CONVEX ANTIPROXIMAL SETS IN SPACES ¢y AND ¢

S. Kobzash UDC 513.88

In the note we prove that in a Banach space c there exists a closed bounded symmetric con-
vex division ring V; such that for any x € c\Vy, Py,(x) = ¢, where Py, is the metric projec-
tion onto Vy.

Let X be a normed linear space and M be a nonempty subset of it, For x€ X we denote by Pyj(x) the
set of all points y € M satisfying the condition [|x—y] = d(x, M), where d(x, M) = inf {|{x—z|:z€M}. Set M
is called antiproximal (see [1}) if Py (x) = ¢ (¢ is the empty set) for any x€ X\M. Space X is called a space
of type N, (see [2]) if a closed bounded antiproximal set exists in X. According to one result of Edelstein
[3], a separable adjoint Banach space of type N, does not exist. (Banach space X is called adjoint if a
‘normed linear space Y exists such that X = Y*.) Edelstein and Thompson [4] proved that ¢, is a space of
type N,. More precisely, a closed bounded symmetfric antiproximal convex division ring exists in ¢, (A
convex set is called a convex division ring if its interior is nonempty.)

As usual, by ¢, we denote the space of all sequences, converging to zero, of real numbers with norm

fzl = max {{z(): i= N}, z&e,. v (1)

In this note we prove that the Banach space of all convergent sequences of real numbers with norm
o =sup {lz(D): ies N}, z &, 2)

is a space of type N,. More precisely, there holds

THEOREM 1. A closed bounded symmetric antiproximal convex division ring exists in the Banach
space c.

It is very well known (see [5]) that the spaces ¢; and ¢ are isomorphic, so that this result has an ob-
vious connection with the following problem [4]: is ¢, a space of type N, for any equivalent renumbering ?

Let us recall certain notions and notation which we are going to use subsequently. Let X be a Banach
space, X* be its adjoint space. For M ¢ X we denote by Sp (M) the linear subspace generated by set M, by
0

M its closure, and by M its interior. The word isomorphism is used in the sense of a linear topological
isomorphism, i.e., a linear homeomorphic mapping of one space onto another.

Let M be a convex subset of X. A functional f€ X* is called a support functional of set M if a point
X € M exists such that f(x) = sup £(M) = sup {f(y) :y€ M}. By J(M) we denote the set of all support func-
tionals of set M.

Let X, Y be Banach spaces and let A :X—7Y be an isomorphism. Then the adjoint operator A*:Y *—
X* also is an isomorphism and (A*)™! = (A™)*x (Lemma VI.3.7 in [6]).

The following simple remark will be used several tirﬁes in what follows.

LEMMA 1. Let X, Y be Banach spaces, M be a convex subset of X, and A :X—Y be an isomorphism.
Then f€ J(M) if and only if (A*)™ 7€ J(A(M)) (in other words, J(M) = A* (J(A(M)))).
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Proof. We have »

feJM)ysldzesM, f(z)=supf(M)sdzcsM,
f(A74z) = sup f(A™4 (M) & Hz = M,

(A7)* f(Az) = sup (A™)*f (4 (M)) &

ely &4 (M), (A% (y) = sup (A f(A (M) AN < T4 (M),
where y = Ax€ A(M).
Let X be a Banach space. The sequence {z;: k¥ & N} & X is called complete if Sp{z,: k= N} = X.
The sequence {x): k & N} is called a base if for any x€ X there exists a unique series z= 2:=;akzk converg-

ingtox. The sequence {zx: & = N} < X iscalledminimalifasystem {f,: k = N}  X* exists such that

) — J— 1v k= i,
fk(xl) 6;”—{0,’6#:1'.
The system {f,: £ < N} is said to be adjoint to system {z,: k¥ &< N}. A base is always a minimal system.
See [7] concerning base and minimal sets.

LEMMA 2. Let X, Y be Banach space, {zx: £ = N} © X be a minimal sequence (respectively, a base)
in space X with adjoint {f,: k& N} < X*, and A :X—Y be an isomorphism. Then {4z,: k = N} is a mini-
mal system (respectively, a base) in space Y with adjoint {(4*)f,: k= N},

Proof. It is obvious that
(A¥Yy (Axy) = (AT)¥fp (Azy) = fo (A74x) = fr (z:) = Suis

whence it follows that the systems {dz;: £ = N} and {{4*)y: k = N} are adjoint. The remaining asser-
tions of the lemma are trivial.

