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BANACH SPACES CONTAINING
PINITE DIMENSIONAL STRONGLY PROXIMINAL SUBSPACES

Ioan Serb
Denote by X a preal Banach space and by X" “bis dual. Let
U(X) be the closed unit ball of ¥ and for & non-void prober
subset M

of X demote by Py the metrig projection on U
defined by :

Pﬂ(x)=jkmEM: ix - =i ¢ jx-a'll, Vm'e-_uﬁ, ¥xeX.

The subset M is said to be proximinal if PM(x) £ @ for all

x ¢ X and strongly proximinal (ses t 6] ) if card PM(z) a2 Lo
all ¢ xfe LN K

In this paper we consider the problem of the existance of finite
dimensional strongly proximinal subspaces in some Banach spaces.
The case of O(X) with K a Hausdorff compact space was considersd
by HM.L. Ivanov [3] [4] and independently by A.L. Garkavi and
5.V. Konyagin [27] who also disscused the existence of finite dimen-
slonal strongly proximinal subspaces of chs,éf,;a).

This modelis are used in order to obtain some more gensral resuld

e

Let X be, firstly, an n-dimensional Banach space. Supposa

a3,
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, + ha™ g
j:l thare axist the functionals If 3 eer x; & Iﬁ. such that Indaed, let. yeX, y .= {?J‘. }i Iy Then for x“€Z N 2' we have
n -
|| ||::;ij 0 VRN L - i and x(y) =5 ’Ai x”(}i) = 0 and the set Z' 4is the one we nsed,
| z 121
= A - L . i
ﬂ, U(x) ={x<:x ' zf‘{-—a \]::L(x')t £ 1. 2) Por every yeXIN{0%, 2(3) is an infinite set. Let
| sl |
i ¥ - ;
N et T be an wm-dimensional (1< m < n) subspace of X. 7, ={I*€Sp (Z) 1+ x°(3) =0 , V7e 1-3 4

‘ Then we have

. Then 2, is a subspace of sp (Z) , Zy £ sp (Z). Let Z, be an
PROPOSITION 1. If for overy y € Y\{0} there exist at least
i - algebraic complement of Z, in sp (Z). It follows that for every
two functionals x; and xd s Al g Ly 3 E2, .. X ghoh

i shat x;(y) #0 and xg(y) #0, then Y 1s not a strongly proxi-
]

xYe Z,\ 0] there exists at least an yecY such that (y) £ 0.

Obsarve that the pair (X, Z3) whers
ainal subspace of X,

The proof is the same as in (3] ‘'where it was given for the case 2} =fz*h s z”éZaz\

C(K) where K 1is a Hausdorff compact with card K = n.
is & dual pair with respect to the canonical applicatien

fa!‘xZé

Indeed, let yY " and suppose z™(y) =0, ¥V 22!, Since

—R , defined by £(y, z*) = Z"ty) ,VyeY , ¥ z*e2! .

n

:
!
i Ihis result will be used in the sequel in order to obtain ana-
i
I

logous results for infinite dimensional Banach spaces. Let nom X

y*[r(y) =0 , Vy‘c_'zl and because for every x"c sp (Z) we have

&

bs a real infinite dimensional Banach space. The set 7 = ix’:'fid ;
{ Xy € I', Yiel is sald to be total over X if from xi‘(x) =0,

| for all 1 eI, it follows x = O, =iyt el y*ezl and z"“iz2 , it implies

' PROFOSITION 2. Let X be a{real infinite dimensional)Banach x"fy(y) = y"fz(a*) + 2]g(y) = 0.
1 space, and 2 =’\x£7]id & total subset over X of confinuous
’l functionals, 2 < XY Let Y be an L-simensional subspace of X

Z being a total set over I we have Fu==0s

e Suppose that for fixed z7 €2} , we have 2™(y) =0, Yyer,
such that for every y & Y\ {0y Shere exist at least two functio—

74 - X ¥ Then, from the construction of Z, we have 2z’ =.0, But the pair
nals x", y"e 2 such that x™(y) 40 and ¥y (y) £ 0. Then therc

= & o Zé) is in duality with respect to the canenic duality bilinjar
exists a finite subsef Z, = {xl‘ A ,xnlsg Z , such that for

form on Y XY, se Z} 1is (X", T) dense in s TS, Z).
avery y € TN\{0}, there exist at least two functionals I';: y Xo &

1 - & ] (Y being finite dimensional). Then there exist the independent
| € Z, with x/(y) A0 and x"(y) £ 0. ; ;
| - To === i =5 A functienals z.]'_’”, ,.&I're, Z%. Prom Theorem 1,1 p. 124 [5],
+= wi 4 s } : B
\ Proof, Oonsider the following situations: i Sy wird ks For ok & Y sueh bhat z]!_*(x‘_;) = "Y:L,j L e
x,
'.‘ 1) Por every yeI~30}, ths set Z(y) = i\x €2 1 x (3) £ Ot £ T e 3?13 belng the symbol ef Kromecker. We cam suppese that
| n ;
! is finite. Then the finite set will be 2' = [ 2(3;) s where the zj'_r ars restrictiens te Y of the projectisns z{- of

