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. ON THE MODULUS OF CONVEXTTY OF rs SPACES
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e modnlus ef ennvu::ﬂr; of Lp or 5[0,11 was obtained

-ﬁmb:ﬂ.mr[yltmalmﬂl) In this paper we are propo-
.qummmmuuueonunt;m "b(/"n)' HE being

a Ruborl: space, ns:l.ng a measure theoretical lemma. This lemma,

' :hl.spil'.'ad from another lemma of 2. Figiel [2], gives relations |

bet-eanahmnkspace I and the space LP(/I- X). The well known
Mﬂmam:mmnaulingmdoﬂndmm-em
truction in a patural way. 5

! Dencta b; (B M S f.) the triplet consisting of a set 8, an
l.lglbn . aof uubaetu of B, and a ,finital: additive function H
dnﬂ.ned on ¥ and with values in the extended nonnegative lamiu:is.
A set lez » With /l(l)ﬁo is saidtnbeanltonror/l if
f-(!) =0 or /t(]?) = /&L(E) for every set FcBE, Fe> . The
function )“ is said to be purely atomic if every set E€ 3 with
/l(l) &0 contains an atom for Ao and /u. is sald to be non-
utam.tc if thers are no atoms for Mo In the following, if E e,
in an atom, then automatically we suppose that /J.(E) <= , Let
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L,(8 'E./-’-. X) =Inp(/u. I) , l4pcoa hemmmaﬁapmg
classes of P integrable- runctions deﬁmd an. 8 md hav:!.us the-
valpes in the Banach space I. As it :Ls Iell—mln the nom en
I.P(B .Z‘,./A.I) is given by :

s
ll:ﬂil; = (5 llf(s-)ﬂp/ps(da)r ) .P :
A 3 ‘

It for instance B is the set of matural mumbers, ¥ is
the family of all subsets of 8 and /U. is the cnt‘mtihg' measure,
then we obtain the well-kmown space CP(I). The vector space of
all classes of Vs -simple integrable runetionl dafi.ned on 5 with
values in X will be denoted by 8(X). )

It is known that S(I) is a dense subapane of BPCB ,Z : fl, X), |
14pee, ([1]) end as a subspace of Ep(/“. I) B(IJ (mﬂd '

B (I) ) will be a normed space with the I-p - norm, For the sat
L’ € > , denote by XB the characteristiec’ function with respect
to E. :

In the saquel, for a nomed space (I,II i) &and for a ﬁzad.
P> 1 we shall use the following nntation t

g == -n® 1= f 7 : z.'.: e"I.' b fllxl -‘1} .

6 = {ax-n” Az + 7P 4 x, ¥ e!. '_uz'u":f m‘% - 2}.

. e e 3, 2. it e s e
zp(x) f ‘7’?(1“) 'f°1 oue °§ ‘

for every Banach space X, Here ¢l conv G§ means the closed
convex hull or Gg

n-i»

MWMd sm unms.aubapm a(x) of
I-’CB .z:./c.n mmmuum (8 ,‘z /A).

| T 1 ges tﬂ-?:w o8 txiplet as sbove. Supposs
MMMM&JE.%,:
e 2. such that 64 /-crt)f--». for i=1, 2,3, 4 Them:

Biers ﬁpm » “l's,(x; = sy G .

M.rmn,uummuummm-m Pec X

-!ith Ol-/t(l)é o mnmnm, then the hypothesis of

thalsmma.unmhd. Inmrth:l.ah;mothnaiaumt verified if
/.,is pml';a.tmu and 8 can be written as a reunion of at
nnatil#nll-

~ In erder %o obfa.in (1) it is m:ﬁt:lcim to prove the following

lJ mv Ggghgj'(.x) .|
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Indead.tmnth.dntinitinhau L! Ox,ru-evez'_rnmod
spmn Y andfmthilfmml)lnﬂ.b)l

conv . 0} ‘E,(x) = (x) £ conv pr
l) Iat :-1, 71' sl,uiex hesm that
Ny P engy®

nap® + wuy®
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and congider the elment in. cenv o{ ct the formi . :
R e . u ~AXum - -ln’ - 1-1+ '31&’7 :

noriuth-elmnt! -E ﬂaa,m iu'a

(1—) ,/¢(1=) g, ’K_F +

wish he [04.Z) =
ilp —tf
%= (%‘) ) e, KF

+("7\)"’ P2 A, + (‘ @;,) "y '11:, 5

"I (l)lrf‘&' pl Ys *'(z) )L("l"u) Pe, ’L,_. e e
(l‘) (?) u,X +( ) f"ﬁ)‘qri‘i. ’X—F' s

mdtnthlstatment
where 1'1,12,5,1 are the sets conside |

of the lemma. Then 3

1€l = f—-/{(ﬂ:) il /L(a‘a)Jr S‘QLILG‘) ufg”x(a&o)-i-

“h“rft(do +S:13-/Lta) (il /L[J.g)f.