We now pass onto the space c. Let w be the first infinite ordinal number and let [1, w] = {a: @ is an
ordinal number and 1 < o = w}. Then in the order topology {1, w] is a compact Hausdorff space and ¢ =
C[1, w], where C[1, w] denotes the space of all real continuous functions, defined on [1, w], with norm

Izl = max {|z ()} 1 <i< o} @3)

Its adjoint is the space M[1, w] of all Radon measures on [1, w] (see [6]). For each Radon measure u€ M[1,
w] we have

fu] = var(u, (1, o)) = D)

1<i<e

(@) < oo

By S(u) we denote the support of measure y, i.e., the closed set complementary to all open subsets of com-
pactum [1, w, on each of which the variation of u equals zero. In our case S (p) = {i U1, ol: p(i) +0j.
Every Radon measure u can be represented uniquely in the form

p = Pv+ - P»-,
where u+ and pu~ are nonnegative Radon measures (the Jordan expansion [6]). Let
U={=CH, ol lz] <1} )

According to [8], u€ J(U) if and only if §(u*) (1 8 (n) = ¢. Keeping in mind that w belongs to each infinite

closed subset of [1, w], that S (p*) = i =1, 0l: p(i) >0}, and that S () = =11, ol pn (@) < 0} we ob-

tain . _
LEMMA 3. Let pu€ M1, w]. Then p€ J(U) if and only if one of the following conditions is fulfilled:

a) S(u) is a finite set,

by S(?) is finite, S(u-) is infinite, and p(w) < 0,
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by} S@*) is infinite, S(u7) is finite, and p(w) = 0.
In what follows we shall identify the set .¥ of all positive integers withtheset- {¢ =11, w]: 1 L0 < @}
We define the functions 6, g; € M|[1, ] by the equalities
S;(x) =2(i), z=CH, o), 1 <i<K o,
respectively,

i1 - o1 oo NEZ0A)
a@=8@+3 " (0w S T

for x€ C[1, w], 1 =i = w, where

=224, n=12,..., 1<i<o,

and

-2l recitol

gw(I) = 5“’(1:) + 2

I<j<w (

Since both sets S(g;) and S(g;) are infinite, according to Lemma 3, giﬁ' J(U), 1 =i = w. This statement is
true for any nonzero finite linear combination of elements of g;.

Denoting
X =5p{g: 1 <i<< ol (5)
we get that
X N J(U) = {0}. 6)

The proof of the next lemma repeats the proof of the fact that the operator A constructed in {4] is an
isomorphism of spaces c; and c (see {4]}. Therefore, we do not present it.

LEMMA 4. The linear operator defined by the equalities
Az () = g0, 1 <i<<w, 2=C[, o,
is an isomorphism of the space C[1, w] onto C[1, w]. Its adjoint operator satisfies the relations
A*, =g, 1<i<o. @)

Let e; € C[1,w] be defined by the equalities

/Ko, 1K<i<o, (8)
<i<

Since any element x€ C[1, w] can be represented uniquely in the form = = z () € = Sai<w [2(5) — X(@)]e;,

the sequence {ei tl<i< w} is a base of space C[1, wj]. Its adjoint is the sequence
(B} U (8: —8u:1 < i < 0} 9
According to Lemma 2 the sequence
yi = A7, 1 <i<o, (10)
also is a base of space C[1, w] with adjoint

up = A* (6; — 6a) = g1 — L 1<i<o, (11)
Uy = A*8o.

265



Let
V={z&Cll, ol |8@ <1 [(6:—8)@ <, 1< i<o}) (12)

It is easy to see that V is a closed bounded symmetric convex division ring. Since A is an isomorphism,
the set

Vi=A47(V) (13)
has the sameproperty.
The spaces C[1, w] and ¢, are isomorphic. Let
H: C1, o]l -¢, (14)

be the isomorphism of space C[1, w] onto cy. We define a new norm ||+]|; on ¢y, equivalent to norm (1), by
laly = 1H 2], z& ¢ (15)

Then H will be an isometric isomorphism of the space (C{1, w], [|+]|} onto {cg | -]|¢). Applying Lemma 2
once again, we get that the sequence

z; = Hy;, I<io, (16)
is a base of space ¢, with adjoint
by = (H*) 7w, 1SIS o an
Let
V,= H(Vy) = HA™ (V). (18)

