ANTIPROXIMINAL SETS IN SOME BANACH SPACES

STEFAN COBZAS

1. INTRODUCTION

All the spaces will be considered over the real numbers. Let X be a normed linear space,
M C X and x € X. We use the following notations:

d(x, M) =inf{l|lz -yl : y € M},

Py(x) ={y € M : ||z —y|| = d(z, M)} — — the metric projection,
E(M) ={x € X : Py(x) # 0},

Te(M) ={x € X : card(Pys(x)) = 1}.

The set M is called proziminal if E(M) = X and antiproziminal if E(M) = M. The term
antiproximinal was proposed by R. R. Holmes [10]. I. Singer [13] proposes the term very non-
proximinal, which we have used in the note [2]. Following V. Klee [I1], let us denote by N; the
class of all normed linear spaces which contain an antiproximinal, nonempty, closed, convex set,
and by Ns the the class of all normed linear spaces which contain an antiproximinal, nonempty,
bounded, closed, convex set. Evidently, No C Ny, and, as it was observed in [11], a Banach space
belongs to the class N7 if and only if it is non-reflexive. The characterization of the Banach
spaces belonging to the class Ny is more complicated. By a result of M. Edelstein [7], it follows
that the class Ny does not contain separable conjugate Banach spaces. The first example of a
Banach space of class Ny was given by M. Edelstein and A. C. Thompson [§]: ¢y € Na. For
convenience, we agree to call convex cell a bounded, closed, symmetric and convex body. By
a convex body we mean a convex set with non-void interior. Then the exact result in [§] is
the following: the space ¢y contains an antiproximinal convex cell. In [4] it was shown that the
Banach space ¢ contains also an antiproximinal convex cell, so that ¢ € Ny. This result and
the above result of M. Edelstein and A. C. Thompson [§] can be generalized as follows: If S is
a compact Hausdorff space such that C'(.S) is isomorphic to ¢y and I is an infinite dimensional
closed ideal in C(S), then I € Ny ([4]). M. Edelstein and A. C. Thompson [§] showed further
that ¢y contains an antiproximinal, strictly convex, convex cell. A problem in [§] is: there exists
in ¢g an antiproximinal, locally uniformly convex, convex cell? A positive answer to this question
was given in [2]. In this note we show that the example from [2] gives also a negative answer to
a question of S. B. Steckin [I4]. In the last part of this Note we give a sufficient condition for a
space L1(S,%, i) to be not of class Nj.

Concerning the Banach space theory we follow [5] and [6].

Let X be a normed space and X* its dual. We say that a functional f € X™ supports the set
M C X if there exists a point € M such that f(z) = sup f(M) or f(x) = inf f(M). We will
denote by S(M) the set of all support functionals of the set M. In the following we shall need
a result from [8]:
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Lemma 1.1 ([8], Prop. 1.(iii)). Let X be a Banach space, M a nonempty, bounded, closed,
convex subset of X and B the closed unit ball of X. Then M is antiproriminal if and only if

S(M)NnS(B) = {0}.
2. ON A PROBLEM OF S. B. STECKIN

S. B. Steckin [I4] proved that if X is a uniformly convex Banach space and M is a closed
subset of X, then X \ T'c(M) is of first Baire category in X (i.e., a countable union of nowhere
dense subsets of X). In particular, by the Baire category theorem (see, e.g., [9, Th. 11.6.54)),
Tc(M) is dense in X. A question in [I4] is: remains this true for a locally uniformly convex
Banach space? We will show that the answer is no.

Indeed, let By be the antiproximinal, locally uniformly convex, convex cell in ¢y , whose
existence was proved in [2]. Then the Minkowski functional || - ||; is a locally uniformly convex
norm on ¢ equivalent to the usual norm (which we denote by || - ||), and

Bi={zec: |z <1}
If B denotes the unit ball in (co, || - ||), then, by Lemma [L.1]
(1) S(B)NS(B1) = {0}.

But, again by Lemma the relation means also that B is an antiproximinal convex cell
in the locally uniformly convex Banach space (co, || - ||1). Then E(B) = T¢(B) = B, so that
¢o \ Te(B) is not of first Baire category in c¢g.

