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ON STRONGLY FROXIMINAL SETS
IN BANACH SPACES

Toan Serb

0. Introduction. We have investigated in the recent papers

{127 ana [13] the existence of strongly proximinal or other similar
sets in normed or other spaces . There were obtained also some cha-
racteristics qf the unit balls in normed BSpaces which contain boun-
ded respecfively compact strongly proximinal sets,

The aim of the present note is to give new results in this di-
rection. We begin with a result concerning the existence of weakly
compact convex strongly proximinal sets in normed spaces. Next one
obtains as generalization of a result in [12] , that the unit balls
of normed spaces containing weakly compact strongly proximinal sets
cannot contain exposed points, k - exposed points or vertices, It

is also showed that there exists a wide class of Banach spaces

which ‘does not contain closed convex and bounded strongly pr._ximins)

sets with the Radon—leodjm property.

1. Definitions, notations. preliminary results., Let X be a

' mormed vector space and K a non-empty subset of X. The metric

projection with respect o the set M 1is the (generally multivalued)
appiicaeion Ph : I--EH + defined by :
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BAx) = {mel ; Jx-np=dlx, OF,

where d(x, M) is the distance of x from the set MN.-

~ The set 4 is called prox.iminal-if Py(x) £9 , for all xeX.
i is said strongly proximinal if for every xe€X~M we have -
card P,(x) > 2. A normed space contains a strongly proximinal set
if and only if X is non-strictly convex. It is known [12], that
is a Banach space and M ©X 1is & strongly proximinal set,
for every xeX ™~ ¥ and that in this propo-

it X
then card PM(x) > c,
sition the completity of the Sspacé is essential. Since the proximi-
nal sets are closed, it follows that so are the strongly proximinal
sets, ;

Let X° be the topological dual of X. A point meHM is an

gsremal point if it is'nt the middle of a segment contained in M.

A furzsicnal x™eX ‘{07 is called the support functional of M ,
if x=* attains its supremum (or its infimum) on - M. If x™ attains
its supremun {or its infimum) on a single point n#'el , then x~
is said exposing ru.nctionglr for M and m, is called exposed ;E'og‘ b
Denote by (i) the set of support functionals and by #(M) - the
set of exposing functionals of M, e

Let K be a closed bounded convex subset of a Banach space X,

and suppose that x € K. The point x €K is a strongly exposed
point of K if there is an x*eX" which exposes x such that

18k, x%,¢): a>0% 1san:eighhurhnodbane for x in K in

the norm topology, where
S(K, x*, &) = {x ek : x*(x) > suwp (%) - «).=
yeK _
'=x'(x°)-d}-r

ds say that =z strongly exposes  x. We will denote the set of

strongly expesing functionals by E(K) , and the set of strongly .

]
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' exposed points of K by str. exp (K).

The c].qsed.‘ convex poundéd_'subsat K of the Banach space X has

- the Radpnfﬂikqm‘ _21‘029;_};[ Whenever given a probability measure Spa-

e (_n_,z,)l.) and a countably additive A continuous F :X — ¥
for wgich-{r(n) / K(E) s EeXL M(B) £0F © K, there is a
3oc.hnei' integrable £ : [} — I such that
F(E) = jr(w) a pw) ,
: E 2 : E

for each E& 3, [5] . A Banach space has the Radon-Nikodjm pro-
perty 'whenévn_ar‘ every closed convex and bounded subset of ¥ has
this proparty; )

ol T is well known the following theorem of R. R. Phelps [10] and
J. Bourgain [3].

THEOREM. Let K be a closed bounded convex subset of X and

assume that X has the Radon-Nikodfm property. Them K =

= co (str. exp (E)) amd YE(K) is a dense Gy subset of X.

5. Main results., In [8], S. V. Konjagin has given examples
of VJVAanach spaces contalning bounded, respectively compact strongly
proximinal sets. In [12] we proved that the unit ball of a norme:
space 1s strongly proximinal if and only if it has no extremal
points. It follows, for example, that ¢ o ad I,(0, 1] contains
strongly pro:imina.l closed bounded convex bodies.

