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ON A LINEAR SINGULARLY PERTURBED
TWO-POINT BOUNDARY VAEﬁE PROBLEM
by
C.I. Gheershiu

In this werk we censider the fellewing sene—dimensienal
corvection deminated singnlerly parturbed.convectien diffusien
preblem

gt g =, X el =1
(®,)
u(0) = 0, u(l) = 0
#cR, & >0, fixed, 0 < £<1, £ being the small parameter with
£ << & : _

Ve 5hal‘ll restrict our attention, without loss of gene =
rality, to the homogeneous boundary condi tions because the non -
homogeneous case is easy to be reduced to the firat one. (sea for
exsmple Tikhonov, Vasil'eva and Sveshnikov (8] ).

The case when the constant "a" is a function of =x Will
also be in our attention in the future works.

Functional context : the injection from Hl(o,l) to

¢®[0,1] is compact, and one can also prove that
TR 1
v(x)l) ¢ V2 |vi ¥veH(I).
max |v(x) ve i .

= “vuc""[o.l](:x e[0,1]

The etenderd veriational formulation for (P,) is (see

; L TIPS
for examle Glowinski [3] or Petrila &nd Gu&ﬂrgb:4L7] )
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find lE_B:(I) such that

(™) 1
1
ES "v'¢:+a.gn'vdx- gfvdz, Ungﬂ'fI).
-}
o
1
4s uwsually we shall note a(un,v) = sSn‘v’d: *
¥ 3 ]
+a- {avax, (5o BT X BND) — B st Ly) =
- ]
1

= {tvax, 1y gleny g,
-]

The functional a(.,.) is also ‘F—ol‘,l.:.ptle (we shall
mtaforthoaahdthhwlty aﬁ(ntn because

1 1 .
gu'vdx=- Snvi‘dx, Funve ¥
o @
and then
i 1 ) i} - R rs
a(v,v)= Efﬂd:+|-gv'vdx= ESvfzdz=£iv]
.U o °o v

“'hmlﬂ'inthnnomof V space.

Unfortunatelly, the constant of eNipticity is the small
parameter { , so the numerical methods for solving (P,) starting
from veristional formuiation (I'F) Produce severely ~oecillating so-
lutions (es the wsual Gelerkin method). However, the fact that the
problem (PV) has m ‘wnigque molution is classie.

Formally, it is natural to believe that B, ; "the solu-
tion of the (P ) problem, which is also the seme for (PV) problem,
converges in e suitable topology towerds u the solution of

(2) asm’ = P . X ET

Following the strstegy of J.L.Liane [6 ] (chapter V) we

iry to study the behaviour of the soluti 3
s : solution of {PE) Problan
Wnen the emall parsmeter —_— O

- Y =

Actually, this is the aim of our study, '

The boundary conditions of (P, ) problem cannot be both
satisfied by the solui.on of (2). The first question is to see
whether u,actually converges towards a sclution of (2) and to
determine which one. :

: _Ont of technieal ressons, which will bs showm in the
following, we shall attach to eguatien (2) the boundary eondition
(%) u(o) =0 .

Thus the problem (2,,(3) will be callod the reduced
Problem “PR) or terminel problem. It is obvious that this problem
has also a migue solution.

The mein result of this work is :
THEOREM 1. If m snd u are the solutions of (P,.)

'3
and respectively (PR) problems, them
) w, ——pu weskly in ENI).

The proof of this theorem will be done taking into con-
gideration two apriori estimetes given by the following lemmas.

LEmEA 1.. The sutemmt or the above theoru:l implies

(5) el ;IIH:Lm el 1.2(1) ol anm

where the constants ¢ end o, are independent of £ .
Proof. Taking the scalar product of all terms of equa-

tiom of (_1'5} problem by l-xle and msing the integration by

parts we have

1 1 1
: e

ef e Fwrdax + 25 (eia= (0™, &

o o _ o

o

1 1 _ 1 1
E[g R s ge“‘(upe&z} o 853 (a2 e (2 0 ax.
(] -] ]
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Using in the right hand side the Schwarz inequality in L2(I)
end in all integrals the Tirst mesn theorem, it is easy to obtain
inequality (5) for 0< £ ¢ Co= & (a).

Remarks 1. Using (1), the first tern from the left hend
side of (5) may be replaced by I usﬂ 4

c®lo,1]

2. The inequality (5) implies

(6) [lu F,H

the conatant C being every where positive and independent of & .

< b o
Lz(I) L€ H "

This estimation is in accordance with that of Ereiss [5 ] B

3. In inequality (5) the constant e is of "a™ order
end C is of 1/a order.

4. In the functional freamework of c™ 1) spaces, Dorr,
Parter and Shempine [1] consider more complicated (nonlinear) ca-

ses analogous to (PE) .

