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Supporting Spheres for Families of Independent Convex Sets 

By 

HORST Kt~tER and A. B. NEMETH 

Definition 1. There will be said t h a t  the family ~T- of  sets in the Euclidean space R n 
has a supporting sphere, ff there exists a sphere S in R n having common points with 
each member  of  the family ~ and the  interior of  S contains no point  of  any  member  
of  ~U. 

Definition 2. The family JC of  sets in R n will be said to be independent,  ff for any  
n -~ 1 pairwise distinct members  K1 . . . .  , Kn+~ of  ~ ,  any  set of  points Pl . . . . .  Pn+l, 
where p~ e Ki ,  i = 1 . . . . .  n -+- 1 determines a simplex of  dimension n, or equi- 
valent ly the vectors P2 - -  p1 . . . .  , P~+z - -  P1 are linearly independent.  

I f  M' and  M "  are compact  sets in R n, we denote 

d ( M ' , M " )  = m i n { d ( p ' , p " ) :  p' e M ' , p "  e M " } ,  

where d(p', p") is the  Eucl idean distance of p '  f rom p".  
I n  the ease of  M "  = (p"},  a po in t  p '  in M '  for which d(M' ,  p") =-- d(p', p"), is 

ealled a nearest  point  of  M '  to p" .  
I n  some problems of  the geometry  of  convex sets can be applied with success the 

Brouwer 's  fixed point  theorem (see for example the proof  of  Hel ly 's  theorem in the 
paper  of  G. D. Chakerian [1]). This will be the basic tool also in the proof  of  the exis- 
tence pa r t  in our following theorem. 

Theorem 1. Let be K1 . . . . .  Kn+l independent convex and compact sets in Rn. Then 
this ]amily o] convex sets admits exactly one supporting sphere. 

This theorem states  in fact  t h a t  there exists a single poin t  p in Rn such t h a t  
d(p, KI) . . . . .  d(p,  Kn+l).  

A somewhat  similar result  was proved by  H. Rademacher  and I. J .  Sehoenberg 
(Theorem 3 in [4]) : i] K1 . . . . .  Kra (m :> 2) are convex and compact sets in the Euclidean 

space R n such that O K 1  = O, then there exists an integer s, 2 <-- s ~ n + 1, the sets 

Ki . . . . . .  K~, and a point p, with the properties ( ~  K~j = O, and 
i=1 

d(p, K~,) = d(p, K~,) . . . . .  dCp, K~,) . 

P r o o f  o f  T h e o r e m  1. T h e  e x i s t e n c e .  Suppose tha t  pi e K~, p, = (p~ . . . . .  p~), 
i = 1 . . . . .  n + 1. The center c (px . . . . .  Pn+l) of  the sphere determined by  these 
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points has the coordinates 

1 D~(pl  . . . . .  P ,+I)  
c i (p l  . . . .  , P,+l)  ---~ ~ D ( p l  . . . . .  Pn+l) ' 

where D is the determinant  of  order n ~- 1 having the general line 

(1, p~ . . . . .  p ; ) ,  

j ---- 1 . . . . .  n -~ 1, and Di is the determinant  of  the same order with the general line 
of  the form 

. . . . .  p~ , ( p j )  , p j  . . . .  p ]  , 

j ---- 1 . . . . .  n ~- 1. F rom the independence of  the points Pl  . . . . .  pn+l,  it. follows tha t  
D ( p z  . . . . .  Pn+l) �9 0, and, f rom the compactness of  the sets K1 . . . . .  Kn+l  it follows 
tha t  the continuous functions c i (p l  . . . . .  Pn+l) are bounded on the direct p roduc t  
K1 • " "  • K n + l .  Let  be B a compact, ball containing all the points c (Pl . . . .  , Pn+1) 
with Ti ~ Ki ,  i = 1, . . . :  n ~ 1. Let  be now the mapping  /:  B --> B defined in the 
following way :  for q e B consider the points  Pz (q) . . . .  , pn+z (q), where p~ (q) is the 
nearest  point  of  Kz" to q. I t  is well known t h a t  p~ (q) is unique and depends contin- 
uously on q (see for instance [3], Proposit ion 2.3). Let  now be 

[ (q) ---- c (pz ( q) . . . .  , pn+z (q) ) , 

the center of  the sphere determined by  the points p~_(q) . . . . .  Pn+l(q). Then the 
mapping  / is well defined and continuous. From Brouwer 's  fixed point  theorem it 
follows tha t  there exists a point  q0, such tha t  

l (q0) = q0, 

i.e. q0 is the center of  the sphere determined by  the nearest  points p~ (q0) of  K~ to 
q0, i = 1 . . . .  , n ~- 1. Taking now p ---- qo, the existence of  a point  with the required 
p roper ty  is proved.  

