magnetic field as in the relation (4)] g1, and for the effective value of the magnetic
field (the value which can be sometimes readily measured) ., respectively.

a) Case B(H) = KH'Y"(H > 0)
Noting with

S = _2_]‘2 sin® & dox ©)
T Jo

and taking into consideration that the curves B(¢) and H(t) are symmetrical in comparison

. v i . o .
with 7 = i the peak value of the first harmonics of the magnetic induction and mag-

netic field will be given by the relations

T T
4 (2 3 <4 2,
Hipm = —fz H(t) sin wt d(wt) = —Hmf2 sin”*! wtd(ot) = 2H,S,,,, (10)
T Jo T 0 )

L P 1
4 ==y | =l =
Bi; =—KH? [ sin" ot d(wt) = 2KH, S2 (11)

[ .-0

Thus, the absolute value of the equivalent complex permeability will have the ex-
pression:

' _L__l S£+1
— Blm = KH; n (12)
Im p+1

For the static permeability one readily obtains the expression:

3 |
e = KH? (13)

From the above relations and taking into account that the effective value of the mag-
netic field intensity has the expression:

1 2x 9 - 1
H; :x/"‘ H? d(wt) = H, ,\/— ? sin2® o1 d(wt) = H,S2,, (14)
2% Jo T Jo

for the three studied cases we obtain:

SPy
=T il (15)

Mstm JSpH-l
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n—1 SE_'_ 1
[ R (16)
Hst1 =
stim S:_t_ ;
n—1 Sp
t R
‘i — Szin n (17)
HMstet Sp+1

Taking S, from Fig. 2, the results of the calculuses carried out with these relations
for some values of pand n < 1 (small magnetic fields) are represented in Fig. 3, 4 and 5.
In these figures, the curves corresponding to a sinusoidal variation of the magnetic
induction, for p = n, are represented by a interrupted line.
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The studied ratios vary much with p, the variation limits with p being larger while n
is smaller. For the usual values of # and the common shapes of B(f) and H(t) curves,
these values are relatively small, especially for the two ratios. Thus for p = 0:5... 1:0
and n = 0-5 -+~ = 0-85 .. 0:90; —— = 0-80 --- 0-85 and —£— = 1-10 - 1-20.

;ustm ,u’sl Im .u‘slef
In the case of strong magnetic fields, the first ratio varies a great deal with » and p.

For the usual ferromagnetic materials (4 < n < 16), the last two ratios vary by a narrow
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# _1.20..-125 for p =1 (a sinusoidal variation of the magnetic field)

HMst1m o .
and 1-00 --- 106 for p = n (a sinusoidai variation of the magnetic induction);

=090--105forp =1:-n

H,
b) Case B = Bﬂ(1 _FO)

limit:

.‘”’stef

From this expression it results that B =0 for H = H, and B— B, for H— w;

the static permeability us = %’(I - £1r—0) is maximum for Hy = 2H,. Will be con-

H, :
sidered B =0 for H < H,, the expression B = B, (1 - EO) = By (1 - -g), with

_2Ho , being good for strong magnetic fields H > 4H,, n < 0'5 respectively.

Tn this case the peak value of the first harmonic of the magnetic induction will have

the expression:

B =2 [ B (1 s —L—)sin ot d(of)
™ Jo Hm

sin? wt

(18)

H,
= By [i cos wiy — *H—Oﬂ(a”osp):'s

™ m
in which wf, is determined from the condition Hy = Hy sin® wig,

1
P
wty = arc sin (—°)‘° (19)
H

m

2
Cos Wiy = \/ 1 —(%’—)p respectively, and

m

Fiwty, p) = ijz sint=* wt d(wt) (20)
™ J ot

being non-integrable analyticly only for some values of p, it was done with a digital

electronic computer (see Appendix). _ . .
Thus taking into account the relation (9) and marking with the three ratios that

concern us, will have the expressions:

icos Wiy — ﬁ_ﬂ(mia,p)
J T ¢ (21)

stm - Hm
f‘l’l 2SD+| ( - 7)
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i cos mly — T;—mF,(cufo , D)
B , (22)

