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STRORGLY PROXIMINAL SEDS IN ABSTRACT SPACES
by
TOAN SERB

Let X be a Hausdorff locally convex space with the Tozelogy
generated by a family (p,’()meA of semi-norms on X and let i be

«

a non-void subset of X, By the metric orojection on N witn poc-

pect to the family (pd)o((__A We understand the applicuticn

B, X—2" defined by

Ly

(1) Pu(x) = {meiﬂ: PulX = m) = du(x,) = i?f~ p (& =y, Vde&}
e ;

(see [6] ). If X is a normed space then P, is the usund neprie
projection on 4. In this case alx,n) = inf{llx - o' : m'é;f}
If (X, £) is a metric Space and i is a non-veid subset of
the metric projection B, : ¥—2" is gerineq similarly by

(2) Fx) ={mes s $Cx,n) =inf f(v,an)}.

m'e i

In the definitions given below X denotes A loeully coryvox
or a metric space, ¥ is a subset of X ang Pooois the covroe-
ponding zetric projection, given by (1) or (2), reEpect ive ly,

If for every xe'x‘\j, card Pm(x) 2R 2 &cand B )< N

or card P .(x) = }(0, then the netric pRojection P, iu ecaiied

multivalocd, Tinitel maltivalued or copnd
——— A - o s S AL e S AT S O

respectively (see [44]).
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ir Py 18 totally multivalued then the set M is called strongly
proximinal. It is well krnown that every proximinal set is closed
So that every strongly proximinal set is cosed too,

In [#{] we proved that if ¥ is a strongly proximinal set of
a Banach space X, then card P(x) 2 ¢ for every xeX\- I, where
¢ denotes the power of continuum, and that the comple-teness of %
is essential for the validity of this result,

Suppose now that (X, ¢) is a metric linear space, where § is
. & translation invariant metric generating the topology of X. We
gave in [14]

(X, 5

dn example of a finitely dimensional linear metric
space containing a subset A& with finltely multivalued
2eTric projection. The anit ball of this space isn't convex.

In the following we study the cardinality of’ Px) for a

strenply proximinel subset

i of a completie metrizable localiy

convex spacs (a Fréchet space),

of vhe Frachet space X. In the fellowing theorem PM denotes the

@etric projecticen with respect to the_ fanily (pn)neN‘

THEOREM 1, I2 % is a strongly proximinal subset of a Fréchet

X, then

Space

(3) card Pﬁ(x) > ¢

Procf, Let 4 bs a strongly preximinal subset of X and let
X € LN, Let Bn(x,,r) ={yeX: pn('x -3y) ¢ r} and let 4, =
= (in(x;:.f‘z') = inf{pn(x - m) @ ei.l} » for n = 1,2, ..., . As a stron-

gly proximinal subset of x the set & is closed., It follows that

PM(x) =40 ﬂ .“‘J‘(X,Cln) R

> WEL -

ig alsc ¢losed. We ahall chow that -Pm(x) has ac isslated - pointe.
“hie will iwply that PM"\'xJ iv;:,-a perfect subset of the complete
metric gpace X, so that by Theoven €.65 (51 . cerd Fy(x) 2 e.
Let's now show that
Pl

PE(X) bas no isvlated points. Suppose on

the contrary that contains an isolated point m . It

fulliows that. there exist a Tinite eubset {nl,_ Doy eeo i § of ¥

and. a8 nunber S > O such that

{47 pni(m0 -m) > &

Lo all 1= laZ,..0,%. We shell show first

o I's 2 .
wePplx) i,y end
uhat dD (x,#M). > 0 for i = 152545 .4k, Suppose thap d,n_-(x,r.i) = 0
i b

Molyoaayltl, Then p {x ~ m) = Q, i.e.

