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FAMILY BOUNDARY CURVES IN ROTATING SYSTEMS

GEORGE BOZIS

Department of Theoretical Mechanics
University of Thessaloniki
GR-540 06 Thessaloniki, Greece
e-mail: Bozis@Olymp. ccf. auth. gr

MIRA-CRISTIANA ANISIU .
“T. Popoviciu” Institute of Numerical Analysis
P.O. Box 68, 3400 Cluj-Napoca, Romania
e-mail: anisiu@math. ubbcluj.ro

Abstract. In the framework of the two-dimensional inverse problem of Dynamics

with autonomous forces, we discuss the creation of the family boundary curves

(FBC) with the z2id of Dainelli’s formulae. We then extend the notion of FBC io the

case of rofating systems and we prove that these curves are loci either of poinis of

equxhbfmm for the correspandmg forces or points where the given family of orbits
“exterminated”.,

Key words: inverse problem, family boundary curves.

1. INTRODUCTION

Dainelli’s formulae, as reported by Whittaker (1944, p. 96), offer the compo-
nents X, ¥ depending on (x, y) of an autonomous force field which, acting on a
material point P of unit mass moving in the inertial frame Oxy, can produce a pre-
assigned monoparametric family of planar curves with equation

S y)=c. 1)

Let the function f be defined on the open set D, R? of the Cartesian system
Oxy and f € CQ(D 1), the parameter ¢ € [ taking real values from an interval /¢ R.

It is known that in a specific force field {X, ¥} producing (1) neither all
curves (1) in D, for all values ¢ € I nor the entire part of a curve for a certain
¢ = ¢, € [ are traced by the material point P. In fact, real orbits become only those
curves or parts of curves (1) which lie in an allowed region D, D defined by the
inequality

SXALY @)
W |

where the non-zero expression W is given by
W= 2f ff,~fof2~S 2 ®)
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In general, inequality (2) defines a genuine two-dimensional subregion D of
D, and this D, c D, is limited by the so-called family boundary curves (FBC)
(Bozis 1994). The trivial case of having D » # D one-dimensional presents no phys-
ical interest and is not considered but several other alternatives with two-dimen-
sional D may appear. It may be, for instance, that (2) is satisfied everywhere in Df
or nowhere in D, strictly as an inequality. It may also be that (2) is satisfied every-
where in D and, at the same time, as an equality on one or more curves (or on cer-
tain isolated points) of the xy plane. In this latter case D, = D_and these curves do
not separate D,in allowable and nonallowable regions, therefore they do not define
boundaries for the members of (1). For the needs of the present study we propose
to call them Dainelli’s curves (or points).

On a FBC, as well as on a Dainelli’s curve or point, the velocity of P, as it
moves on an orbit (1), vanishes (in finite or infinite time). Yet FBC do not coin-
cide with the well-known zero velocity curves unless the force field is conservative
and all motions on all members of (1) are isoenergetic.

In the presence of a FBC, motion takes place in the allowed region D either
(1) on a non-crossing the FBC (closed or open) curve (1) or (i1) librating between
two points lying on the FBC or (iii) asymptotically tending to a certain point of the
FBC or (iv) escaping to infinity after being reflected on the FBC.

In cases (i) and (ii) the motion, if not escaping, is periodic (Lissajoux moti-
ons with irrational frequency ratio cannot be described by equation (1)). In all
cases (1)~(iv), at any point of D_ not lying on a FBC, both directions of the velocity
vector are allowed, i.e. the curve (1), as a geometrical entity, may be traced back
and forth. Besides, as implied by inequality (2), the same family (1) can be traced
back and forth in the region Df— D including its boundary under the action of the
force field {-X, -Y}.

The notion of the FBC, as given above for the planar inverse problem formu-
lated for a family (1) in an inertial frame and for an autonomous force field, was
introduced without reference to Dainelli’s (1880) formulae.

In section 2 of the present paper we study FBC in the light of these formulae
and we show that, for inertial systems, inequality (2) is an immediate consequence
of the fact that the arbitrary function g appearing in Dainelli’s formulae is real.

