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ON THE APPROXIMATION BY LINEAR POSITIVE OPERATORS 

by Alexandru Lupalii in Cluj 

1. INTRODUC TION 

This paper is concerned with some properties of linear positive operators which are 

in analogy with the well-known Bernstein operator. Let '0. (I.), j = 1,2, denote 
J J 

two linear spaces of real functions defined on the sets I., j = 1,2, of points of 
J 

the real axis. Let Ln: '0 1 (I1 ) - '02(I2 ) , n = 1,2, ... , be a sequence of linear 

positive operators which asociate to each function f E '01 (I1 ) the functions 

Lnf E '0/I2 ), n = 1,2, .... There has been a considerable amount of research 

concerned with the convergence of sequences of the form {L f}, n = 1,2, ... , n 
to the function f (see [1J - [5J and [8J, [12J). Often, from the practical view of the 

theory of approximation it is desirable to construct sequences of linear positive opera­

tors such that Ln to preserve some properties of the functions from the space 

01(I1 ). In this direction, in 1934 T. POPOVICIU [17J published the first result 

about the convexity-preserving property of the Bernstein operator Bn , defined on 

C[o,lJ by 

k=o 
x E [o,lJ 

In [22J W. WEGMULLER used in statistics this property of the Bernstein operator. 

Also, I.J. SCHOENBERG [20-21J established the fact that Bn is a variation dimi­

nishing operator. More recently, L. LUPA~ [12J showed that the Bernstein operator 

preserves the starshapedness. We further call atention to M.J. MARSDEN [7J which 

dealt with the convexity preserving property of a spline approximation operator. The 

fact that some approximation operators preserve certain qualitative properties of the 
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functions may be of interest in statistics. Indeed, a natural collection of linear posi-

are those of the form 

where m(n) may be finite or not, and moreover for k = 0,1, . . . and 

n = 1,2, ... , we have: 

i) 0< ank (x) < 1 

ii) xkn E 11 

iii) 

m(n) 
I ank (x) 1. 

k=o 

Thus (Ln f) (x) is the mathematical expectation of a certain discrete-one-dimen­

sional variable and the fact that the mathematical expectation preserves some graphic 

behavior of the data will probably be of importance to the statisticians. 

In this paper we investigate other linear positive operators which preserve the con­

vexity and also which have the variation diminishing property. Some results were 

established by the author in [4]-[5J. (see also [2], [8J - [12J). 

For the formulation of our results we recall the following definitions. 

DEFINITION 1: A real function f is called convex, non-concave, poly­

nomial, non-convex, respectively concave of k-order, on [a,bJ 

iff 

for any system of k + 2 knots from Ca, b). 

In the above definition by [xl' x 2' ... , xk+2 ; fJ we mean the k+ 1 -order divided 

difference of the function f on the knots xl' x 2' ... , x k+ 2' that is the coefficient 

of t k + 1 in the unique polynomial of degree k + 1 which interpolates f at the knots 

Xi' i=1,2, ... ,k+2. 

DEFINITION 2: An operator T: ill (11) .... u2 (I2 ) preserves the convexity 

of k - ord er (on 12 ) if for any convex junction f of k-order (on 11) the junction 

Tf is also convex of k-order (on 12 ). 
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If in this definition we shall replace respectively the term of convex function by non­

concave function, polynomial function, non-convex function of k -order, then we 

say that the operator T preserves the non-concavity, the polynomiality, the non­

convexity respectively the concavity of k -order. 

DEFINITION 3: Let V(f; I1) the variation of a function fE jj1(I1 ) be 

defined as follows. For 

let V(f; Q) denote the number of sign changes for the sequence {f(xk )}, 

k = 0,1,2, ... . Then V(f; I1) = sup V(f; Q). 
Q 

DEFINITION 4: An operator T: jj1(I1)- jj2(I2 ) is said to be variation-dimi­

nishing (for f) if 

DEFINITION 5: Let Vr(f,' I1) denote the (Possible infinite) variation of order 

r of f defined on I1 , being 

where Q:xo < Xl < ... < Xs < ... is a sequence from I1 , h is such that 
r x s +khEI1 , s=o,l, ..• , k=o,l, ... ,r, and V(Dhfs; Q) denote the number of 

sign changes for the sequence D; f s ' s = 0,1, •.• , where 

D;fs = [xs,xs+h, ... ,xs+rh;/J. 