Lop g elemsnt i of

X om er:‘l‘(O}"r Tor il ﬁ-ﬁ?m‘.(ﬁé.}; fince ¥ is strongly vroximinal,
Py,

my € Plx) “{m . It Coliows that
- T » (e ) e R ) ) € \_l(O)
Ll TN A s 1 * o Lni v

in contradiction with (4),

Therefore 4, (€M) >0 for 4 = 1,2,0..,k. Lot r =
i

= max idn. 1 i = 1,2,....,,-1{'} and

€ =& /7. The relations (4) be-
i ! ;

coms:

(5) By (my = m) > ® = £r > g d, (x,N),
‘ By .

for ali mEPM(x)\{moﬁ and 1 = 1,2,...,k. Choose @ > 0 such
that € < 1., For x, = (€/3) x + (1 ~ (£/3)) m, we have
Pz = x0) = p (x = (8/3) x - (1 - (€/%)) m,) =

= (1 = (€/3)) Polx =) = (1 - (E/3)) 4, (%, 1)

~

for all neN. Since dn.(x,m) >0 for 1 =1,2,...,k it follows
i
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that x € X\, On the other hand
PalXo = Bg) = py((E/3) x + (1 - (€/3)) my = m,) =

= (£/3) Pu(x = m) = (Ef3) d,(x,1)

for all n'ell, so that dn(xo,-.'.l) £ (€/3) dn(x.Li}. Let now mell,
If m¢P.(x) then there exists neN such that

Pplx, = m) 2 Pplx = m) - Pp(x, = x) > a, (x,i) - Pplx, = x) =

G5 = (1= (/3) a,(x1) = (/3) ay(x,u),

which implles that m&‘P;i(xo). Ir maPM(x)\ino"; then, by (5)
pni(::o -n) > Pni(“’o - m) - Pni(”‘o -x) > ¢ ﬂni(x..ﬁ) -

- (&/3) anicx.a) = (2 a(zs) dhitx.ﬁ),

for i =.1,2,...,k, so that méPH(xo).

Therefore, P.’.i(xo) ={m,} which contradicts the.hypcchesis that
% is strongly proximinal, .The proof is complete.

Iet now X be a real Banach. mace and U(X) its closed unit
ball. Let X" be the dusl space of X  and U(x™ its closed unit
ball,

A point X, of a subset L of %X is called Ik - &xpoged if
there erists 4 linear independent subset {x : xg. ,x;} of
u(x™ ) auch that

x;(xo) > x’{{x)_. for all xei,

x5(xg) 2 x5(x), for all x euns, ,
(&)

x_1(x,) > xe_1(x) for all xeun 0N ... 0H

k-2 0
xMx 3> ANUx), Por a1l weun By0... 08, Nixd,
s o

v - v - s L -
where Hy is the hyperplane given by the cguation xI(x} = xi(xb,,
1=23,25.009k=-1, [M] . For k =1 ons obtsins the ususl noticn
of an exposed point ((37]). ivery E-exposed point of M is alze

n~oxposed for all nyik,
%e proved in [4{] that if X is & normed space which coptains
& strongly proximinal compact subset them U(X) has no k-expoueq
points, kell, arbitrary. By using thnis result we will exhibit a
large c¢lass of spaces which conbain no strongly proximinal gompact
sets, In particular, all strictly coniex spaces belong to this class.
PROPOSITION 2. If X is a Banach space such that U(X) wud-
mita‘of at_least 8 support hyperplane B with Hﬂ,U(X) compact ,

then X contains no strongly proximinal compact sets.
f. Becall, that a closad hyperplane H is called a support
k p

byperplace of a set M if HNM AP and M is contained in a
closed semispace dstermined by H.

Suppose that H is a support hyperplane of the unit ball U(X)
such that U(X)NH, is compact. Since the set HMU(X)  is also
convex, by the Krein-iiilman theorem, it has an extreme point.
Moreover the set HNU(X) contains an exposad pnint x see [3]
Corollary 3.5.7 .