T,
(Iz‘ﬂr+ﬂﬂ U ) 4,

o g"’\f.(’F)
- 2 (1= "+u~gn') y g

and analogously 11 “
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=V'A 1,4, 1"+ C Az
\P

dlso
apd a) is proved.

15+l =2 ws,\\"f (1) Izt

b) Iet x, ¥ EBP(I). Then' x, y are in fact the classes of 7

 equivalemcs ef the functions i
, i e
vl T = ; 'xe': I.'_ .

where (xl)ll .1 Ove pairwise disjoint subsets of 2. with

ﬂ,: czt': 'LC—L "ji >

o“/"(‘i)z'” 'y 1-1, 2. eees i and :I:i.',yiel for

every _17- ]-1 2| ees plle
Buppose that 3

IIzﬂ:-r uﬁ; =

a
2. fE) i® e 2 @) g’

uui-
i e i
,i\z--:rllg = aﬂﬁ-ml’ /t(li) and

a
: AT P oz, .
I= + 3l a“‘if’ﬂ\ (B
kt ‘?1 | ‘q’; ex. i -1, 2, eee 'n ti"n byl

‘? [% (ﬂﬂﬂ + “71“ )1'1/? xy

- (3 (ux,n Ay v 7

ma e 3 (nxiu’_ + um\’),/u(si) = rifk(!,_) S ks Ls oia
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We have %:1_11-1 and );120-‘150

: b4, ‘ : |
wa® e i =2 Gxgp® e nm’;“ (_F‘il’ +yh =2,

and

'Zl (RE ST I(E“]II) ZR (& ln-}! lnfw J—

- 3 pee (g ,uww) (u-sﬂpﬂ“ﬂ,)

This implies ‘%(x) éma} mlmum

M bE 4 M umm-:dmmmum
atem then (1) is met true. qued..:tnthisum zesp(grnau
that zuzl'x_' , with X, €X l:l’-]lz‘l\lg}t(ﬂ)) and
‘B(t) -% Mp-n.uy 4 ummzumnm
spese X apd )>1 ﬂnd.(l‘lrmln:lf X=sR and p>1
u.ﬂm).

Inmpuruuﬂ‘rm x-n uuu-ﬁlh-btdnﬁu
set c; We bave

o} = {(lx-:t’ r:+;[’)::.;el, |x|’+|;-l’-z} =

= - unl" o it # ltl)’)"((l!l N M)’ |m ui’)a

.;.,u, txt’o m’-!i

and 1t wo put n=\1:|:t-tﬂl" B v-(ttlf\r\)? ham 4

-{(n;v) ' u; v20, (%’{P} VV?)P . 1P . AP . e‘?""j"
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How, Og is a curve in the plane uOv conteined in the first

quadrant. As a function v = v(n) 4t is decreasing. Indeed for
B>Ve

‘ o
e -1 yr, P ey lip
"I?’=—-u p cu q})-"(a ——2—-—~40 ¥p>l.
1 o (aﬂp.fd_f.rf)r—l_ (uﬂp_q’_llp)’f 2

\
: P2 e oup) P
tp -z 7 ue) — (W'
,v,ll= (’—,),'f ('?)‘---M’V‘Qz (a4 Y ) ( )
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and the analogous relations for v >u. Then we have v"(u) > 0
for p>2 and v(u) L0 for pe(l, 2). For p =21t

é-{(u..v)ll.v?_o, u+v=4%;

Then

conv B = $(u,9) 1 wyv > 0 ,(ul/P 4 VPP o | oM/P _ /PP, P4l

I+T£29}}

for p> 2 amd

mﬁ% Sl(u,v)sn,vﬂbe (uupi-vup}p |ul/P o /PP oPtL

la-v?z’j,

for p<(l, 2). Clearly 0':- cony cg »
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convOI; , P>2 oonvol; , pel(l, 2)
Let (X, 01D be a real normed space with aim X >2 &nd.

et By =xeX 1 Uxl= 1% be the unit sphere. The modulus of

convexity of X i defined by

cha) = int {1 -Ix+3Fl2: X,y €8y » nx -3l =€¥,

.

for every £ € fo, 23. :

0. Hanner (3] has obtained the modulus of convexity for {-p :
and {0, 1] wusing two meqqali.tiu one of Clarkson snd the
other of Beurling. Thigs modulus of convexrity depends enly of P
and is the same for {  end RRCH 1. In the fellowing we alse
obtainthismdulnsufmmnﬂﬂbynmmml, in the case of |
Ib(ﬂ 1o R)=I-P(fl). Bupponthew:ﬁiumnmlm "
satisfied. Then from the density of Bp(!) in I'p(f') and from