/’tsl Im 1 _ nm
4SD +1

icos wty — —%“—Fl(wro, )
wooT (23)

f-tslef 2SD +1 ] _— nm
S 253"
The limit case 5, = 0 (H, = 0), in other words for a rectangular magnetisation curve

B = B, sign H, these ratios can be also determined in an another way. For any value
of p, B(t) will have a rectangular variation shape; for this curve B(¢) is known that

Blm == iBo Thus
TT
2 1 0-6366
( : ) T w B, : @)
,ufslm 0 T Sp+1 S])+l
Hstim Jo T
3 L
Iz 2 S35, st
= = 06366 —— 23
(lu'slef)o T Sp+1 B ( )

The variation with p of the first and the last of these ratios is represented in Fig. 6
and 7, the second being constant. The first ratio monotonous increases with p from
I(p = 0) to 573 for p = 50; the last ratio decreases initially from 1 (p = 0) to 0-9(p = 1)
then increasing with p to 1-62 for p = 50.

The variation with 7, € [0,1] for different values of p of the studied ratios is given
in Fig. 810 10; in Fig. 9 bis and 10 bis the variation of the ratios are represented in func-
tion of 0, = i, . i 2Ho i

Hiw 25,4, Hy S5y
M

Hstm

respectively.

The ratio

for p = 2 or 5, > 0:3 decreases almost linearly with 7,,.

The ratio

4 . -
decreases monotonous from — (5, = 0) for p < 3, having a mini-
Hstim i
mum over this value of p. The variation of this ratio with 7, is the more important,

the greater is p.
122

Hster
#er < 1-25, and having a minimum over this value of p; its variations are the more

The ratio increases monotonous with %, for p < I, being smaller than | for

18 WzE, Bd. 17, H, 4
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important, the greater is p. For p = 1 and 7, < 1 it has a value approximately constant
and equal to 0-9.

The variation of the ratios —~ , i
N1m» Ner TESPECtively. Msitm  Mstet

These results agree with those obtained approximating the normal magnetisation
curve with a parabola.

respectively are slowlier as function of

c)Case B = aH — b sin cH

sin cld e
has a mini-

As results from [8], the static permeability g, = -g =a—b

mum, the initial permeability u; = @ — be, for ¢H = 0; it has a maximum Uy = a +
+ 0:2172bc for cHy = 44934 and an another minimum Hmin = @ — 0-1284b¢ for
¢Hyi, = 7-725. From here it results that this expression approximates the magnetisation
curve in the domain of the medium magnetic fields, ¢/ < 8, in which the static perme-
ability has the maximum.

From the above relations, knowing the initial permeability u;, the maximum static
permeability uy and the corresponding magnetic field intensity Hy,, can be determined
18%



284 V. D. SAviuc et al.: Dependence of the Equivalent Complex ...

V. D. Saviuc et al.: Dependence of the Equivalent Complex ... 285
16 1 9 Ty % BT [ & o[ N[/« «
; T o & = b Gl | Sl M
. ‘o 1 | = E
. - 1 e
14 | / 12 rfg i I
= i 4 0 / / i !
12 <% 0 |/ 4 A _J____ a5 b //, ¥ #?—‘
g
0 | g A=A N L | |
\ 3 g 2 l
10 —_— " = B | R e
\\\—-__ ] 5 - : ! 1
\“-‘i-\__ = J | ;Jg, i ‘ ,,L J |
08 e = . I | ] 4(
—— % 4 —— e ‘ I |
6 ]
== HEnE
06 , \ \ -
2N I TR TR TR T
0% ———yg_ﬁf — | | Fig. 10a.
0 —t71 1T | | 14 :gg —
J D T N :
08 7m 03 10 s N
0 g gz 03 ok 05 06 07 n ;z =
T8
Fig. 9a. ﬂ.;'.’[.}e.’ i p-0 -
% ——015———""_/’ /
— e — /
14 e e 08 _W_L_—a—- 7
u_ g
Alstim I 06— .
12 e -
\% g - ;gﬁ R
- 25
10 e _)\ , ] 50
g
\\%é 62 T
B ———
03 a— g /‘
=z ——— / T " R VW A
20 ?
06 = P Fig. 10b.
N~ | ,_//
|50 |
04 ———1— 1 | the quantities o, b and c:
I a = 0:8215p; + 0-1785uy,
Der—————= |
b = 0-1825Hy(pn — 13, 24)
[
0 02 04 06 08 0 9y 12 4:4934 1