10 i=l
&
i=]

5_3' 1s a base for Y.
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runctionals I;t T e W ey . Bt From
xj(x.) = y{(xj) + z;(xj) v Rd=1, . m,

it fellews that II(XJ) = ‘513 ol T ol R L Al Rt T %xf o is

1) 1=l
2 base for 7T. Because for X there exist an infinite set Z(xl)
of functionals im Z such that 1*(11) &0 , V’x*é,z(xl) (and by
analogy for Xy aee an) it results that there oxlst the functionmals
Jrvoewe 4¥p €2 with {y], ... W §Nfx]s «oi 0 x3% =8 such thas

a
yi(xi) ALY ATENLSES Jhulet Ty =8 o X; an arbitrary sleament
123 *

of I‘\ﬁOj. a) If a single coefficiemt Ay is different frem O,
them y = )l X, and JI(Il) A0 2 xi{xl) =140, b) If there
exist at least two coafficients Al AQ and ')2 £ 0%  then

xl(;zg'ki xi) = 'Al xl(xl) £ o,
il=

n
xg<f-s=_"l A ) = hp x5lxy) A0,

Froa a) and b) 1t rosults that the set {xJ; ... ., 3f;'... .y: g
verifies the denditions ef the theoren.

3) Tbcere exists an olemeuﬁ ¥ « ¥ Buch that Z(y) =
=3x"ez 1 x(3) £0 ﬁ consists of a finite mumber of elements, and
tnere oxists -z €Y ~such that Z(z) = :“\x*«az : X (2) A0 7} is an

infinite sst. The set

{7€T ¢ card 2(y) <oo§ U0y,

is a proper subspace of Y of dimsnsion a . 1 £ m < 1. Suppose

that ﬂxl, e B8 xaﬁ is a base for this spacs. Let Z = Cf Z(xi).
i=1

Then, for every .y ©sp {xl, e .x#&\ﬁok, Zi verifies the eondi-

tions of the theoram.

Also we can construct a finite set of Tunctiomals Z" < Z \Z

Let now

theorem. For

and E Bp
chell LI'0R X
.

a

BVELY J ©.BP AT g5 s yX. % “A0] te have

This is pessible because one cam apply the resulc

or the votal ;set of restrictions ef functionalg

the com,lement of &p jxl, pd el o An e
''= ZT U Z5." Then 2' verifies the conditiens of the

Re T NA0K 5w e g 4w with ¥ e BD { X3y ses X

=

x yorews X k. Euppese  y' £ 0 eor . .ymé 0., If y* £0
m+1 n
My') = 0 for all x"< 28 , there exist two functienals
2 >

1) Wi=x,
-
) I & G 4
Lat L
y e T N3
o i J

xi(v) =X, (y' +3")£0, i=el, 2, Ir

. i
exi Xz o X, € 21" such that x.(y) £ C
> 4 1 it
R 3, Iet & be &a(real infinite dimensierzsl) Banach

Z = (xi)s. 7 2 family ef independent functionals.

=0l a1 e
=2x € X 1 sup \xf(x)| £ 1
i "-I <
be an bp—dimensicnal subspace ef X, such that for every
: { a . > » g D e
there exist at least twe funeticnals Xy IJ € 2 sueh

that x:(y) # 0 'and xi(g) £0, 14 j, Then Y  is net a strongly

proximinal sUuDSpace of .
Froof., By Freopesitien 2 there exist the functienals xi, oo X,
Z such th I every €Y , 7 # 0 there exist i, ) SPTE .
£ u :hat x;(‘;) EO S IT(JJ £ 0O
bse first that r > n, Indeed, if we have r < n, then there

¢ 1 ] BUC at
h 4 BT
ohR » i=1
. )
i t ¢ > 4




ST
and x’e,sp {I;EI,_%i;l « Then there exist Tye see ¥, 7 ¥ such
that

¥ E .
xi(yj) ="‘ij ’ i, d=1l,...,r ’

in contradicticn with the choice ef llxg, praul ,x; i. Then we have
\
T > D. Let 11 be the subspace of codimension r given by 1

4 =i}xex: xi(x):O, Ve ypaael” Lok o

and let 12 be a tepelogical cemplemcnt of Xl. Then X = IIKE;I,.

It is clear that dim 12 = r. The pair

(X 5 =p ﬁx*ilxz 121) {

is a dual pair with respect to the canenic bilinear form. We censider

the space 12 of dimension r and the subspace PE(YJ where PE
is the projection P, + X—X,. Then Yy c¢Y, 340, 3= 7'+ yf
Y eX, y"e B(Y) and x{(3) = xf(zy*)  HED

Bence fer every jy"e PE(Y) v YA O, there exist z, z* .