DEFINITION 6: An operator T: jj1 (I1) - jj2 (I2 ) is said to be variati on -dimi­

nishing of order r, ifforevery fE jj1(I1) 

The variation of order r is a slight extension of the concept of "number of reversals 

of order rTf which was introduced by B. WOOD [23J and which also remark that if 

f has a continouos rth-derivative, then Vr(f; I1) = V(f(r); I1). 
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2. GRAPHIC BEHAVIOR OF THE SZASZ-MIRAKYAN OPERATOR 

The set of functions which are defined on [o,~) and such that If(t) I .:s eAt 

for t> 0 and some finite A is denoted by W. Let Sn the Szasz-Mirakyan operator 

be defined on the space W by 

(1) 

k=o 

We specify that the series 

~ k 
'\ f.!!::£L f ( Ii ) L kf n 
k=o 

is uniformly and absolutely convergent on [0, aJ for any a> 0 (see [3J and 

[12J) if fEW. In [3J A. JAKIMOVSKI and D. LEVIATAN was established that if 

fE C[o,aJ n W then the sequence {Sn f }, n=1,2, ... , 

on [0, a J to the function f. 
converges uniformly 

LEMMA 1: If for a function fE W, of real t variable, we denote 

[ t, t + lin, •.. , t + kin if], 

then the k-derivative of Sn f has the following form 

(2) (s f)(k) = kf S Df 
n n k ' k=o,l, .... 

Proof: Taking into account that fEW, differentiating the relation (1), we have 

-nx; 
= ne 

-nx e 

k=o 

~ k 
'\ ~[Ii 
L kf n' 

k=o 

As a rule we suppose that for s -derivative is true that 

(3) (Snf/ S ) = sf S Df. n s 

k+l f n if] = (Sn Dl)(X). 
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Making use of (3) we can write 

co k 
(s f) (s+l) /.) = , -nx '\ f!EL {[ k+1 k+2 k+s+1 0 f] 

n IX s 0 ne L k! n' n ' 0 • 0 , n ' 
k=o 

k - [-n' 

co 

k+1 
n , ... , 

-nx '\ = (s+l)!e L 
m¥lk k k+1 k+ +1 ~ [ _s_ of] 
k! n'n'"'' n ' 

k=o 

and the theorem is proved. 
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THEOREM 2: If fE W then the Szdsz-Mirakyan operator preserves 

the convexity of any order of f, the concavity of any order f, 

the non-convexity of any order of f, the non-concavity of any 

order of f, and the polynomiality of fo 

Proof. If a function g has a k + 1-derivative on [a, b] , then the convexity of k -order 

may be expressed as g ( k + 1 ) > a on the interval [a, b] 0 From (2) it is readily 

verified that for k = -1, 0, 1, 0 0 0, the sign of n{+ 1 implies the sign of 

(S f/ k+1 ) and in accordance with the definition 2 we conclude that the S n n 
operator preserves the shape of any order. 

THEOREM 3: On the space W the Szasz -Mirakyan operator has 

the following form 

(4) 

co 
'\ 12k k 
L [o'n'n, .. o'n;f]x 0 

k=o 

Proof. Using the fact that the series 

co k 
'\ C!E!L f(~) 
L k! n 

k=o 

is absolutely convergent on [o,a] 

e -nx in power series we have 

for any a > 0, by developing the function 
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<XJ k 
e -nx I (-ll ~J xk 

k=o 

and the Szasz-Mirakyan operator defined by (1) can be written in the following manner 

<XJ k n k k <XJ nk k k 
(Sn f ) (x) = I (-1) kJ X I kJf(:;)X = 

k=o k=o 

<XJ k k k' k . 
= \' x \' (-1) -J n f(1.) 