In section 3 we show that, as regards the various types and properties of
motion mentioned above, the picture changes if the frame is uniformly rotating. In
fact, in this case: (i) at each point of D » there exists a prescribed orientation for
motion on a member of (1) to take place in a certain force field. Consequently,
librational motion can no longer appear. (ii) The field {=X, I} is no longer com-
patible with members (or parts of members) of (1) lying in D~ D_. Motion is
allowed on such pieces of (1) in D,~ D , either under the same force {X, Y} but in
the opposite sense (on any specific curve (1)) or in the same sense (i.e. as a conti-
nuation of the motion in D ) but under another force field.

As regards the role of the FBC and Dainelli’s curves in a rotating frame, two
possibilities exist: (i) The moving point P reaches them asymptotically as # — o or
as £ — —o, a situation also met in inertial frames. (ii) In contrast to what happens
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in inertial frames, after hitting them in finite time (if ever), the orbit with equation
(1) is “exterminated” and the point P continues moving on an orbit not belonging
to the family (1).

2. FBC DERIVED FROM DAINELLI’S FORMULAE IN INERTIAL SYSTEMS

In an inertial frame, Dainelli’s formulae for the force éomponents
X=X ), Y=1Ixy) )

which can produce, for adequate initial conditions, a family of orbits with equation
(1) are (Whittaker, 1944, p. 96)

X()= 8 = F L)+ 5 f £8P, = 1))
P(5.9)= 8 Sy~ £, 1= 5 £ 1,8~ 108D}

where g:0, — R is an arbitrary function of class C!. We can obtain force compo-
nents whmh are defined  only on subsets of D bounded by the so-called FBC. To this
aim, let us consider: g:D_ —» R, where D . 1s an open set, g being continuous on D
and null on its boundary, and continuously differentiable on D, We denote this by
g e CO(I_)g, Ry~ CYD g). Obviously, g% € CO(Eg, R)ynm C‘(Dg) and the force field
is defined in D = Dfm Dga

Formulae (5) are easily obtained by differentiating with respect to time ¢ the
velocity components ’

i=gx 0, 7=-gk 5, - ®

of the moving material point P with unit mass along any orbit of the family (1).

If the pair of functions (f, g) leads to a certain force field (5), then so does the
pair (f; —g), i.e., in this case, both direct and retrograde motlon on the curves (1)
can be effected by the same force field.

Let us consider the locus L of points of the plane, where g(x, y) = 0, ie.
L={(xyeD ¢ | g(x, y) = 0}. According to equations (6), the velocity of the point
P moving on an orbit (1), as it reaches the curve g(x, y) = 0, becomes zero. So the
locus L includes both the FBC and the Damelli’s curves and points which possibly
exist for a certain pair of family (1) and force field (5).

Points of L may or may not lie in the domain D, Thus, for g(x, y) =y — x2,
D RzanchDgwhereas for g(x, y) = vy D = {(x, y)eR2|y>x2} and
LmD @. For g(x, )=, D, = R - {(0, y)lye Ryand LA D, =@
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The FBC is the boundary of the region D . The other points in L will be
Dainelli’s curves or points. Multiplying by f, an f;, the two equations (5) respec-
tively and adding we obtain

Ejé_M:gZ_ €

Since g? 2 0, the requirement that g is real is equivalent to inequality (2), so
D =D, A
* 1he fact that the function g? (rather than g) appears in formulae (5) makes
librational motion pessible. In its way back and forth, the moving point P changes
the sign of g in accordance with formulae (6). The force components acting on P
when P is on on the locus L are found from (5) equal to

\Xg%ﬁmg%“mg%} yg=‘%f§gﬂ(gzk“ﬂ(§2)y} @)

Censider, as an example, the famiﬁy of circles
feyy=x+y2=q )

for which Df= R?andI=R "

Dealing with (9) and having the possibility of selecting the arbitrary function
& We can program various types of circular motion. Thus: '

(@) Forg(x, y) =2+ 1, Dg = R? and no FBC exists. From (5) we obtain the
~ force :

X=4x(?-x2~1), Y=—4p(22+1).

