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Abstract. Itis proved that for the restricted problem of three bodies there are at
most three osculating solutions at one point. Points where there are three or two
osculating sclutions are specified.
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We consider the motion of a body of negligible mass in the gravita-
tional field due to two bodies, named primaries, of masses 1 — woand w
revolving in circular orbits around their common center of mass. The body
whose motion is studied does not influence the motion of the primaries
and it moves in the plane determined by their orbits.

In the synodic coordinate system, the dimensionless form of the equa~
tions governing the motion of the body of negligible mass in therestricted
problem of three bodies is :

{?? =%+ T 1)

Y = — 20+ Fy

where

L F(ayy) = (2 + 922 + 1 — p)fry + pfry, o (2)
o=@+ p)?+ g1 1y = [(#+ p— 1)2 - 202 (3)

By ¥,, F, we denote the partial derivatives of F and in fact we have
Fo =a— 01— p) (o4 wr— wo+ p— 1)
Fy =g — 1 — p)fr} — u/rd)

Many results on the system (1) are to be found in the book of
V. Szebehely (1967). In a paper of A. Breazna (1989), some considerations on
the number of osculating trajectories at one point are made and it is said
that this number is at most two. In this note we show that there are points
through which three such trajectories are passing.
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 Let the point (X, ¥Y)eR2\{(— 1, 0), (1 —,0)} be given such
that at this point v # 0 (where v=(2? + §?)2 is the modulus of the velo-
city at (X, ¥)). Two or more solutions passing through (X, X) are called
osculating solutions if their velocities at (X, Y) are collinear and their
curvature at the point (X, Y) is the same.

The curvature k at (X, Y) is given by
ko= (&7 — §i)fv>. ' (4)
Let v = (X, ¥) such that » # 0. We obtain from (4)
k= — 2/v+ (XF,X, 17‘) — YF (X, Y))jv?, where o = (X*+ Y2U2
We now look for A = [R\{0} such that & = &(2), where k(}) is the
value given by (4) for the initial conditions (X, ¥) and NX, Y.

The relation & = k() gives the following equation :

— 2o+ (XF, =¥ F)[v® =

= [— 2o+ (XF, — YF,)/(w®)] 2] ®
Let us denote
(XF, — YF,)v* =a; —2/v=>0<0. (6)
The equation (5) has then the form:
(@4 B) [A]2—br—a=0. (1)

If ¢ - b = 0, the equation (7) gives A = 1. In the following we
suppose a + b # 0.

Case 1°. Let us consider A > 0. The egquation (7) has two positive
distinet solutions:

=1, h= —afla+b) (8)

if @ € (0, — b/2) U (— b/2, —b), and only one positive solution, namely
ra=1,ifae(— o0, 0] U {— b/2} U (— b, c0).
Case 2°. Let A < 0, The equation (7) becomes

(¢ + b) N2+ br 4 a = 0.

and has A > 0 if and only if |b — 2a| > 2)/2 |al.

Denote b, = b (}2 — 1)/2 < 0.
The equation has two negative distinct solutions if a e (by, 0), and
only one negative solution if a € [0, — b) or & = by.
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The conclusion is that the equation (7) has:

— three distinct solutions if a € (b, — b) \ {0, — b/2};

— two distinet solutions if a € {b,, 0, — b/2};

— only the solution A =1 if ¢ €(— o0, b;) U [— b, + o).
‘We obtain the following

THEOREM. Let the initial conditions #(0) = X, #(0) = ¥, #(0) = X
and y(0) =Y be given for the system (1) (X,Y)eR2\ {(— g, 0),
@ — p 0)}, X2 ¥2 £ 0) and denote

a = (XF,(X,Y) — YF X, Y))/(X2+ Y?2)32
b= — 2/(X2 4 Y22,

Ifae(b(f2 — 1)/2, —b) \ {0, — b/2}, then there are three distinct
osculating solutions through (X, Y).

Ifaec{b(2— 1)/2, 0, — b/2}, then there are two distinet oscu-
lating solutions through (X, ¥).

If a €(— o0, b) U [— b, 4 oo), then for the solution given by the
above initial conditions there are no osculating solutions through (X, Y). W

We show now that the three mentioned possibilities occur indeed.

Let X =1/2 — u, X =1, ¥ =0. The value ¥ =y e€[R is not
fixed at this moment.

We have a =y [1 — (1/4 + y®)~%2] and b= — 2.

The continuous function

iR = R, fly) =4[l — (/4 + y*)~3/]

satisfies the conditions f(—oo0) = — oo, f(-++ c0) = oo, hence it is sur-
jective. Then for each value a € [R, there is y € [R such that f(y) = a.
Applying the theorem we obtain :

1°. Let 4 € R be given such that a € (1 — J/2, 0). Then the solutions
of (1) given by the initial conditions

(12 — u,1,0), 5(1/2 — s Uy Ny 0)y (1/2 — u, 9, g 0),
with 23, A, the solutions of (@ — 2) A2 — 2x 4 ¢ = 0, are osculating at
(/2 — w, ).

2°. Let y € R be given such that a € (0, 2) \ {i}. Then the solutions
of (1) given by the initial conditions

(/2 — u, ¥, 1, 0), /2 — w9, ¢/(2 — a), 0),
—1—V1F 2¢ — a2 ,0)

2 —a

(1/2 — WY,

\

are osculating at (1/2 — wu, ).
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3°. Let y € [R be given such that ¢ =1 —}/2, repectively & = 0 or
a = 1. Then the solutions of (1) given by the initial conditions
‘ (12 — gy u,1,0), (1/2 — w,9,1 — ng 0)
respectively
12 - wy,1,0), (1/2 —uvy, —1,0) .
or ‘
12—y, 1L,0), 12— py, —1— V§1 0)
are osculating at (1/2 — u, ).

For yeR such that a e(— 0,1 — ¥2) u [2, + o) there is no
osculating solution to that corresponding to the initial conditions

/2 — ¢, 9,1,0).
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