Fig. 9b. Hy 0-2225Hy




V. D. Saviuc et al.: Dependence of the Equivalent Complex ...

286

In this case the peak value of the first harmonic of the magnetic induction will have

the expression

B, = 2aH, 2z ;sin"“ wtd(wt) — biJ‘ZSin(ch sin® wt)sin wird(wi) (23)
im m x Jo -

The last integral, being not possible effectuated by analytical means, was numerical
calculated by a digital electronic computer (see Appendix); noting with

Fy(cHy, p) = ij?sin (cH,, sin® wt) sin ot d(wt), (26)
T Jo
the expression of B, obtains the form
Bim = 2aHmSp+J. s lE"1;|2(CI?I1117 P)
Taking into account the relations (9), (14) and (24), the three studied ratios will be

given by the expressions:

(25

T e A
o FZ(CHm; P)
[ —
B b Fy(cHn, p) 1+ 021722 28p+16Hm
mo 2 SpyiHm Fm , @7
- sin cH, i
stm m ] ———
fu a=b H Ut sin cHy,
E L= i cHn
1+ 02172 —
MM
1 -
Hm FZ(CI{ms p)
| —
a— E Fi(cH,, P) [ + 0.2172_'ui_ ZSpHch
po_ 2 Senifln L ,  (28)
m; sin cH | — M
Hst1 G — b——~—H1m . sin 28, 1cH,
. 14022t 2SericHn
et
_ M
UM F?.(CHm> P)
e
_i Fy(cHy, p) 1_'_0.2172& 28, 1cHy,
b 2 SpiiHn _ v (29)
S sin ¢H.¢ _ M i
et a- bT fm sin S3,¢Ho

1 - 1 1
1 < 0-2172;—' 85 s0H

M
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The limit values for ¢H,, — 0 can be readily determined, observing that

cH -0

lim F,(cH,,p) = ich fz sin*! wt d(wt) = 2¢HySp 4y (26")
L 0

Thus the three ratios will have the values

lim £ —1; Iim £ _—1; Im—* (27'-29')

cHm—+0 Ugim CHm=0  [giim Mster

The studied ratios depend upon p, cH,, and B Figures 11-16 represent the varia-
Hm
tions of these ratios in function of ¢H,, for different values of p and values of the ratio

L P and 0-25 (value more frequently met). In these figures are ploted straight lines

M
at cH,, = 44934, the value for which the static permeability is maximum.

The ratio —- decreases from 1, goes through a minimum the smaller the bigger is p,
J‘ustm
and then attains a maximum of 1-025 --- 1-10 for ¢H,, ~ 7; thus the maximum of o

will be for H,, > Hy;.
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he rati varies a great deal with ¢H,, and with p, being possible to have values
The ratio

: il for
both 11 r” 2111:‘1 bigger than one. For p < 2 it passes through a minimum, but fo
oth smalle

p > 2the ratio passes through a maximum.

T ; bl
i hich it decreases, being possib
ot through a maximum, after w
The ratio —— Passes
Mstef '
to become smaller than one for cH,, > 475.
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obtained in case a.

