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In the note we prove that in a Banach space c there exists a closed bounded symmet r i c  con- 
vex division r ing Vi such that for any xE c\Vt,  PVI(X) = r where PV1 is the me t r i c  p ro jec-  
tion onto V1. 

Let X be a normed l inear space and M be a nonempty subset  of it. For  xEX we denote by PM(X) the 
set  of all points yE M satisfying the condition [lx-yl[ = d(x, M), where d(x, M) = inf ~[ Ix-z  II: z E M}. Set M 
is called antiproximal (see [1]) if PM(X) = ~b (q5 is the empty set) for any xE X\M. Space X is called a space 
of type N 2 (see [2]) if a closed bounded antiproximal set exists in X~ According to one resu l t  of Edelstein 
[3], a separable  adjoint Banach space of type N 2 does not exist. (Banach space X is called adjoint if a 
normed l inear  space Y exists such that X = Y*.) Edelstein and Thompson [4] proved that c o is a space of 
t ype  N 2. More prec i se ly ,  a closed bounded symmet r i c  antiproximal convex division r ing exists in c 0. (A 
convex set  is called a convex division r ing if its inter ior  is nonempty.) 

As usual, by c o we denote the space of all sequences,  converging to zero,  of rea l  numbers with norm 

Uxl[ = max {Ix (i)[: i ~ ~r}, x ~ c 0. (1) 

In this note we prove that the Banach space of all convergent  sequences of rea l  numbers  with norm 

llx~=sup {Ix(i)l: ~ = v ) ,  x ~ c ,  (2) 

is a space of type N 2. More prec ise ly ,  there holds 

THEOREM 1. A closed bounded s y m m e t r i c  antiproximal convex division r ing exists  in the Banach 
space c. 

It is very  well known (see [5]) that the spaces c o and c a re  isomorphic ,  so that this resu l t  has an ob-  
vious connection with the following problem [4] : is c o a space of type N 2 for  any equivalent renumber ing ? 

Let us recal l  cer ta in  notions and notation which we axe going to use subsequently. Let X be a Banach 
space,  X* be its adjoint space.  For  M ~ X we denote by  Sp(M) the l inear  subspace generated by set  M, by 

0 
~I its closure,  and by M its in ter ior .  The word i somorphism is used in the sense of a l inear  topological 
i somorphism,  i.e., a l inear  homeomorphic  mapping of one space onto another.  

Let M be a convex subset  of X. A functional f E  X* is called a support functional of set  M if a point 
xE M exists such that f(x) = sup f(M) = sup ~f(y) :yE M}. By J(M) we denote the set  of all support  func- 
tionals of set  M. 

Let X, Y be Banach spaces and let A : X ~ Y  be an i somorphism.  Then the adjoint opera tor  A * : Y * ~  
X* also is an i somorphism and (A*) -1 = (A-Z)* (Lemma VI.3.7 in [6]). 

The following simple r e m a r k  will be used severa l  t imes in what follows. 

LEMMA 1. Let X, Y be Banach spaces,  M be a convex subset  of X, and A : X ~ Y  be an i somorphism.  
T h e n f E  J(M) if and only if (A*)-IfE J(A(M)) (in other words,  J(M) = A* (J(A(M)))). 
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Proof .  We have 

/ ~ J ( M )  C 4 ~ x ~ M ,  /(x)  = s u p / ( M ) ~ x ~ M ,  
/ (A-~Ax) = sup / (A~IA (M)) ~ ~ t x ~ M ,  

(A-l) * / (Ax) = sup (A- l )* / (A (M)) i=> 

r ~Iy ~ A (M), (A*)-I] (y) = sup (A*)-I / (A (M)) ~=> (A . ) - 1 / ~  j (A (M)), 

where  y = AxE A(M). 

