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REZUMAT. - Efectul surfactaniitor asupra unei piciturl nedeformablle inlfist tn repans.

Curgerea pe suprafan unel pichiturt gl migcarea de translatie a acestuis, datorate usior gradienft

de tensiune suporficlald ce apar pe suprafafa et sunt investigate teoretic pentra o picfiturd

nedeformabild, initial n repaus

Repartitia surfactantului pe suprafaja pickturii este dati prin legi particutare

Din punct de veders matematic s¢ rezolva sisteinul Stokes-Oscen printr-o metod de separare

a variabilelor g1 se face un studiu asimptolic al foriei (comporentelor normald g tangengiall)

ce acjtoneazd asupra picitum

Abstract. The surface flow and the translational motion of a drop cauzed by interfacial
tenston gradtents are theoretically investigated 1n the case of an undeformable drop, mutially
at rest (or at zero gravity) The interfactal tension gradients are induced by injecting the drop
with surfactant The spreading of the surfactant on the interface 1s described by a particular

law A covering degree of the drop by the surfactant 1t 1s found out beginning with which the

drop undeigoes an upward translational motion

Introduction A viscous liquid drop mmmersed 1n an immuscible liquid undergoes

complicated motions, when interfacial tension gradients anse on its surface The theoretical
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model reported here considers that

- the drop is underformale and initially at rest,

- an interfactal tension gradient 1s established by injecting a droplet of surfactant 1n
a well-determined point on its surface,

- a real surface flow - Marangont fow - anses on the drop surface, with a distinct
front, which advances continously,

- from all possible motions, induced by the surface tension gradients (translation,
fotation, o.scxllations, waves on iis surface, deformation, fisston, etc) we shall take into
a;;count only the transiational motion of the drop,

- the translattional velocity varies with the covering degree of the drop by the
surfactant;

- no surfactant transfer, inside or outstde the drop 15 constdered

1. Governing equations. It will be considered an undefon;lable diop €2, (density p,)
immersed tnto an tmmscible hquid Q, (density p,) If the two liquids, have the same density
f =p,; = p,, the drop is called free and 1s motionless The two hiquids 1nside and outside the
drop (see Fig 1) are Newtonian, incompressible and viscous having the viscostties p, and y,
On the phystcal and chemical aspects of the problem see our previous works [2,8]

On the assumption of undeformability we note the following In the experiments
reported in our works [2, 8] the condition 1s fulfiled that surface tension at the interface

between drop and ambient liquid 1s strong enough to keep 1t approximately spherical against

p U

—_—

any deforming effect of viscous forces This condition (see for example Batchelor [1]) reads & >
a

and expresses that stress due to surface tenston should be large, compared with the nonnal
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sttess due to motion

We must notice that this condition don’t contradict the assertton from [2], "the drop
behaves like a rigid sphere for small interfacial tenston gradient and large viscosity of the
drop" First of all the smailness of the term L:fi 18 given essentially by p, fromU(y, < ¢,).
Mo}eovel, we know only by a qualitative point of view that for large interfacial tension
gradients and 1educed viscosity of the drop, 1t becomes strongly deformed and phenomena of

osctllation or possibly fission inay arise
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Due to the viscous interface the more wiscous fluid from the drop drives the less

i/iscous ambient fluid In [4], the authors state this fact in a suggestive way "high viscosity

'
'

liquds are the victing of the laziness of the high v?scoslty liquids because théy are easy to
f)ust around” |

' Because the drop is initally at rest, wo don’t possess a, characteristib vel;)city U, so
we can take that U = pjap; which permits to consider the Reynolds number Re, = 1 1 the”

system of equations describing the flow of the ambrent fluid (exterior flow) We shall call this
velocity "viscous" velocity Taking that 1nto account as a characteristic one for the flow inside

t

the drop, we’ll obtain

‘ Re = “

w
With the two values of viscosity taken from [8], the Reynolds number corresponding to the
drop ;‘)'hase ranges be;wee;1' 1/80 and 1/40 .
This observations suggested us to couple Oseen’s and Stol\(c':s' equations, the first one
f(;r the ambtent hiquid and the second for the dfop liqmd Taking Canwxan axes fixed relative
to t_he drop and (r, 6, ;b) spherical polar4 cootdinates, with ongin at the centre of the drop, we

denote by €, the interior of the sphere of radius a centered at ongm, and by Q, the

complementary space of @, 1n R’ (see Fig 1) The dimensions of €2, are extremely large

compared with the radius a of Q,

Using subscnp{s 1 and 2 related to quantities assoctated with the drop phase and

ambient fluid (hquid) respectively, we denote by g, = (qr‘,,q;,',) =(u,v,), 1=1,2 the

