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ON THE INVERSE PROBLEM OF DYNAMICS
FOR GENERALIZED LAGRANGIAN SYSTEMS

MIRA-CRISTIANA ANISIU

Mathematical Institute
P. O. Box 68, 3400 Clyj, Romania

Abstract. A system of partial differential equations for the force function U (hence
for the potential function —U) is given when one knows a family of orbits for the

system

where L : D' x DclR? R,

L4 @)= (kil i}g 7 (q)iz,-ék) 12+ ilfj (@)g; +U(a);
"y P

this is a generalization not only of the results of Szebehely for 2-dimensional con-
servative systems but also of those of Drambi for the planar circular restricted

three-body problem.

Key words: generalized Lagrangian systems, potential function, inverse problem.

The inverse problem of Dynamics requires the determination of the potential (or
force) function when an orbit or a family of orbits is known. In a natural way, the
topic was considered for 2-dimensional conservative systems with V: D cIR? —IR

=V,
1)
y=7,

by Szebehely (1974). A similar problem was studied by Dramb3i (1963) for the
planar circular restricted three-body problem with 2 : D cIR? >R
X-2y=Q,
@
y+2x= Q.

Recently, the result of Szebehely was extended by Stavinschi and Mioc
(1993) for n-dimensional conservative systems with W : D cIR* — R,

X=W_, i=1,.,n (3)

#
i X

The roots of the problem are to be found before the beginning of our century,
in the paper of Dainelli (1880), described by Whittaker (1904) in his well-known

Rom. Astron. J., Vol. 5, No. 2, p. 149-155, Bucharest, 1995




150 M. C. Anisiu

book Analytical Dynamics, for 2-dimensional systems of the type

i=F
4
y=G

where F, G: D cIR? > R.
The result of Szebehely (1974) follows from that of Stavinschi and Mioc

(1993) for the particular value n = 2. The force function in these cases is a function
of x, y, respectively of x,, i = 1,..., n, so it does not depend on velocities; it means
that the system (2) which contains the terms —2y and 2x due to the Coriolis forces
is of another kind, so Drimb#’s result cannot be obtained as a special case of (1)

or (3).
In the following we consider a generalized Lagrangian system
d
whi=he )

g
where L : D" x D cR*” —R, q = (Z‘) eD, q= (ql)e D’ is given by
(4, 9) =(q, G(9)q»2 +(q, {(q)) + Ug. (6)

By (., .) we denote the inner product in R*, f = [fl) D—R'and G=

= (gij D= AR, U S, 8;= 8 € CUD),i=1,.,mj=1,.,n
The first term in the expression of L is a “kinetic energy”

(g, @) =(q, G(9)q)/2,

~ while 7(q, q) = (q, f(q)) + U(q) represents a “generalized force function”, the first
part of which contains the effect of the Coriolis forces.
LemMA 1. The system (5) admits an energy integral

G 9)-Ug =k (7)

Le.(q, G(q)q¥2 - U(Q) = k.
Proof. Multiplying the i equation in (5) by g, and adding we have

i=1

n d ) n
—L, 14, =2 L g;.
(st Ju=3r,
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Hence

d ( n . \ n . n . d = .
—] =], Lagi==SNL g-%Lg+—SL.g =
3 + Z q(‘%/) Z q,-ql ;;—-Zl q,qx de E qiql

:mg[( )+Lqiq,] éz;é‘q;o

and ~-L + iLékq,. =h,

£=]1
But

Z ;k(Q)qi: +jn ; .« My, 8O ZLq,.qz =2T+(f: ‘.1>
i=1

and the above relation gives T(q, Q) - U{q)=h. = _
The system (5) has an equivalent explicit form. In order to obtain it, we define,
following Winmer {1941), p. 118, the functions
Pies Ty I‘Jk, P:D—R

of the pasiticmrq in the configuration space, in terms of the coefficients g,, , f; in (6)
and of their first order partial derivatives:

Pu=figp M,
Ve ™ @iy, 8y, ~ 8 )12
F)':k = é’:‘gﬂl"jk,

B = égﬁpu >

where (g?); = - G~ is the inverse of the matrix G.
Let us denote

Pl’ it
=), P = (P) g-{j) i=1l,.., n

Lenva 2. The syster (5) with L given by (6) where G is a symmetnr' matrix
with det G = 0 has the normal form

=~q, (@)D ~ P(q), @) + (€@, U Q) i=1,...n 8)
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Proof. The system (5) is equivalent to
quLQAk +quL‘Ix‘9k - LQ.‘ = Os’ i= 1""’ n
k=1 k=1
which is in fact
2 8udx + ZZT}E 9;qx + > Puds -U, =0, i=l.., n.
k=1 J=lk=1 k=1
The matrix G having the inverse G1, we have

G =3 T (@ dx g Pi(Q)dx + Z, g5 @ U, @,

J=lk=1

which is exactly (8). =
Let there be given the family of curves

Fp(q)--cp, p=1..,n-1 )]
where F : D cIR” — IR*! is twice differentiable on the open set D and at least one
(n—1) x (n— 1) minor of F_ = (F, q),p =1,...,n-1,j=1,..., nis nonzero. We
suppose that the curves of the family (9) are orbits for the system (5).