Lemma 1 we havet

ay¢n

)(2) = inf 5\1-\\z+ﬂ/2 . x, 768y .,ux-ﬂl‘-'_-a'ﬁ'fr

e -3 (Ep-?p)é‘%p(f.)'f " i"fil f'if ‘EP.--’p)f‘%p(kﬁ "

=m§1-§: (P rp)e.cnn;eﬁ}s
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o l"-(i; 2)“‘1‘1-0- ui e g o< oo}
TE i the sbove determined form
i St : ; : d £ of cony GPR

55“?(£), -‘m %X}'l(e_ te-aJ_}P .. ‘iﬁ_aéslp 2 2P+l
‘ . 7 eP + 2P (1 -S)’.;.z", %
s Wil )
L Iedle (i.)p)llp }
L e i
2E) @S PP e -S-FP

is d.emaa:l_n.“ have f-d)

2] lsgifnmlml:u S%t"lta),

8 e
() =ine § §
Rt vk « £ ¢ 1oa-@EnHVe.
=2) ,
A y A
e 1’9‘)(1—)_ is th- solution ef the equation 1
(1-§ +5P | .
fz) fll-é‘ -‘élp-a o ££[0,2] .
1 bl |
P>2'.“ obtein in an aenalogous way
s e
| (€) = \
go® = BT 11 @HP e D] -
=1=-(@-@HHY? |, £elo,2].

Tet (H,l-) be a :
real Hilbert
Then we have 3 space of dimension at least 2.
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2Lt astumatanentanh . | it o,
%((nz ,“2)1:/2 . (llzﬂnz)rﬂi : ﬂx(l-rtl W(Mm ' ﬂr l>z’ n.‘ d:'jz(" " ‘ L za; neve=ay,
tel0, 21”]- lv?‘li V

-{(u, V)l n:(t +(2-'bp)2,’-2t Ca t’)mu.d)‘(z,

ve(td (2~ P 2% (z - 9)”!‘@.1)?" ¥

t< [0, 2]Jp3 ‘g 3

& being the angle between the vectors x ‘and y.
ok willhehomddwmml

yVE(P u= (8 + (2 = PYVPP
-l o : - “Wﬂlﬁﬁw H. S0 from the demsity of B (H) in
$ = (2 = YVPP (m, H) %
v=| 5/‘ Iﬂ-k_ﬂnh—lum,

Then the domain .

s =2 -l

v = (t s+ (2~ tP)YP)P

S - R1-grcer B B0y

with tefo, 2/P] and for t =1,
3'3 -1'-_1'- P
Podecalaiicd, oF

n=(2—2°ono\)ﬂ2=(4ﬁn2§)w2

v.(zfamna}?’a;um?'é)”a fﬂil-is(s’;r’)emvcg?; 4

i.e, Og will be 51,v¢_mbyt. ' -l-l! 31 -i s (e? ,-rp) Emcgii‘{‘Ib(/L)(E)’

P+ /PP o a/P - /BP o P for every ¢ e (o, 2I.

[ '“lrhitr-r:nm.-.t.p.u H.
From Lemma
1 and the construction of Cj We can also prove

for p&(l, 2) and by
other known inegualities, In the following by I.p(S o /i ) we

(/P 4 v1/P)P 4 \u/P o VPP 5 oPtl
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understand an Lp space 1n Ih:l.uh (8 ,Z',./L) yukif:rhl tham—
dition of. Lemma 1. i e e PR e
The Clarkson's inequalities for npfs_ +Zop, B) are s
@ ED e |2 < axp e D), xy e,
for p > 2, and the converse _ine_duq].it;y for pe(l, 2). It 1s
sufficient to prove (%) only if we suppose '

P e
\llﬂp + il & 2.
Then (%) is equivalent to i
S+ vV £ 2’

for (u, v) e ogqu.ﬂ) = conv % s f p > 2, and this is ob-
vious. : .

Then (x) is proved and in the same manner the converse inequa-
1ity tor pe(l, 2).

The Beurling fl.naéualit: for .p >2 1is

Gx) il + llér']lp)l’ +| llz'[lﬁ + ||yfﬂp|‘9 2t 4 yf\\: + i - "“II:

where x', y'eI-p(fL. H). If weput x* +y' =x and x' = 3' = y
then (%) is equivalent tos o8 ;

(= ¥ Fllp + flx - flip)p + | Ux + Alp - u= - J\.lp|p >
> 2P (l\xllg + Hﬂl:)

-and (from the homogeneity of (x«)) it is sufficient to (xx) be
proved only for

hxip + 17 = 2.

ﬁ..

A8F

Then (%) is equivalent to @

—

(/P 4 ",}Jp)p + | aP _ vLV::]“; 2P+l

for every (u, ) ecg (/L,B) = conv Gﬁ » 1f p > 2, which is
: <irice p

qBvioua. The converse inequality also holds if pe(l, 2), For
P = 2 we have equality in () end (<x),
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