) ‘1 »

components of velocity, by p,, p,, the tangential and normal compaonents at stress tensot

respectively, and by o the interfacial tenston; ¢ = o(0)

\

The equations goverming the flow considered quasisteady (everf steacji); m Q,) and
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axisymmetric are

\

( 1, Vg, = Vp, ’ 1 m - ' o M)
' vl . -_le2 +_'1.2.'V’qz in Q; C Y )]
9z P P . ' .
C vy =0 : in QU (I=172) ) €)}

The following boundary conditions are considered

. lg,]—0, . ' ' : Co (4) .
"o gl s t;ouxtdcd, . r=0 G | , g o . (5
" Cae e o ©
(Po) = (Poh +’T:.g% rea i - Co ' (7)e
)= (p,,,)',+_23°_ rea - ‘ ) ®)

Since tﬁe liqulq is at rest at infinity we must take condition (4) and because inside the
velocity n;ust be bounded' - condifion (3) i‘he c_ondltlpn (6) expredses &he fautual,
1mpéneiri}billty of the tnterface (r = a) as well as .thc continuity of tangential velocity to the -
su‘rfam;‘ of the drop This last condition follows} from assumption that two 1mmiscible liq’utds
can not sltp over each other because of viscostty

In addiuon to these kinematic conditions there are two boundary dynamic conditions

[ . .

(7) and (8) The first one represents the contimuty of tangential stress on crossing the surface

of drop at any point We added there the term %_‘;% to express the Marangont spreading of

i \ ' - - e
the surfactant Indeed, if we consider that the surface tension of the drop is o, and 1f 1n the

Intersection pomnt of the positive Oz axis (Fig i) with the drop, the interfacial tension is

[
4

lowered to (s, < o) by mjecting a small quentity of a surfactant, an interfactal tension
diffevence o,-05; appears This interfacial tension diffference produces the spreading of the
suifactant on the surface We shall note by 8, the angle chaructenising the position of the front

v

\ LY



I STAN, C! GHEORGHIU Z KASA

of the invaded region In this region 0<6<8,and the surface tenston vanes at o,<0(8)=q,

The second dynamic condition (8) underlines that at the interface between immuiscible
viscous fluids in motion, the difference between the normal stress at any point of mterface
on the convex side and that on the concave stde 18 the quantity which equals the stress due
to the surface 2a/a, the normal being drawn from the concave to the convex side (the outward
normal, Fig 1)

As for the pressure we have the following conditions p, - m, — 0, r — ® and p, - =,
15 finite everywhere within the drop =, and =, are respectively hydrostatic pressures within
the drop and 1n ambient fluid When the drop 1s suspended at rest tn an immiscible liquid (p,

= g, ; = @,) they satisfy the well known Laplace’s equation

2qg,

J’IZl - Jl'2 =

[
After the start of flow p, and p, represent from the physical point of view
perturbations fiom =, respectively 7, and they are harmonic functions in Q, regpectively £2,

Following {7], for example, we introduce stream functions ¥, and W, in order to

satisfy the equations of continuity (3) by

1 oV, 1.2
cu a0
o= rignG a0
1 dY,
T A TY: R T

The system (1)-(8) will now be written tn dimensionless form We introduce as a
length scale the radws a, as a velocity scale the charactenistic velocity U = py/ap and as
interfacial tension scale the value ¢, With these we have the followitng dimensionless

quantities

118



EFFECTS OF SURFACIANIS

Also we have for dimensionless stream functions
— s o
We_ ', i=1,2
Ua?