2 - d
1£3, i, J€1, ... ,rT such that

x;(:") PO R ngJ") 20
¥ 11}
i.e. xiixz(j' § & o x’;]xacyﬂ) £ 0.
Fromp Prepesitisn 1 it results that PE(I) is not strengly preximinal
in IE - o Xa is endewed with the norm -
ix"ly = sup \x."(:!:")l\ .
2 i1=rx it

- . 2
Becuuse Z = (in).,“_I is a total ect over X we can interpret every
clement x €X as a coentinucus linear functienal en 8p 4 X7 E”I

with the nerm 1

\ . - , e !
""I\"l‘{ = Bup {x; (x)'.‘ = sip (TR .
3o i L }

lel ie]

1
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Then the subspace X2 will be the subspace ef restrictions te
£p %x;}le = Z - of the functionals en sp {x{fseg + The induced

noerm is @

2 e mup il D] e L )

We preve now that 'y is net strongly preximinal. Frem Propositior

1 there exists xf e 12 N\ Pé(!) such that PPQ(I)(x") = 0., Frem the

Hebn - Banach theorem there exists a nerm preserving extensien x

ef x" te sp (Z). We have xecX and we prove that Py(x) = 0.
Buppese that there existe y ¢ T\{0} such that ¥ € Py(x). Then

Py Sy Pé(r) we have :

i = |I = n( 'f) i n( * =
x 7'l ;:%TF (x"(x] ¥ Il)‘

I

~mm_ (x{y D - 3y D]

sup |x(xf) - y(x})| <
i=l,r lel & i |

B8x lx“(xi)l I S T

< sup |x(x3)| = m
iel i= o o

=8 4 xX (I%) =
::T,_r \ \Zo i\

in contradiction with PP (Y)(I") = 0, Then PY(I) = 0, and the
’» 2 [} é )

prepesition is preved,

COROLLARY 4, Let X be a (real infinite dimensional) Banach ccace

. 2 = Sl
and 2 = (xi)iEI

1L oyxf
2) U(X)

a family of independent functiensls. Suppese

Ty 'l.ij_{:I;

"

%x €X : sup \xf(x)% £ 1T,
i1el

Then X has a finite dimensienal strongly proximinal subsrace Y

if and cnl§ if there exist iL—I und z € X such thati

(=) xi"’(z)=1 and xgcz)=o v Kk Lt
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OOROLLARY 5, Tet X be & Ies dimencionall Bansch crace

and 2= (x;)izI & family of independent functienale such &F
L uxjll =1, Y41&I;

2) U(X)

irex ;;ui EACIIE LN

Thes ¥ ie a finite dimepsicnal strongly proximinal subspace

£ X, Af there exist i1¢I gnd ye Y such that:

@) =1 o F@ a0, Vi, !

Proof ef the Corellary &, If the cenditien (%) is net verified

then by Prepesitien 3 each finite dimeneionsl subspace Y 1& net
strengly preximinal.

If there exists 41 €I and 2 ¢X such that x(z) = 1,
xg(z) =0 , ¥ 441, then let Y be a finite dimensional subspace
containing z. Let x€XNY , and y ¢ ?r(x). Denete by d ={zx - y)

>0 and let X € R, |d| < 4. Then for y‘x(—I‘

y, =7 = (@) = B3+ d) 8 €T,

(7.4
we have:

ffx - I M = sup \z'g(x - -7:.)‘ =

= max ( gt.é:.ip \x;(x - 5«” s {xf(x - Yd)\) =

= max ( s |=xj(x = 3) = (=](x) - x[(3) + A) x;(z)\ ’ I

‘ lx;'(x -3) - x;(z) (x;_'(z) = xi(3) + R

= e L2 ) , - | ¥ - x = * "‘.“ Jf _
max ( 32§ \x4(x - 7)1, [ x5 (x) T (¥) - x5 (x) + xi(y) + 4 |) =

mar ( sup |x3(x - )|, (&) & mex (g, idl) =a,

JBi ¥

=119 =

Corellary 5 fellows from Proposition 3 and Coreollary 4.
Remerk, Por the sufficience part of Corella 4 the indeperdence
ol S S o

of the functionals is not used.

Papticular cases. If X = C(K) , where K is a cempacc

Hausdorff epace and if we put for the family ef functionals (I:.)i 5
the evaluation functionals:

x;(x) Pl e XTI il e Kl

then by Cerellary 4 we ebtain that C(K) centains finite dimensiorn:]
strongly proximinal spaces if and enly if K has ut least an iso-
lated peint. (43, 12]).

Let now H be a Bilbert space and on preduct space H xR

define the norm:
ix, )l = max (ixy, () , (x, t)€ H X R.

With this nerm H X R is a Banach space, Consider the follewing

family of continueus functionals on B X R i
x;(x,t) = (x|h) , Vb €UE) ; \hi=1;

xg(x,t) .

We have i
@ax | sup | I;‘(I,t)i o |z ] =
' heU(H) %o
= max { sup \(x|h)| 1\t\j = max { || x| ,\tii = \(x, Bl .
h<U(H) ,

Finally, if (0, t) € E X8 and t £ 0 , then t
0 =x(0,t) , VheU(H), WhY¥=1 x(0,t) = t £ 0.

Froz Cerellary 4, (HX R, 'l ) cortains finite dimensional
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