The motion (direct for —g or retrograde for g) is periodic on full circles (Fig.
la) everywhere in D = D;= R

() For g(x, y) =y —x? one has D_= {(x, y) |y > x2}, 50 D, = {(x )| y 2 22}
and P is librating on circular arcs inside the nonshaded region D (Fig. 1b) driven
by the force : ‘

X=4x(x*-y*)—6xy, Y= 21 + 4y) - 42,

Onthe FBC y=x? the force is X =-2x3%(1 +2x%), V. = 2x%(1 + 2x%),
(c) For g(x, y) = x13, D, = R?- {((i Wy e R} and Di = R? so allowed is
the entire plane, as in (a) above. The x = 0 axis is then a Dainelli’s curve. The force
5 1 2
I S e B -_16.3
X =-4x3 + 3 xy, ¥ 3 x3y
is not defined for x = 0 and regularization is needed for the numerical integration
of the motion. Since for y = 0 lim, , oX'= o, lim_ — 407 = 0 one expects semicircu-
lar librational motion as shown in F ig. le.
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(d) For g(x, y) = y ~ x2, one has D = R%L D = D = R2 The force is

X =day =) -202-2y), V=4 -0+ xi— )

oy

-2 7-1\\{

Fig. 1c Fig. 1d

Fig. 1
and, as can be checked from (2), y = x? is a Dainelli’s curve. In accordance with
(8) one obtains Xg =Y =0, sothe curve y = x? is locus of points of equilibrium.
Starting with the appropriate velocity (in the direct or retrograde sense) at any
point of the circle of Fig. 14, the point P tends asymptotically to the first crossing
of the circle with the Dainelli’s curve. It can be checked however that the above
equilibrium points are unstable. As a result and as numerical integration reveals, P
is moving on the entire circle. Its motion becomes very slow in the vicinity of the
equilibrium points where the direction changes in this or the other sense “unex-
pectedly”, as it happens with a pendulum at the higher unstable point of equili-
brium. :
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3.FBC IN ROTATING FRAMES

In a system Oxy, rotating uniformly with constant angular velocity o (usual-
ly taken equal to 1), the equations of motion are
X-20y=Xxy), 3+ 20%=Hx,y). (10)

For a family of orbits (1) traced by a unit mass point P in this frame, the
velocity components are again taken from formulae (6) and the force components
acting on P(x, y) are (Pal and Anisiu, 1995)

X=X+2ogf,, ¥=1+ 208, (11

where X, Y are given by (5). _
The equation which is analogous to (7) (and is obtained from (11) in the

same manner as (7) from (5)) is

Wg+20g(f2+ ) - (L X+fF)=0 (12)
and for g to be real it is necessary and sufficient that )
X2+ R+ WX+ STz 0. ; (13)

As expected, for @ = 0 the above inequality is equivalent to (2). Of course,
for a force field {X, I} derived from (11) by specifying a function g € ColD g) ™
Cl(Dg), mnequality (13) is identically satisfied in Dg, But suppose that, in some
other way, we happen to know a compatible triplet (f X, ¥) in a frame rotating
with known angular velocity @. Then inequality (13) (analogously to inequality (2)
for inertial frames) can serve to provide the FBC or, equivalently, equation (12)
can serve to offer the arbitrary function g used in formulae (11).

A first important consequence of formulae (11) is that, in the rotating frame,
librational motion is not possible. Indeed, consider a regular point P(x,, y,) of the
family (1) (i.e. with (f2 + f i)PO # 0) not lying on the locus L (i.e. with g(x,, y,) = 0).
If at P both directions of the velocity were allowed, according to formulae (6), the
arbitrary function g would have to change sign. Denoting e. g. by X(g) the X com-
ponent of the force corresponding to the arbitrary function g, we see from (11) that

Xey#X-g), We)=T(-g), (14)

meaning that, in this case, the force field would have o change as P travels on (1)
and this, of course, cannot happen.

It is also seen from formulae (11) that the force components on P at the time
when P is on the locus L(FBC or Dainelli’s curve or point) are the same as in the
case of inertial frames, i.e.

X=x, ¥,=71, (15)

where X . Y g are given by formulae (8).
If {X(g), ¥g)} gives rise to the family (1) traced in a certain sense (direct or
retrograde) in the neighbourhood of a point, then the field {jf'(—g), f’(—g)}, which,
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for the same w, is entirely different, creates the same family traced in the opposite

sense.
It follows from the above that, in the rotating frame, the locus L (where

g(x, y) = 0) consists either of libration points (if X_= Y, .= 0) or of points where the
family (1) terminates abruptly (ithg + Yé #0) in the sénse that (1) is no longer the
equation of the orbits. '

As an example consider the family of parabolas

fo,=y-xt=c (16)

and take constantly o = 1.