In dimenstonless form and using ¥, variables, the equations (1)-(3) become (where the

superscrnpt '~ s dropped)
E'W =0 in Q, ©)
(b’ -Re,_a"?)E'w, “0 ing (10)

where

£y w B B8 8 (1 3()
57 7 50 (e o0

Now let us consider 1n turn boundary conditions (4)-(8) To ensure the asymptotic

condition (4) we take

Y o =o(r?) r—>w (1)
while (6) gives

v, vy, ‘
— e 12
i T (12)

oW, o,

Va3 =1 3
a1 ar ' i @ )

The condition (1 1) shows the fiee streaming relauve to the centre of mass of the drop
It should be noted that the assumption that diop temains sphencal in shape as 1t
translates means that
W=y =0, o= (14)
may be teplaced by
W aW, =0, r=l (15)

The dynamic condition (7) may be rewntten succesively

d v 1y au, Jd v I 9u, 1 g0
e ] gy |y ety Pty | gy +— t=a
& ar(r) I v ol Mol i T
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or, by virtute of (14), in dimenstonless form, reduces to

1 oal1 e, s 19 ow, i-o,/0,
—t —_ e |+ Car s’l, r=1 16
ol [77 7 B el Tl M = x (16)

Here 8, stands for the angle under which the front of surfactant convers the drop, 0

<8,=x 0= 0 s 06, the function o(8) 15 defined by
G, =0,
l—cosBj

50 90/00 = sinB - (0, -0,) /(1 -cos8,), and the dimenstonless number Ca is a measure for the

a(8) = (l-cos@) +a, o) = o, a(a,) =G,

1elative importance of capillary forces to viscous forces Ca = o,/Up, To unify the notations
we have to observe that for proposed "viscous" velocity Ca = VO, Oh =y, /m , being
the Ohnesorge number [3) and more Cu = 1/We, where We is the Weber number {9]

To be ‘scrupulous, we mention that, as 18 well known, the surface tension o usushly
depends on the sealar fields in the system (8 g the electncal field, the temperature field) as
well as on the concentration of foreign matenals on the surface [6] In the present paper we
focus on the variation due to the foreign matenal given by of8), in fact o depending not only
on 0 but on 65 g, and g, 1

The normal stress condition (8) gtves

34, 20

2p, 2 2
), — ——mp - s, r =g
S b e T

which by (14) in dimensionless form, reads

+ 2 v, 2 e, +2C 1 17
. - . - you
i Re r?sing 9raf i PR o an
The conditions (5) and (11) show that sustable forms ¥, and W, are ([7], [10], [9])
W= (4 e Brt)sine,  rs (18)
W, = C(1+cos0) {l*cxp [—_;_(1 —cose)” v D oo r = 1 19)
\ r

Thus there are four constants A, B, C, D to be deteninined, but five condittons (equations) to

be satisfied (15), (13), (16), (17) It must be remembered that, the addittonal boundary

120



EFFECTS OF SURFACTANTS

conditions (15), 1mposed to keep the drop underformable, have replaced the boundary
condition (12), and they are not one of the conditions (6)-(8) imposed purely by the

kinematics and dynamics of the problem

2. Results and discugsions We must observe the fact that 1n imposing the condition
of the tangential stress on the surface of drop, we cannot satisfy the equation (16) exactly (the
first term on the right hand side), but it can be satiesfied to ((1) in Re, It means that the
couphing between exterior flow (the solution of Ossen’s equation) and interior flow (the
solution of Stokes’equation) ts realized only appioximativelly A similar observation is valid
for the boundary condition ¥, = 0 and for the right hand side of (13),

So, on solving the equattons given by (15), (13), (16) we obtain
 Cah(a,8) '

| = - , B=~4, C=-24, D=A 20
B 1/ XY/ ! : @0
1-a,/o
where for the sake of brevity, we have noted Y TN
| 1y, we have noted y—g, ~ %)

’
For some values of parameters Ke,, 8; Ca eic we give in Fig 2 the streamlines for the flow

within the drop (¥, = const = 0) and 1n the ambient liqud (¥, = const = Q)

We observe that because of the aproximativelly imposed boundary conditions (see
above), the extertor streamhines présent & detachment (¢, = 0 for » > 1) from the surface of
drop As concern the interior streamhines is observad that they "start” only for s § > 0, which
depends on the constants taken into account This fact 15 explained by the fimte dimension
of the surfactant droplet, injected in the north pole of the diop

The expressions of tangential velocities on the surface of drop as hmits of intenor and

extertor flows respectively are
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v, = -24sin8, 0<8x8, - T @y
v, = —Asinb {cxp[_;.(cosﬁ—l)}ﬂ}, 0<08s8 ' 2