The question is if in a Banach space there exist strongly proxi-
minal compact (weakly cbmpacf)-convex sets. Modifying an example of
S. V. Konjagin it can be-proved that the set M of co' (with the

sup-norm) , given by

Medxe ()i, e, xefo, wil, 1=1,2 ...,

is a compact convex set and that M ;s a strongly proximinal set

'£0o. We shall prove in the sequel that thers exists a large class
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of normed spaces which do not contain weakly compact and convex
strongiy proximinal sets. It will be showed indeed a more general
result. Firsfly, we will introduce some notations, i '

for a funetional x%¢ X" and for a given set M we consider

the following sets

sup x"(m') s
m'e M

M‘x* =§_meM : x'(m)‘

inf x*(a) .
m'e M

1]

Uy e =imeM : x™(n)

T :
It is clear that M° U M, is a non-void set if and only if

L 2
#* is a support functional for M and M* or M. consists of a

single point if and only if . x® is an exposing functional. Denote

by Y ) ( £°()) the set of support (exposing) functionals
which attain their suppremua on M. An analogous notation ‘Fu(M)
( %e(i)) is used for the set of functionals which attain. their in=

fimum on M. We have :

oy =~ S, P u L = fu ,

®»
and the analogous relations for ‘E(M). ‘For x{. xg € X denote by
% xs 5 x5
i1 2 the set (M 1) 2.

I Analegously for M e = .

TR

LEMMA 1. Let X be a normed space and M a subset of X. If M

: L
is strongly proximinal, then for any functiomals xI B gsieas iy x; € X

we have :

T e K
(1) wl T g T,(Uxi =

e

U being the closed unit ball of X.

Proof. Without loss of generality we can suppose that || xfﬂ = 1.

» r-" &
Let's now suppose that there exists an x¥¢€ £ ey N

#*
% and x &

v *
n ?*(UXE i x;)' Then there exists m, € M £
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€U such that :
; xy cee . Xf

¥ SIS * *
z*(mo) >x*(m) ', forall meml " T

(2) b \ -

x*(x,) ¢ x"(z) ., for a1 2w e,

_ ; n

x{

Since mo.eM and X, € Uxi we have
P

At %) (my) > x(m) , for all mem,
3 :

: x{'(xo) ¢x(x)  , for all xeU ,
From (3) it follows
&y, ._ * :
x(x,) = ;25' x(x) = - oy z(x) = - Ixfll=-1, ana =l =

2 ¥
Let x' = By = Xge We have ljx' - moi = |Jl- xo" =1, Let m'eld be
fixed. Then : ;

(% x' = m* | ?lx{(x‘ -a)| = ]x;(mo —F = n')| =
= lxI(mn -m') - x;(xo)l = x{(mo =@t ) I

21 = jx' - .

Hence m eP,(x'). Since x_eU x) 2
o~ "M oS Uy» o# and m € N we have:
T .02
B

1

x;(mo) 2 x;;(m) » for all nm eMx .

(4)
fx) 2 x¥(x)
*\%) £ x(x)  , for all XU -
From Nx.' =o'l > 1 it follows flx' - will ® 1 (choaarois ny
4 Py(x*)) or |x' -a'f = 1. In this last case from (&) it
follows

x’{(m') = x;(mo) .

i
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- : =
and (3) implies m'& ﬂxl , and h.-a-nca ;
x o' - x') = I-I_(mu ;'x')'=x'f(x°) 5
From (3) and the last- relation we have : m! - x“’.“zi‘ . From (4)
and the last relation is obtaimed :- - :
x;(m' -x') 2 z;(::o) * :i::(md -x') and
xpt) 2xx(my).

x"
Because m'eM 1 , we have from (4)

>

xS(m') = xa*(mo) i also from (4j . n' G'Mxl 12 i
Moreower -
x;(m' -x') = x;(no -x') = x{(xo) .
and then | ol
' - x'e Ux; x: i x;_tn' -x') 2 x;(xo) = 'x;(m‘o = = i) I
x;(l'). zi;(mo) -
» oy

12
where from m'e M it follows
Feat _.: Ly
xz(a') = x;(my)
and so one. We have finally sz

I;(-') = x;'(mo) v

i T g
nt ey L n-1 § and m' - x'e U g L e
X eee X4
o x -
Since moel‘-[ H xoeﬂ ” we see Ghat

L]
T

S TN, o S N .