(a) Working with g(x, y) = e(y — x), Dg== R?, for & = £1, we find the two force
fields :
X=(y -2 A4e)x~1), Y=2y-x)2x*~2x+y+s) . an

It is seen that D, = Dg = D = R?, thus-no FBC exists. The straight line y = x
stands for a Dainelli’s curve and, as seen from (6) and (15), not only the velocity
of P but also the force on P vanish there. Both, for e = | and & = ~1, on cither side
of y = x, there exist parabolic arcs (or full parabolas (16)). If created by the field
(17) with & = 1 they are traced as shown by the arrows in Fig. 2a,.

The very same orbits are traced, at corresponding points in Fig. 2a, of the xy
rotating frame, in the opposite sense under the (entirely different) force field
obtained from (17) fore = -1.

The velocity at any point Py(x,, y,) of both Figures 2a, and 2a,, found from

(6) and (16), 1s -

xo=e(yy = xp), Vo=
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(b) If, for the same family (16), we select g(x, y) =& \y, & = +1, we have
D, = {(x »|y>0} and D, = {(x, »)|y 2 0}. So, we make the x-axis a FBC, The
corresponding force fields, for € = £1, are :

X=x(1-4eVh), T=2(2+y+eVy) (18)

and the force X, = X, f’g = 2x2 on the FBC is not zero (except at the point (0, 0)).
Members of (16) are drawn in Figs. 2b,, 25, |
The FBC acts in this case as a “destructor” of the members of the family
(16). Parabolic arcs which reach the x-axis with zero velocity are reflected to the
positive y’s, following orbits (shown in figures 2b|, 2b, by dashed arrows) whose
equation is no longer (16). Such is e.g. the orbit with initial conditions Xy = -2,
V=3, %= V3, Yo = —4\3 in Fig. 2b, under the force (18) for € = 1 and also the
orbit of Fig. 2b, passing through the point Py(2, 3) with velocity (-3, -4+3) and
traced in the force field (18) with & = —1. The above “loss of its path” which the
moving point undergoes is a feature met only in rotating frames. In fact it is a
property of the function g (for the case at hand: eVy) and not of the specific family.
Indeed, instead of (16), consider any family (1) with the provision that the x — axis
belongs to its D, According to formulae (15) it would be X =12 ) j; =0,V =
= 1/2 2 > 0 at all points of the x — axis except at certain points where possigly

Jx, 0)=0.

Z 0 1 2y 2 1

Fig. 2b; Fig. 2b,

Fig. 2b

(¢) Having to deal with a definite family (1) (as e.g. (16)) we can, in a way,
program motion on it (Bozis, 1995). For the case at hand, for instance, we can
make the x-axis a Dainelli’s curve, instead of a FBC as in (b) above, so that motion
is allowed in the entire rotating plane. Actually, we can further choose between
making this Dainelli’s curve a locus of points of equilibrium (as in (a) above) or a
Jamily — destroying curve (as in (b) above).




9 Family Boundary Curves in Rotating Systems 51

For the former choice we can select e.g. g(x, y) = ¥, leading to

-~

X=-2xy, TV=222+y+1)

with X’g =7 = 0 (Fig. 261). A.t any point (x,, y,) the velocity is Xy = Vg Vo = 2x5¥
and the arrows are shown in Fig. 2¢,. _

Fﬁga 2@1

Fig. 2¢

For the latter choice, take e.g. g(x, ) = \/I—y_l. The force field defined on
D,=R*-{(x,0)|x e R} is

X=x(0-apl), T=2(82+ g+ iyl

with @ = £1 for y > 0 and y < 0, correspondingly, the velocity at (x,, y,) is
Xy = ‘\/ygl, Vo= :sz\/WOI and the arrows are shown in Fig. 2c,. _

Comment: The transformation @ — -, g — —g leaves the force field unal-
tered. So, as naturally expected, all the oriented orbits of Figs. 2 (drawn with @ = 1)
would be traced by the same pertinent force fields in the opposite sense if we had
taken w = ~1.
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