For some values of parameters in Fig 3 are plotted tholvclfx:itics w, on tho susfaoe of
the drop corresponding to 8, on x axe The differences between the values of \v,}amii W i"or the
same 8 are due to the approximativelly imposed boundary conditions SR

For a given 0, the velocity of front of surfactant become. :

v, = - Asing, {exp -;_(cosef— P?]*l }

The pressure p, within the drop 1s

A
-2
A

1

rcost

so in the centre of mass of the drap acts only the hydrostatxc pressure w,
With the condition for normal stress (17), not used in the computation of spectrum of

flow, and »yxth Di, we can‘ determine the value of p, on the surface of the drop. - -

®
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The foree acting on the drop may be calculated from the general expressmnl of force

’ . -
'

’ [6], which gives in this case
b = 2na ’Le' [ (P.,),co80 - (p,,), sind ]smﬂ -do,

where (p,.), and (), are the normal and tangential components of the viscous stress tensor

»

corresponding to the extertor flow We have respectively

2 du,

| S S
Re,. ar

(I’r, )z = =5

¢

1 1 du, v,
= —_— '__ +.__ -
(Pro)s Re, [ r 88 ar r

1

The notmal component of force I per unit of area; has the following expression

o . . . . N
°
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8R
Foe2nCall-ny-
" 3 13Re, +12
, (23)
i a
y 1 '
+2nCa(Kcosﬁj—l)(l +cosej), A= -

1]

( 1+ cosﬁpcos’ Bj) +

Using the asymptoué expansion of the function 1/(1 + &) when & — o,, for the coefflcient
A with e = Re,, we may have simply an asymptatic representation for F,

Fischer, Hsiao and Wendland 1n [3] obtain an asymptotic representation for the force
exerted on a ngid obstacle by the fluid This representation has the form F = 4, + 4Re +
ORe® In Re™) as the Reynolds number Re-;o+ and 15 essentially differenit to ours by the
factor in Re™

From (23) it is observed that the normal (and tangential) component of foree acting
on the drop, depends direct proporiionally on Ca i ‘

As a final observation, we have to undertine that the tepfwcng;iﬂon (23) hudes the’
dependence of £, on Re, = 1 ‘

The assumption that the drop 1s undeformable seem to be too restrictive.

Re
A 1120 1/40 1/60 1/80
1720 165° 168° e | ame
1110 167° 171 7 | 1
35/102 169° 173° 114° u 175°
3/5 e | 1rs 176° T

Table 1
In fact there are some other effects (see Fig 6 from [2]), so we'cor;s‘ider that the force
corresponding to F, < 0 1s consumed for other type of movqmer'xts except transjation The

propulsive (hfting) force, £, > 0, responsible for the upward movement of the drop appears
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4

only when the covering of the drop with surfactant is greater than x/2 However this aspect
is only in a qualitative agreement with our previous experimental data {8] From Table 1
results that the smaller the ratio A is the smaller 8, for which £, > 0 will be. So, 1t is clear
that, for A —> O the obtamned values of 8, begtnning wttt; a lifiing force appears, tends to thoss
obtained experimentally A more clear judgement will be provided considering the shape of

drop deformable and, of course, the flow unsteady

Cancluding Remarks Perhaps, it v«(ould be of some interest to take for characteristic
veloctty U the experimantal values from our works [2] and (8] That mighi be the aym of 3
future work -

However, the aspect of our results, the spectra of flows inside and outside of —the drop,
the existence of the lifting force, as well as the asymptotic representation of force exerted on
the drop by ambient ixquid due to the variation o - o, are n good qualitative accordance with
experimental results The quesiion of quantitative accordance remain open from both side
theoretical and experimental It 1s very likely that the results presented in this paper would
be 1mproved if the differential system (1) - (8) were solved by a numernical method, e g a
spectral‘ method "I:his could also make the topic for a future work

" An asymptotic analysis in the spirit of [5] in the assumption of deformability of the
drop is almost finished There, all the quantities founci in this work, stream functions,
pressuies, etc will play the role of the first approximations

However, 1t seems that only by the use of some nonlimear terms (all possible} m
victnittes of the surface of the diop inside and outside [5 | one could solve some discrepances

between theory and expenments
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