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Abstract

When the GMBACK solver is used in the Newton iterates, the iterates may be
written either as inexact Newton iterates or as quasi-Newton iterates. In this paper
present results which assure the local convergence of the iterates in the both settings.

1 NONLINEAR SYSTEMS
The Newton method for solving a nonlinear system
F(z)=0, F:DCRM RV
leads to the solving of a linear system at each iteration step:
F' (zx) sk = —F (zx)
Tkl = Tk + Sk, k=10,1,0m:5 Zg€ D

Under the following conditions (which will be implicitly assumed throughout this pa-
per) the Newton method converge locally at g-superlinear rate (see [9]):

- dz* € int D such that F(z*) =0

- the mapping F is Fréchet differentiable on int D, with F’ continuous at z*;

- the Jacobian F” (z*) is invertible.

When the linear systems from each step are not solved exactly, we are lead to the
inexact Newton method

F'(zk) sk = —F (zx) + 7k
Tkt1 = Tk + Sk, k:0717"'7 QJOGD.

The terms 7, € RN represent the residuals of the approximate solutions s;. Dembo,
Eisenstat and Steihaug characterized the superlinear convergence of the inexact Newton
(IN) method above.

Theorem 1. [/] Assume that the IN idterates converge to z*. Then the convergence is
superlinear if and only if

Irell = o(lF (zi)ll), as k — oo. 1)

When one considers approximate Jacobians at each step, F’ (zx) + Ax € RVXN | we
are lead to the quasi-Newton (QN) iterates

(F' (zk) + Dg)sk = —F (zx)
Tky1 = Tk + Sk, k=0,1,..., =z €D.

We have characterized the superlinear convergence of these iterates in the following result:
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Theorem 2. [3] Assume that the QN iterates converge to x*. Then the convergence is
superlinear if and only if

[Akskll = o(IlF(ze)l), as k — oo. (2)

Remark 3. 1. Dennis and Moré [5] have previously obtained the following condition
which characterizes the superlinear convergence of the QN iterates:

| Askll = o(llskll), ask — cc. (3)
2. In [3] we have obtained in fact that the condition
I=Aksk + 0+l = o(IF () ), as kb — o0
characterizes the superlinear convergence of the more general iterations

(F' (zx) + Ak) sk = (—F (k) + 6) + 7%
Tk+1 = Tk + Sk, k=0,1,..., =zy€D.

2 THE GMBACK METHOD
When the dimension N is large, the numerical solving of a linear system
Au=0b, AeRN*Nnonsingular,be RV,

becomes a difficult task. The Krylov solvers are popular choices for accomplishing this
task, since they may offer good approximations at low computational cost.

We shall consider here the GMBACK solver introduced by Kasenally in [6]. For a
given subspace dimension m € {1,..., N} and an initial approximation ug € R" having
the residual ro = b — Auy, it finds uGP € up + K = up + span{ro, Aro, ..., A™ 17y} by
the following minimization property:

”AgB“F - umgg&nm [Amllp wrt. (A—Ap)um =b.

Here ||| denotes the Frobenius norm of a matrix, ||Z||p = tr(ZZ%)'/? while |||, will

denote the Euclidean norm from R¥ and its induced operator norm.

The following steps are performed for determining uG?:

Arnoldi

e Determine V,;, = [v; ... v,] € RV*™ and the upper Hessenberg matrix H,, €
R(m+1)xm.

GMBACK

o Let 8= roll,,
ﬁm = [—ﬁe1 Em] € R(m+1)X(m+l), Gm = [uo Vm] € RNx(m+1)’
P =Bt Hy e ROVVDXMI) and Q = GL G € ROMDX(m41),

e Determine an eigenvector v,, 1 corresponding to the smallest eigenvalue /\,C,':El of the
generalized eigenproblem Pv = AQu;
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e If the first component vgll is nonzero, compute the vector ygB € R™ by scaling

Um41 such that

{ 1 ] L
GB = 1 Um+1,
Ym vin?l—l

o Set uGP = zo + VuySE.

This algorithm may lead to two possible breakdowns, either in the Arnoldi method
or in the scaling of v, 1. The first is a happy breakdown, because the solution may
be determined exactly using H,, and V,,. The second appears when all the eigenvectors
associated to /\f;’ﬁl have the first component zero, the inevitable divisions by zero leading
to uncircumventible breakdowns. In such a case either m is increased or the algorithm
is restarted with a different initial approximation ug. We shall assume in the following
analysis that uG? exists.

Kasenally proved that for any ug € RN and m € {1,..., N}, the backward error A,%B
corresponding to the GMBACK solution satisfies

185717 = v/ 2552 @)

Regarding the induced operator Euclidean norm, the following inequality is known:

1Zllz < | Z||lp, forall Ze RV*N, (5)

3 THE CONVERGENCE OF THE NEWTON-GMBACK METHOD

The Newton-GMBACK iterates may be written in two equivalent ways, taking into account
the properties of the Krylov solutions. On one hand, we may use the inexact Newton
model, write as
F'(y)sg® = —F(yx) + 187, (6)
and control the convergence of the iterates with the aid of residuals, by Theorem 1.
We obtain:

Theorem 4. Assume that the Newton-GMBACK iterates are well defined and converge
to z*. Then the convergence is superlinear if and only if

721l = o(IF(z)ll), as k — oo. (7)
On the other hand, we may use the quasi-Newton model, write
(F'(yi) — AFF) 587 = —F(ye), (8)

and control the convergence of the iterates by Theorem 2 with the aid of the backward
error. It is worth noting that the GMBACK algorithm does not provide the backward
error itself, but we may use formulas (4) and (5) to evaluate its magnitude in the Euclidean
norm.

We obtain:

Theorem 5. Assume that the Newton-GMBACK iterates are well defined and converge
to z*. If

AP 50, ask— oo, (9)

then they converge superlinearly.

It is interesting to compare which of these two ways of controlling the convergence
is most efficient numerically (since the evaluation of the residual may not be a trivial
computational task when the dimension N is large). This is the purpose of a future
investigation.
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