T h e  u n i c i t y .  Suppose t h a t  there are two points p '  and p",  the first a t  the distance 
d' f rom the sets K~, the second at  the distance d"  from K~, i ---- 1, . . . ,  n ~- 1. Denote  
by  S '  and S"  the spheres of  the radius d', respectively d" with the centre p ' ,  respec- 
t ively p" .  Let  be d'  ~ d". There are three possibilities: 

[i) d(p ' ,  p " )  ~ d"  - -  d ' ,  
(ii) d(p' ,  p " )  > d' + d " ,  

i ~ b  r r  . (iii) d " - - d '  < d ( p ' , p " ) < = d ' 7  

F r o m  (i) it follows tha t  S '  is contained in the ball B ( p " ,  d") ,  and it  follows t h a t  
a t  least one of  the distances d ( p " ,  K~) is smaller as d", which contradicts  the defini- 
tion of the support ing sphere. 

I f  (ii) holds, then there exists a separating hyperplane H between the convex 
sets B(p ' ,  d') and B ( p " ,  d").  Denote by 

p t t  

qi = B (p', d') n K~ and q~ = B (p",  d")  n K i  . 

Because the hyperplane H determines two open halfspaees H '  and H "  and we have 
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B(p',  d') c H', B(p" ,  d") r H",  i t  follows t h a t  the  segment  ql qi in tersects  the  
hype rp lane  H in a point  q~. F r o m  the  convex i ty  of  K~ i t  follows t h a t  q~ is in K~, 
i ---- 1, . . . ,  n -~ 1. B u t  this  means  t h a t  H conta ins  po in ts  from each set  K , ,  i = 1, . . . ,  
n q- 1, which is a con t rad ic t ion  wi th  the  independence  of this  f ami ly  of sets. 

Off) I n  this  case S '  and  S "  de te rmine  a hype rp lane  H which is or the  common 
t angen t  hyperp lane ,  i f  d (p' ,  p " )  ~- d '  ~- d" ,  or is the  h)2oerplane which conta ins  the  
in tersec t ion  of  S '  and  S" .  Because qi, i = 1 . . . . .  n + 1 canno t  be con ta ined  in the  

# p  

in ter ior  of  B(p" ,  d") and  qi , i ---- 1 . . . . .  n q- 1 cannot  be conta ined  in the  in ter ior  
of  B (p',  d ' ) ,  t h e y  are  in different  closed halfspaces de t e rmined  b y  the  hype rp l ane  H 
and  a con t rad ic t ion  is ob ta ined  (see Fig.  1 in the case n = 2) wi th  the  independence  
of  the  sets K i ,  i ---- 1 . . . .  , n q- 1, as in case (ii). This  completes  the  p roof  of  the  
unici ty .  

H 
q7 ~ , 

Fig. 1 

This theorem has  the  following immed ia t e  consequence:  

Corollary. Let ~ be a family of compact convex sets in R n, having the following two 
properties: 

(i) there are n -~ 1 members o / ~ ,  which are independent convex sets; 
(fi) for any n -F 2 members of ~ f  there exists a supporting sphere; 

then there exists exactly one supporting sphere for the family ~ o/convex sets. 

F r o m  the t heo rem of  H e l l y  a b o u t  the  common poin ts  of the  convex sets (see for 
ins tance  [21 or [5]), i t  follows t h a t  i f  we have  a f ami ly  ~ of  c ompa c t  convex sets in  
R n with the  p r o p e r t y  t h a t  a n y  n + 1 members  have  a suppor t ing  sphere of  rad ius  r, 
t hen  there  exis ts  a po in t  a t  the  d i s tance  _--< r to  each m e m b e r  of  ~ .  We ask  abou t  
the  exis tence of  a suppor t ing  sphere of  r ad ius  r for the  f ami ly  5/C, under  the  hypo-  
thesis  t h a t  the  member s  in  ~Yf are independen t ,  a n y  n -F 1 member s  of  the  fami ly  
have  a suppor t ing  sphere o f  rad ius  r, and  the  card ina l  of  ~U is _--> n + 3. I n  the  case, 
when the  fami ly  has  n + 2 members ,  the  answer  is genera l ly  negat ive .  We i l lus t ra te  
th is  in the  case n ----- 2 by  the  follo~4ng figure:  
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where the members  of  J d  are the points Pl ,  P2, P3 and P4. 
We can give an affirmative answer to this question in the particular case n =-- 2. 

More precisely, we will prove the following Hel ly- type  theorem:  

Theorem 2. Let ~ be a /ami ly  o] compact, independent, convex sets in the Euclideau 
plane R 2. Suppose that the number o/members in ~d" is > 5. I /  ]or any three member~ 
in ~ there exists a supporting circle o / a  given radius r, then there exists a supporting 
circle of radius r/or all the/amily ,)t'. 