5. The argument of the equivalent complex magnetic permeability

. . . . . th area

under the hysteresis cycles or with the empirical relation

(30)
wy = #Bu;

k value of the magne ic induction, % a quantity em-
n the la i i e 1 t tic 1 . :

i st expression B, is the pea g ; 1y :

1 i t lldetermined p = 2 for large or small values and » = 1°6 for medium values of
pirica ’

< / )‘
”le Illagllﬂ"(:l l(lll(: on a{JpI()XlIl‘lately 01 \;V b/IlL < Bm 1 \;\Jb m
alu m? 1m

V. D. Saviuc et al.: Dependence of the Equivalent Complex ...

291
Thus in the case B = KH'"", for sin y is obtained
»B! 1 %
sing=—2—uu——p—" B2 31
x ﬁBlmHlm T .u' (2S.E+])II ! ( )

This expression is simplified for » = 2 or p = n.

6. Experimental verifications

In Fig. 17 are represented the curves Hou(H) and plHw)
Mo Mo

the case when H = H,, sin wt. B(t) is obtained point by point from the hysteresis cycle,

obtaining B, from the harmonical analysis. In the case of the strong magnetic fields,

on the same figure, the points obtained with the relations proposed in this work are
represented with small crosses.

obtained for a material in
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In the Fig. 18 are represented the same curves for an another material. The points
obtained with the relations proposed in this work are also marked with small crosses;
in case ¢ the ratio £

v

From these figures results that the calculated values, according to the indications

given in this work, are in good agreement with the experimental values.

is taken approximately equal to 0-25.
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7. Conclusions

e study of the H(r) and B(t) shape curves inﬂuf.:nce
concerning the equivalent complex magnetic perm(?ability of the ferron.lagnetli(l: mate;lz:is.
The ratio between the absolute value of the cquwaiet_lt clomplex per n.leablllty le(m 1 he
static permeability obtained from the normal magnetlsat‘lon curve for the pea tlvaﬁ :}f;,
for the peak value of the first harmonic a\.nd for the eﬁ'ect{ve ‘value qf th:‘ maine ic e
respectively are determined. The variation of these ratio is studied for the no

KH'"; b) B = Bo(1 - 22);
a)B— 5 0 L H’

c)B=aH-b sin ¢H, in which K, n, Bg, H,, a, b, c are con_stants. By.means of the
not being necessary a harmonical analysis of the.B(r)
he equivalent permeability may be readily determined.
factory agreement with those calculated.

In this work is given a quantitativ

magnetisation curve using the expressions:

given curves, with a given p,
curve, p, being easily obtained, t i :
The presented experimental results are in satis

Appendix: Calculation of F; and F, integrals

For the numerical approximation of the integrals

T
Fi(p, Xo) =4 % sint-" x dx,
T Jxo

b2

Fy(p, A) = j—j?sin (A sin” x) sin x dx,
™

0
in which
xo = 5° 10°, ..., 855,
p =0; 0:25; 0-50; 0:75; 1; 25 ...; 105 123 14; ...; 20; 25; 50,
A =05;10;15; ...; 7'5; 80,
was used the Gauss’ quadratic formula

rf(x) dx = z";A::“f(x::’) + R(f),

; 2 ial r f n degree
where the nods 87 (k = 1,2, ... n) are the Legendre’s polynomial roots of n deg

1 dn(xz = 1)"
Pax) = 2™ dx" ’

4 i lation
and the coefficients A" (k = 1,2, ..., n) are determined by the relatio

2
I — (2] [P™?

n) _
Ak -
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the rest being

22n+l (n!)z 2 o o
R(f) = feP@), fel—1, +1]; feC*
(2rn + 1) (2n)! | (2n)!
In our concret case 7 = 16, the nods xi'® and the coefficients Af'® (k = 1,2, ..., 16)
are found in Krilov’s book [9]. -
To approximate the function f(x) = sin i-x(Jx| = 1) was used the polynom

., T
SIn—X = 41X + CJA-S g OGS ngg’
2

where
¢, = (0078539815923 .21,

c3 = —064596371106 . 2°,
cs = 06375174344, 273,
c; = —0-59824199296 . 277,
co = 062047924224 . 212,

of which error does not overpass 0-5 . 1078,
The calculations were made at the Computation Institute of the R.S.R. Academy,
Cluj city Branch, using the DACICC-1 computer.
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