Suppose that H 1s given by the equation x%(x) = afx Js

(4]

Let x;_' be an exposing functional for X, d.e.

€] =) <xfx,),

for all xiﬂﬂU(I)\{xo'i.
Without loosing the generality we can suppose that

(8) x(x) & x*(x.),

for all x €U(X). The relations (7) and (8) show that x, is a
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~=exposed point of 0O(X). By M1 . it follows that X contains no
svrengly proximinal compact sets. ' i

A Banuch space X 1is ealled of (CR) - type if for every closed
Lyperplune HEX and every xeX the set- Pg(x) is compact (e-
ventually void), The strictly convex and the finite dimensional Epa~
ces are of (CR)-type.

The above proposition implies

COROLLARY 3. If X 1s a Banach space of (GR)-t e then X gon-

tains no strongly p'ruxlﬁ::_l,gal gompact sets. .
In"the following we strengthen this result, by showing that the

spaces of (CR)~type contain no strongly proximinal sets with the

fadon-Nikodjm property.

A subset K of the Banach space X has the Radon-Nikod{m pro-
2205y whenever given a probability measure space (0,3 ,/I-l-) and a
countably additive Jt-continuous F : ¥ — X for which {P(E))}«(E}
: e, M(E) £07 cK, there is a Bochner integrable f : () —» X
guch that :
2w = [ 1) apw)

B

for each. ¥ €2 | (4]

Let £ be a cluaéd bounded convex subset of a Banach space X
and suppose that xOC.K. The point X, €K 1is a strongly axposed
point of K if there is an x"ex” which exposes x such that
{85, x*, ) : a>0} isa nelghborhood base for x in & in bhe
norm topology, where ;:

B, x",d) = {xeq : x*(x) > sﬁ (x"(3) =a) = ;r."'(xn)l -y .
J

Toon ™ x* strongly exposes x. We will denote the set of strongly
szzosod points of X by str.exp (K), and the set of strongly

mosing functionals by BE(K).
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‘In the sequel we have need of the following result :

THEOREM A. (R.R. Phelps [9) , J. Bourgain (2]). Let £ be a
closed bounded convex subset of X and assume that K has the
Radon-Nikodym property. Then & = co (str.exp (£)). H over, SE(s)
15 a dense Gy subset of X.

In particular, every compact and convex subset of & Banach spa-
¢e has the Radon-Nikodjm property.

THROREM 4. Let X be a Banach spage of (CR)-type. Thep i con-
%ains no bounded comvex strongly proximinal sets with fhe Sedon-
Nikodm property. i

Proof. Suppose that X contains a bounded convex strongly pro-
Ximinal set M with the Radon~Fikodjm property. ILet =xie I\,

The set Pu(x'} = B(x',d(x',l))NM 4is closed bounded convex and
containa at least two points. (Here B(x,r) denotes the closed ball
of radius r with center x). Since the intersection of ?g(x')
with the interior of B(x',a(x',4)) is empty, we can apply the
Hahn-Banach theorem to find a closed hyperplane H supporting
B(x',d(x",¥)) and separating the sets M and B(x',d(x',2)). It
follows that P, (x')cH. Suppose that H is given by the equation

(9) x(x) = xm,),

Where m, is a fixed element in P, (x').

We can suppose that x](x) 2xm ) for all xeB(x',d(x',¥))
and  xj(m) £ x{(noJ for all mech. Bince X is of (CR)-type it
follows that the coavexY 8, =H 0 B(x',d(x*,uM)) =8 N B(x',d(x' H)) =
= Pa(x') 15 compact. The set 8, = HNE 1s a closed bounded con-
vex subset of M. Since M has the Radon-Nikodym property, the set
82 %ill haeve too this property. Then by Theorem & there exists an
exposing functional xgex* and en element x,&S, such that
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- K0 > 3fxg), for all xeBpnixgds