We need in the proof  of  the theorem the following auxiliary result:  

Lemma. Let be K'  and K"  two compact, disjoint convex sets in the plane R 2, such that 
d(K', K")  < 2r. Then there exist at most two supporting circles o/radius r /or  these 
two sets. 

lPl / /  P2 
a; i 

cD g2 

Fig. 3 
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P r o o f .  Suppose the contrary:  there exist three distinct supporting circles, C1, 
C2, C3, of radius r for K '  and K " .  We suppose tha t  C1 and C2 are given and ask 
for the possible positions of C3. In  Fig. 3 the case when C1 and C2 are disjoint is 
considered; the case when C1 and Cs have a nonvoid intersection may  be treated in 
an analogous way. 

t H 

Suppose tha t  a~ -~ K '  n C~, a~ ~- K "  n Ci, i ~- 1, 2, 3. From the definition of 
the supporting circles it follows tha t  a~ and a~" (see ~ig. 3) must  be on the hemicircle 

�9 r /  

191 ~ ql and as, a 2 must  be on the hemicirele P2 fl qs (where/)1 and P2, respectively 
ql and q2 are the contact points of the exterior tangents to C1 and Cs). Furthermore, 
the segments a~ a 2 in g '  and al '  a 2' in K'" are disjoint as K '  and K "  are disjoint. 

I �9 � 9  

Denote by (Ti), (respectively (T~')) the tangent to Ci from a~ (respectively a~ ) as in 
Fig. 3. From the definition of the supporting circle and the convexity of K I and K "  
i t  follows tha t  a~ and a~' must  be in the domain between the lines (T~)a'  1 cr a~'(T~') 
and (T~)a~ fl a 2" (T2"). The segments a;a~ and a'l'a~" determine the domains D1, 9 s ,  
and Da. I f  a~'e D1 then the segments a'3'a~'and a'a'a ~" in K'" intersect either the seg- 
ment a~a~, or one of the circles C1 or Cs in a point distinct from a~ t (i : 1, 2), which 
is a contradiction. Similarly, a~ cannot be in Da. 

Suppose tha t  a~ belongs to DI ,  but  is not on a;a~. I f  then a~' is i n / ) s  o r / )3 ,  by  
a simple geometrical reasoning it may  be seen tha t  Ca must  contain in its interior 
points of a'la~, which contradicts the definition of the supporting circle. 

t I s  

I t  follows tha t  a s and a a belong to the closed domain Ds. I f  one of these points, 
say a~' would be in the interior of Ds,  then it would foUow tha t  Ca contains in it.s 

�9 I t t t  � 9  : /  

interior points of the segment a;a~. Therefore a a ~ a la  2 and a~ ~ a 1 a s . I f  

d (a" 1 a~, a~'a2) < 2 r,  

then C3 will contain in its interior points of a;a~ td al"a's'. I f  d(a'la'2, al"a'2") : 2r, 
then we have a~ ~ p, and a~" ~ ql, i ~ 1, 2, and from the definition of the support- 
ing circles i t  follows tha t  d ( g ' ,  K " )  = d(a'la~, a'l'a'o') : 2r, in contradiction with 
the hypothesis. This completes the proof of the lemma. 

P r o o f  of  T h e o r e m  2. Consider five members of 3if: Kz . . . . .  Ks.  The sets K1, 
K2, K3 have a supporting circle of radius r. Then we obviously have either 

d ( K z ,  Ks)  .~ 2r, or d ( K z ,  Ka) < 2r .  

Without  loss of generality, we m a y  suppose d ( K z ,  Ks) ~ 2r. Then, by the lemma, 
K1 and Ks have a t  most  two supporting circles C1 and C.~ of radius r. For a ~ v e n  i, 
3 < i --< 5, the supporting circle of K1, Ks ,  Ki must  coincide either with Cz or with 
Cs. We may  suppose then tha t  Cz is the supporting circle for Kz,  K2, g3, K4, and 
Cs the supporting circle for K1, Ks ,  Ks .  We have either d(Kb,  K 1 ) , (  2r  or 
d(Kb, Ke) < 2r. Suppose for example d ( K s ,  K1) < 2r. Let be C~ and C~ the only 
possible supporting circles of radius r for the sets Ks ,  K1 (see the lemma). As above 
one of these supporting circles, say C~, must  be a supporting circle for the sets 
K1, Ks ,  Kl,  Ka", where i and j are different indices, 2 < i, ] < 4. But  then for 
K1, K~ and K i are supporting circles both C1 and C~. By Theorem 1, i t  follows that  
these circles coincide and because C1 is a supporting circle for K1, K2, Ka, K4, 
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t 

C~ is a support ing circle also for K~, it follows tha t  these five sets have a common 
support ing circle. By  the Corollary after Theorem 1 the same follows for all the 
family • ,  which completes the proof  of  the theorem. 

We observe tha t  the hypothesis  of the independence of  family 9ff cannot  be 
weakened to one of the form of t ha t  in the Corollary, point  (i). A counter  example 
is given in the Fig. 4. 

/ 

\ 
Fig. 4 
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