IRMA 2. Lst lr? be a function from 01[0,1] such that
(7) Lf’: 0 in & neighbourhood of 1, lf(o);:o and © -S‘f(x) <L xe]
Then ¥ u; is uniformly bounded in I23(I), ©< &< &, .

Proof, Taking the scalar product of all terms of equa-
tion of {'PE) problem by ‘L‘Ou:: we have

£ 0 0y 2 F 2 8
(8) == g[(uz)]v.rdx-a»a-y‘fu'&d::,srfu;dx.
L: ] a

For the first left hand side term, using (7), follows
1 3 1
- Snf[(u;):’]an--g-f(upz " Sfu;_]’vf?’ax=
o [ o
(9 T
£ K2 ¢é I
= oy [ () J(o)-rv-z- {a.) dx
e i s

Due to (5) the last intesral from (9) is O(4/€ ).
Oeing (9), it follows from (B8) that

(1)

- P

1

S:Tnfdx £
-

Ef’fu;dxi!

or, with Schwarz inequality

4 2 2

' 1 b »
ﬂ“"f’ *s H 12(1) <3l 2ty ly=e] -
Since 0O g'tf(x) <1, x &I, it follows from this last inequa-
lity that
2. 2

(20) ﬂ - <l

/ey uiﬂ L2(1) <1 “t?m
But Y a'f? has the same properties as \f s 80 (10) proves the
lemma. '

Remarks. 5. Relation (9) justifies the choice of bomm-

dary condition (3) in (FR) problem.

6. For regular ¥ one can prove analoguous estimations

with (10) for fu'}_ .

Proof of the theorem. The inequalities (5) and (10)

show that for 0 <& <& , countable, from 2, we can find a sub-
seéuence, also noted; m s ‘such that
Be —>W weakly in LZ(II
\Fu’ —— Tv' weakly im (1)
for 1{ from & countable family which satisfies (7).

he statement (11) shows that w ¢H(I) amd u (o) —b w(o).
Se, w(e) = 0 and passing to limit in the equation of (P,) we eb-
tain a.w = f, hence w = u.

Becsuse we "loose™ a boundary condition passing from
(P,] to (FR), that in x =1, we must have a boundery layer
(mathematically not hydrodinamically f).

Bow can it 'be foumd 7

Horeover, cam one construct sm approximate solutiom of
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(Pr.) if the solutiom of (PR) is nowa 7

The works of Ekhaus and de Jager [ 2] and Wasow [ 9] are

outstanding in the nathematical acceptance of boundary layer con-

Cﬂpt-
To illustrate this, we will consider following Wasow[9],
the problem
-&ui+u; =0, xer1, 0<éecl
(12)
u (o) =t , w (1) =Bl x>0, pBre.
Its reduced problem is
"w'=0 ,.xzet1
(13)

u(0) =« .

The examet solutiom of (12) is

A/ 1 -x/ 2y,
(14) u@=e ) | (a=p)e At "5‘

p ‘P In Pig.l, the solutions
of (12) and (13) are compa-
ratively oresemted, wheno<j.

-l As a censequence ~f the
= i _—".‘I' loss of a boundary condi-
: j tiom the convergence of
Fig.1. u,(X) a8 £ —5 0 cannet

be umiform unlees o« = 8 . It is Clear that any solution of a twe

point boundary value problem of the singular perturbation type which

converges to a aolutign of reduced problem in the whole interior

of the interval, as § —p 0 y must exhibit suech a nonuniform beha-
Viour near one, or both boundary points, since cme boundary com-
ditions are necesarily lost, as the order of differential equatien
drops in the limit. These narrow intervals are frequently called
bourdary layers (in mathematical aceuptién) because the physical

80 = called boundary layers that sccwr in Flow of viscous fluids
are wathenatically described by just such a singular perturbs -
tion problem. {

The work ef Ekhaus and de Jagu-[ZJmphaajm the sc-
tual construction of approximation solutions (net nunmericall) to
problem (i's A

Inourfpturllurkau'iiltz-_ytomto Some eof
the gquestions in cbnnect:’.on with these two point beundary valne
problems of the singular perturbation type by using numerical met-
hods wiich combine formal high accuracy with goed stability pre-
perties. One of these methods eould be the se - called stresmline

diffusion method, presented in the work of Johnsem [ 4] , which
in addition has important localization properties. These Proper-
ties show that ‘the presence of a boundary layer in the exact seluo-
tiem only affects the accuracy of the discretes solution closme te
the layer. This ia in contrast to the usual Calerkin methed, where
in general the presence of a beundary lasyer strongly degrades the
accuracy in the whele domain,
: j
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THEOSEW 1. Let (X,d) be a metric gpace and let Y be a nonvoisd

subset of X , If fe Idp X and 120 4is a Lipschitz constant for

f on Y then there exists Fe Lip X such that FII = £ and

| P(x) - F(y)| ¢ L d(x,y) , for all iy X