L L (k-j)JjJ n 
k=o j=o 

and we give (4). 

COROLLARY: When f is a polynomial of s-degree, then Sn f is it­

self a polynomial of the degree ~ s. 

This statement results taking into account that for a polynomial f of the s -degree 

(which is evidently an element of the space W), we have 

[o,l/n, 2/n, ... , k/n; fJ = 0 for k > s. 

3. SOME PROPERTIES OF THE BASKAKOV OPERATORS 

In Order to construct sequences of linear positive operators with the aid of sequences 

of functions, V. A. BASKAKOV [1] stated the following conditions. Let consider the 

sequence {qln}' n = 1,2, ... , of real functions, each function having the following 

properties on the interval [0, aJ, a > 0, 

1. qln(O) = 1 

II. ql is completely monotonic on [0, aJ that is qln has derivatives of all orders 
n . () 

there and (_l)J ql J > 0, j = 0,1, •.• , 
n -

III. there exists a positive integer mn not depending on j, such that for x E [0, a] 

we have 

j=1,2, ... , 
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where 

lim E. 0, xE[o,a], j = 1,2, ... , 
n- co J,n 

lim ~ = 1 and lim 
I/J(mn,x) 

1, xE[o,a]. 
n- co n n- co n 

Let WI be a linear set of real functions which are defined on [0, CO) and such that 

the series 

co 

I 
k=o 

is uniformly and absolutely convergent on [0, a] for a > o. The Baskakov opera­

tors are defined on the space WI by 

(5) 

In [5] the author has shown that this operator preserves the convexity, the poly­

nomiality respectively the concavity of any order of a function f E WI' Also it is 

proved that the operator Ln defined by-(5) on a certain subspace of WI has the 

following form 

co 

I 
(_l)kcp(k)(O) 1 

k n [0, ;Z' 
k k 

"";Z;f]x, 

k=o n 

and moreover for f E WI' 

where 1= [0, a], a > 0 and RT = [0, CO), that is Ln is a variation dimi­

nishing operator. 

Now, our purpose is to carry out a new property of the Baskakov operator. 

THEOREM 4: The Ln operator defined on the space WI is varia­

tion diminishing of order r (r = 1,2, ... ). 

Prof. For f E WI' differentiating the formula (5) we obtain: 



174 Lupa~ A. 

(6) 

00 

'\ h k k+l k+r k 
L nkr(x)[n'n'···'n;f]x 

k=o 

where 

o < h kr(x) _ (-1) k+r cp~k+r) (x) 
n - k! x E [0, a] • 

Because IE W1 , the function Ln l , n fixed, has a continouos r -derivative, 

and we obtain with 1= [0, a] , a > 0, 

(7) 

E. W. CHENEY and A. SHARMA [2J showed that if 

h(x) 

is uniformly convergent on [o,a], then V(h;I)S. V({ak }). 

Now, from (7) with the notation 

Q : 0 < ljn < 2/n < •.. < k/n < 

it is clear that (6) implies the inequality 

v { (Lnf){r); I} S. V(n; Is; Q) S. lim v(nt Is; Q) < 
n .... oo -n n 

and the theorem is proved. 

By means of many suitable choices of the sequence {ql }, we give some well­n 
known operators which are variation diminishing of order r. 

i) Let qln(X) = (l_x)n, x E [o,lJ = I, W1 = Ceo,lJ; the operator ge-

nerated by this sequence of functions is the Bernstein operator. 
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-me 
ii) For ~n(X) = e x E [o,a], a > 0, Wi = W, the corresponding opera-

tor is the Sz~sz-Mirakyan operator. B. WOOD [12] proved that S is varia-n 
tion diminishing operator of r order. Also he gives this property and for a 

general class of'linear positive operators but which not include the Bernstein 

operator. 
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