P 3 cher 5 gn element x, &
iy e compactness of the sef Sy there exista 1

2y Such that
(11) x3(x) & %5 (%), for all xes;.
Dafine now x"e€ XNM by
C12) X" = x4+ x, - Xye

] =
“ithoeut restricting the .generality we can suppose that x| =

' ' ou
) "lx—‘— "= 1. The relation ;(I(x} > 11*(.510); for all XEB(X |d-(x ’ ))

' 1 LI § e
insiies x;’(xt e mo) ?.Il*(-xl = x) for all x e B(x',d(x"',M))

‘herefore
xj(x' = m )/a(x' M) = x;_'(x' - m )/1x' - ) =

{x]Cx' = x)/ux* - m Ny = wxh = 1.
xeB(xt ,a(x*, 1)) L

sa that x}{x' - my) = d(x',M) = ix* - m .
Then . |
1= = w2 A x(x + x5 mx =)l = | xfx - m) o+ xp(x) -

= )] = 1 =)+ ximy) - el = It - )+

+‘xi(m° -m) = jx' - al o+ z{(mu - m) 2 |x' - 110[! = d(x',M),

for all mel, which implies dA(x",4) > aCelM) > 0 and =" e XM,
Bimce x,ell and x" - xyl=llx' - x; | = a(x',4), it follows that

KQ&'P!.!(I") and d(x",M) = d(x',M).
Let's pr;awa now that Pu(x") ={x,} . Let m'e Rym' £ x5, Since
x, €8 =H N B(x',d(x",4)) we have

" . ” z-
U = 2) = 2w xy =% = %) = xlx - x) s
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=X = x| = d(x', ) = x" - 0 .

which shows that the hyperrlane H supports the ball B(x",d(x",n)¥
at the point 'xae M., Bince H ig eilsc- 4 Supporting byperplane for
M it results that x3(m - %5) £ 0, for a1l melf, so that n

n B(I",d(x",l-f)) nums= Pu(x“) c 82'

Since m'e PM( X"\ {x,}c 52\ ix}y, taking into &eccount the relass
on (10), one obtains i '

(13) ) > x(w).

& Ha =H - %y 18 the paximal Subepace of X paralsl to E,
then i

(14) HnN B(x",d(x",?d)) = PH(x"} = Ps(x' v x, - xl) =
= Pﬂa(x' +X5) = Pﬁo(x' + X5 = x + %) =

< PHD(x' & le + X, - Xy = PH(x'}_+ Xy =X, =

51 X, - Xy
By (11) and (14) one obtains
m'= m o+ x, - %
where m € 81 and .
5) " xCa = x3tm) + x; - %)) ¢ x0x, + 2 = X)) = x3(xy).

But, then the contradictory relations (13) and (15) imply that
Py(x") = {x,}, and since x"e XN\, these will imply that the =
M ie not strongly proximinal, The theorem is proved,

REFERENCES

[1]  Asplund, E., A k-extreme point is the limit of K-axpoged

points, Isruel J, fath. 1,3, 161-162 (1963). -



31

[4)
[5]

{s]
7]
fa]

[91

[10]

[a1]

maﬂm Tlectures Noted in Math., Springer-
Verlag Berlin Heidelberg New York Tokyo, 1963.
Diestel, J., Whl, J.1.Jr., m Math. Burveis 15,
Amor. Math. Soc., Providence, R.I,, 1977.
Hewitt, B., Stromberg, K., Real and Abstract Aualysis, Springer-
Verlag Berlin Heidelberg, 1968.

Hirschfeld, R.l-.

Bapach spaces, (Russian) Dok, Acad. Rauk. BSSR,
239, 2, 261-264 (19?8)
Hmlps,_mns Dentabi 20c_extreme points in Banac
J. Fanctional lnalys.ta (1) 17, 78-90 (1g4).
Binger, I., Ces

tor spaces, I, II, Apal. Numer. Teor. Approx. 10, 1-
101-111 (1981) & 11, 1-2, 155-166 (1982).