3. THE SPACE L1(S,%, p)

Let (S,%, ) be a positive measure space, i.e., S is an abstract set, ¥ a o-algebra of subsets
of S, and pu is a countably additive, non-negative measure on ¥. An atom in (S, %, u) is a set
S1 € X of positive measure and such that (M) = 0 or u(M) = pu(S1) for every M € X, M C S;.
We denote by Li(S, X, i) the Banach space of all real-valued, absolutely integrable functions on
S with the norm

Joll = [ o)), @€ Li(S, %0,
and by Lo (S, X, 1) the Banach space of all essentially bounded, measurable functions on S with
the norm

If]l = esssupg [f(s)| = inf{ sup [f(s)
seS\M

M eX, n(M)=0}, f€ Lx(S 2 pn).

As usual, by a function we mean an equivalence class of measurable functions coinciding
p-almost everywhere (u-a.e. in short). We say that the conjugate space Lj(S,3, ) of the
space L1(S, %, ) is canonically isometric to the space Lo (S, X, ) if the exists an isomorphism
v : L7(S, %, ) — Loo(S, 3, i) such that for every f € Li(S,%, u)

f@) = [ e)edn, =€ LS Zp), and
I (A = £l

For the sake of the convenience in notations, we will identify ¢(f) with f. The space
L7(S, %, p) is not always canonically isometric to Lo (S, 2, i) (see,e.g., [9, V.20.17]). If (S, 3, u)
is a decomposable measure space then Lj(S,%, ) is canonically isometric to Lo (S, 2, 1) ([9,
V.20.20]).

Now we can state our result.
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Theorem 3.1. Let (S,%, i) be a positive measure space containing at least one atom and such
that L5 (S, %, p) is canonically isometric to Loo(S, %, p). Then Li(S, X, 1) is not of class Na.

Proof. Let us assume, on the contrary, that L;(S,%, 1) contains an antiproximinal, bounded,
closed, convex set M. Then, by Lemma

(2) S(M)nS(B) = {0},

where B denotes the closed unit ball of L1 (S, X, ). By a result of E. Bishop and R. R. Phelps [1]],
the set S(M) is dense in Loo (S, X, p). Put K = Loo(S, X, 1) \S(B). Then by (2), S(M) c KU{0}
We will show that K U{0} is not dense in Lo (S, X, p). Then, a fortiori, S(M) will be not dense
in Loo(S, X, 1), which is a contradiction.

Obviously, in order to prove that K U {0} is not dense in Lo (S,%, 1) it suffices to prove
that K is not dense in Lo (S, %, ). Let us suppose, again by contradiction, that K is dense in
Loo(S, X, ). By hypothesis, there exists an atom S; € ¥. Let xg, be the characteristic function
of the set S7. Since we have supposed that K is dense in Lo (S, %, i), it follows that there exists
an f € K such that

(3) Ixs; — flloo < 1/4,
so that
(4) 1£1 = lIxsyloo = lIxsy = fllo >1—1/4=3/4,

By a result of R. R. Phelps , g € §(B) if and only if

n({s €5 :lg(s) = llgllw}) >0,
so that

(5) p{s € S:f(s)l = flle}) = 0.

Since Sp is an atom and f is measurable, there exists a real number a such that f(s) =
a, p—a.e. on Si. By (), ||a|| < | f[lccs so that

[flloc = esssupgys, |f(s)]-
Since xg,(s) =0 for s € S\ Sy, and imply
1/4 > [|xs, = fIl = esssupg\s, [xs, () — f(s)| = esssupg\s, |f(s)] = || flloc > 3/4.
This contradiction completes the proof of the theorem. O

Corollary 3.2. The space {1(I") is not of class Na.

When T is a countable set, then ¢;(I") is a separable conjugate space (¢1(I') = ¢o(I")*), and
the above Corollary follows also from the result of M. Edelstein [7] quoted in the introduction.

NOTE. This file was created in January 2012, explaining the somewhat paranormal quota-
tions in a paper from 1974 of some papers published in 1975 and 1976.
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