- then I':I._th &n analogous proof it can be showed that if U

. e
g ; ] w
(5) T80 2 x(w) , for all mew'd

x;(xq')_ '3 x;(x) 4 for all x« U o %
X.l s xn_l L

and é(m') = x;(mo) it follows

; & =
s uxl- cee Xp o

m*e M .zn ‘and x;(n'-x')=:;(°-x')=x*(x)
: : i 4 el it
. From (5) and the last relation we have :
m' - x'el_g

xl... x:‘

: = .
2 X eee
ut from (2) and m'e M *n we have m' = m, or

x"(my) > x*(ar).

In the last cése we have :
xl( i = - -
m x)<x(mu-x‘)=x(xo),

which is iJ.'l cnntradlctioﬂ 'ith the relatlﬂn m' - x"'"€ [ L 3 -
X oas X
i G n

and with (2). Therefore we have lix?

Then PBy(x') = im Y. This fact contradicts the strong proxi
of M. The lemma is proved,

=o' >1 or m' =m.

minaliiy
- Bemavk. If the relation (1) in the lemma is changed in

] v x;) EP

i syron-

;1: proximinal, it implies that (1% is verifieq
Therefore, for every strongly proximinal set &cX

- "y and for any
Tunctional x7, ... Xy € x*

: we have 3
av [l ) ) e ]
. -3 A 4 E £ n

* xflc-a x*
U [ 23 n"f.([rxf : x:;.)] =9 .
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For n = 0 the condition (1") becomes- :

(1% 9% ntmIu [ n fml=4.

This condition is verified by every strongly proximinal seb, accor-
ding Lemma L in [121 .
THEOREM 2. In a Banach space with the Radon-Nikodym property e-

very strongly proximinal set is unbounded.

Proof. Suppose that there exists the bounded set B which is
n by R.R. Phelps' and J. Bourgain's theorem,

strongly proximinal. The
set of X*. Then (V) =

it follows that {f(U) is a dense GJ‘
= = ‘i’(U) is a dense Gy set too. On the other hand ‘fr(B) is a
dense Gg set of x* as a consequence of a theorem of R. Huff and
5D, Horris [7) (see [4] pp. 70). Then x(® N F'(®) £9 asa
consequence of the Bair;a category theorem. This is a contradiction
%ith the condition (1°).

Phecrem 2 improved a result obteined by the author in 1121 pp. 165.

For finite dimensional Banach spaces this senbtence is known,(see [8]}.
PROPOSILION 3. If X is a normed space, M<eX 4is a strongly
oroximinal weakly comprct set, then U does not contain exposed

points, k-exposed points and vertices.

The proof was given in [12) in the case when ‘M is compact.

With minor changes the proposition 3 can be proved in an analogous
#ay. The notion of k-exposed point was introduced in [12]. & similar
potion was introduced in [1]. A& vertex m, of M 1is a poink in

*
which the set of support functionals ef M is total on X .

PHEOREM 4. Let X -be a Banach space and K & closed convex and
bounded set with the Radon - Nikodym property. If the set K ;q
stronegly proximinal, then for every neN and any functionals .

x'{, R X¥, we have that SO,(UII ey x;) is a f:u:st category
set in X'.'Particu;g'_g, ':P(U) = 9’,(1]) is a first category set.

i
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. Proof, Buppose that there exists the functionals x;. S s (2

; [ n
* s

€ X™ for which 'f,(Uxi- L x:) is a second category set, Since

X e AE
1 el
M 1s a closed bounded and convex subset of M, it follows

1 e
that M has the Radon - Nikodjm property. From the Phelps-
" oy
Bourgain theorem we have that 'f'(M ) is a denmse Gy set

of X®. Prom the Baire category theorem we haves

* T T
:ﬂ(“xi- b t;) 4] f(Mxl xn) £,

which contradicts the relation (1"). The theorem is proved. -

COROLLARY 5. Let X be a Banach space and N a strongly proxi-
minal weakly cd;n_g' act and convex subset of X. Then

"ﬂtux;_-' e r"])

is a first cartegox_:x' set for every choice of the functionals x{,

feiESE X,

~ Indeed, from.the J. Lindenstrauss' [9) and S.L. Troyanski's 14}
theorem (see also [#], pp. 60 and [2]) we have that M has the
Badon - Mikodjm property and the corollary follows.

COBOLLARY 6. Let X .be a Banach space, admitting a closed boun—

ded gonvex strongly proximinal set with the Radon — Nikodjm property.
Then the intersection of a support hyperplene of U with U is not




ay

[
(@]

|
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