Differentiating in (9) we obtain the linear system
g =0 (10)
_ which has the solution

4= a(PL(9), o (11

L
where L = (LIJ contains the determinants

L = (_l)iﬂ E‘h"'Eﬁ-x E9:+x"'E'?n 12
(. F * ( )
' n=l,gy *7 7 n—lgiy n=1,g;, """ " n-lyg,

LEMMA 3. Let G be a symmetric and positive definite matrix; then the system
(10) to which the energy integral is joined has a unique (up to a sign) solution q.
Proof. Introducing q = a(q)L(q) in (7) one has

2(qXL(q), GQL(Q)Y2 =k + U(q),

hence we can consider

a(q) = * [2(: + U(QW(L(Q), G(@L(gn]*> = (13)
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Now we can state the main theorem.

THEOREM. Let us suppose that the curves of the family (9) are orbits for the
system (5) with G a symmetric and positive definite matrix, so that U, f;, g €
e CY(D), i=1,.., n,j=1,..., n. Then the function U satisfies the following system
of partial differential equations:

2 n ; n i .

a <L, (quq——ngti)L>—-a§qui(P , L)+
= = (14)

+§FP%(gi, Uq>=0, p=L..,n-1

where a is given by (13), L by (12) and T, P, & depend only on the coefficients
&7 J; in (6), all the functions involved having the argument q.
Proof. Let us differentiate in (10). We have

(G F @+ (F,, =0, p=l,..,n-1

where quq = (quﬂk)'l’ is the Hessian of 7 x

Replacing q by the expression obtained in (8), we have

@ quqq>—§F,,qi G, T/ @)+ (P, @)—(g', U1=0,

(i (P2 )a)-E P, 058 U0

Now q is given by (11) and (12) and we get the relations (14). &
Remark. The functions U and its partial derivatives appear in the function a
given by (13) and in the last sum in (14).
The system (3) is a Lagrangian system with L given by (6) for G(q) = I,
f=0and U= W.Inthiscase ["=0, P'=0,i = 1,..., n and (14) becomes
a’ (L, F, Ly+XF, U, =0,
i=]

Paq

where @ = ¥2Q /Y L} with Q=W+ h, and U, =<, . Here we have g = x.
i=1 ! t
We have obtained :
COROLLARY 1. (Stavinschi, Mioc). Let us suppose that a particle has a trajec-

tory given by (9). If its motion is governed by the system (3), the function W satis-
fies

(Z(W + Il)/iL?)i(inxixk Lsz + FP%W"I) = O,

i=1 i=] Nk=1

h being the energy constant and L, given by (12). =
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The system (2) has n =2, G =L, fi(x, ») = —», /5 = x and the energy integral
@+ 32=Qx,y) + h.

Consider the system
X+ Mx, y)y=

(15)

where Mx, y)=u (x y) —v(x, ), which is a slight generalization of (2) considered
by Bukhoff(1917) '

This is a Lagrangian system whith n = 2 G =1L, (f;,f,) = (4, v) which has the
same energy integral as (2). The system being 2- dlmensional, the equation of the
orbit is given by

Fix,y)=c. (16)

Hence L, =F,,L,=—F and a == [2(h+ Q)/(F2 + ,FQ)]U2
We have F =0, I;‘ =0 foreveryi,j, ke {1, 2} and P, =P, =]§qk _f;“li’ 50
=0 fori=k, andPl———-Pz"'k
In this case (14) contains one equality and this is

aHF F2—2F FF +F, F?) uaMF2+ F)+FQ + FQ =0,

the argument of all the functions being (x, ).

COROLLARY 2. Let us suppose that a particle has a trajectory given by (16) in
the 2-dimensional space. If its motion is governed by system (15), with
A=u = Ve then the force function Q) satisfies

[2(h + QY(F2+ F2)Y(F F2~ 2F _F F, +F, F)%
20k + QIMFL+ P+ FQ +FQ =0,

h being the energy constant. m

The planar circular restricted three-body problem (2) is a special case of (15)
with u(x, y) = -y, v(x, y) = x,s0 Mx, y) = -2.

From Corollary 2 we obtain

CoroLLARY 3 (Dramba). Let us suppose that a particle has a trajectory in
2-dimensional space given by (16). If the motion is governed by the system (2),
then the function §) satisfies

[2(h + QY(F2 + FOY(F, F2 - 2F FF,+ F, F?) =
£ 2[2(h + QIAF2+ F)VP + FO, + FQ =0, (17)

h being the energy constant. ®
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The system (1) is obtained from (15) with A(x, y) = 0, or from @) with n=2,
hence Corollaries 1 and 2 give

COROLLARY 4 (Szebehely). Let us suppose that a particle has a trajectory in
the 2-dimensional space given by (16). If the motion is governed by the system (1),
then the function V satisfies

[2(k + VY(F2 + F?)](FnFj - 2F FF + F»)wg) +FV, + FV,=0, (18)

h being the energy constant. :
In fact, the relation (18) appears in Whittaker (1902a), and (17) in Whittaker

(1902b), where they are deduced as a consequence of a variational principle of
Maupertuis® type.
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