LEMMA 5. Set V, is antiproximal in space (cg, | -{|1)-

Proof. We introduce the following notation:

8o = (01))ien & co; € = (8141, hiev E ¢y, 1 < i< @
Z=Spe;: 1K<iKo)y Y=5{:1<<iKo} (19)

Since V, is a closed bounded symmetric convex division ring, its Minkowski functional |||, is a norm on ¢,
equivalent to norm (1), and

Vi={eE ezl <1} (20)
Taking (18),(12) (6], VI.3.7), (17), and (11) into account, we obtain

[zl =inf A2>0: zEAV,) = inf (L >0: A& V) =
= inf{A > 0: A7z = HA™ (V)} = inf{h >0: AH™ (A"z) SV} = inf (03> 0: |6 (AH (09)) | < 1,
F8; — 80) (AH (Vo)) | <1, 1<i < o} = inf {A > 0:] (H*)74%8, (A 7'2)| <1,
[EHA* (6 — (A7) | <1, 1<i< o)=inf {h>

>0:0h0)<LIKISo)=nf{A>0]hL@ <MLIKi<o)=sup {|k@)|:1<i<o}) (21)
Let T:Y—Z be a linear operator defined by the equalities

T.’L‘i=éi, 1<l<ﬁ). (22)
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Taking (16), (17), and (21) into account, for any y = 2:”_1 Ai%a, E Y we obtain:

lITyH=ﬂ§‘:=1aiéai = max{|as},-. |} =

= max {| B (Y], s | B, D} = sup {[ ()| 1 <E< 0} =y
Thus,’ T is an isometric isomorphism of the space (Y, |- ») onto (Z, ||+]|). Since the sequence {x :1 <
k = w} is a base of space cy, Y = ¢y and T can be contmuously extended (and, moreover, uniquely) up to the
linear isometry of space (cq, |||, into the space (cq, ||+]|)- Further, since the norms [|-]|; and ||-|| are
equivalent, o, g >0 exist such that afz | <lzl, <P [zl. Thus, | Tzl =}zl > ol 2|, & ¢, whence it fol-
lows that the range of operator T is closed. But then, T (co) = T(c) =T (Y) = Z = ¢,.Thus, we have ob~
tained that T is an isometric isomorphism of space (g, || |5 onto (ce [|+]]). Its adjoint operator T* is the
isometric isomorphism of (g, || *[|) onto (4, -]} Gy [[-] and |[-]|; we have denoted norms on /4, adjoint,

respectively, to norm (1) and to ||+], on ¢g). Let 8; € {; be defined by the equalities

i@ =z(i+1), s 1<i<o, 23)
Sul(z) =2(), ¢, )

Then
T*5; (23) = 8 (T) = 8, () = Bin = i (2n), 1<k < o
Since {x; 1=k =w}isa base of space cq,

T#8; = h;, 1

A

i <o ‘ (24)

Let us show that V, is an antiproximal set in (cy,
J(By) = {0} (4], Prop. 1 (iii)), where

). For this it is enough to prove that J(V,) n

B, =f{zccy lal <1} (25)

Let B be the unit ball in space (cy, ||-||) and U be the unit ball in space (C[1, ], [ -]|). Since T is an iso-
metric isomorphism of space (cg, || +||2) onto (cq, || -]}, taking (20), (15), and (4) into account, we obtain

B =T(Vy), B,=H(U). (26)
From Lemma 1, (26), (24), (17), (6), and (11) it follows that

felVye el T )T Tel(B)s
S duy, .. a1, 0], Jay, ... ¢, R, (TH Y=

- 2:;1 a8, = ZL; 0, (") *he, = ('Y ( 2:;1 aihe, ) &
&f= 2:;1 aihﬂx‘i = 2;1 a; (H'Y ua, = (H')? (2?:1 aani) s feH YN X).

On the other hand, according to Lemma 1 and (26),
feJB)e el U) s e H) (I ().
Further, taking (6) into account, we obtain
fE )™ (X) N EH* (I (0) = E'HY(X N T () ==Y 0) = {0}

Thus, J(By) n J(V,) = {0}. The lemma is proved.

Proof of Theorem 1. Since H:(C [1, o], I - 1) —(co, | - I) 15 an isometric isomorphism and set V, is
an antiproximal in (cg, ||*[[4), V1= H'I(VZ) is a closed bounded symmetric antiproximal convex divigion ring
in (C[1, wl, |+])-
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