Le t  X be a Banach space .  The sequence  {x~: k ~ N } ~ X is cal led comple te  if Sp{x~: k ~ N} = X. 
~ o  

The sequence  {xa: k ~ 2V} is cal led a base  if f o r  any xE X there  ex i s t s  a unique s e r i e s  x = ~,~=la~x~ converg-  

i n g t o x .  The sequence  {xn: k ~ ~ }  ~ X i s c a l l e d m i n i m a l i f a s y s t e m  {/n: k ~ N }  ~ X* exis t s  such that  

(1~ k i, 
/h(xi) = 6~ = O, k ~= i. 

The s y s t e m  {/k: k ~ N} is sa id  to be adjoint  to s y s t e m  {xh: k ~_ N } .  A base  is a lways  a m i n i m a l  s y s t e m .  
See [7] conce rn ing  base  and m i n i m a l  se t s .  

LEMMA 2. Le t  X, Y be Banach space ,  {xh: k ~ N} ~ X be a m i n i m a l  sequence  ( respec t ive ly ,  a base)  
in space  X with adjoint  {/h: k E s ~ X * ,  and A : X ~ Y  be an i s o m o r p h i s m .  Then {Axk: k ~ s is a mini -  
ma l  s y s t e m  ( respec t ive ly ,  a base)  in space  Y with adjoint  {(A*)-l./k: k E s 

P roo f .  It  is  obvious  that  

�9 (A*)-l/h ( A x i )  = (A-1)*/h (Axi) = / k  (A-1Ax~) = / ~  (x~) = ~,i, 

whence it fol lows that  the s y s t e m s  {Axh: k ~ N} and {(A*)-l/k: k ~ N} a re  adjoint .  The r e m a i n i n g  a s s e r -  
t ions  of the 1emma a r e  t r iv ia l .  

We now p a s s  onto the space  c. Let  w be the f i r s t  infinite ord ina l  number  and let  [1, w] = Ca : ~ is an 
ord ina l  number  and 1 _< ~ _< ~}.  Then  in the o r d e r  topology [1, w] is a compac t  t t ausdor f f  space  and c = 
C[1, w], where  C[1, w] denotes  the space  of aU r e a l  cont inuous funct ions ,  defined on [1, w], with no rm 

Ilxll = max {Ix(i)[: I ~ i ~ 0)}. (3) 

I ts  adjoint  is the space  M[1, co] of all  Radon m e a s u r e s  on [1, w] (see [6]). F o r  each  Radon m e a s u r e  pE M[1, 
w] we have 

By S(p) we denote  the suppor t  of m e a s u r e  p, i .e . ,  the c losed  se t  c o m p l e m e n t a r y  to all open subse t s  of com-  
p a c t u m  [1, w], on each  of which the va r i a t ion  of # equals  z e r o .  In our  ca se  S (~) = (i ~ [t, o)]: ~ (i) :/= 0}. 
E v e r y  Radon m e a s u r e  p can be r e p r e s e n t e d  uniquely in the f o r m  

= ~t+ --  ~-, 

whe re  ~+ and # -  a r e  nonnegat ive Radon m e a s u r e s  ( the J o r d a n  expans ion  [6]). Let  

U = {x ~ C [t, col: [rxH -~ i}. (4) 

Accord ing  to [8], pE J(U) if and only if S (~+) (1 S (~ )  = r Keeping in mind  that  w be longs  to  each infinite 
c losed  subse t  of [1, co], tha t  S (~+) = {i ~ [1, (o]: ~ (i) > 0} , and that  S (~-) = {i ~_ [1, o)]: ~ (i) <( 0},we o b -  
ta in  

LEMMA 3. Let  p f  M [1, W]. Then  pE J(U) if  and only if one of the fol lowing condi t ions  is fulf i l led:  

a) S(g) is a finite set ,  

b 1) S(# +) is f inite,  S(p-) is infinite,  and ~(w) _< 0, 
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b~) S(p +) is infinite,  S(p-) is f inite,  and/~(co) _> 0. 

In what  fol lows we shal l  ident i fy  the se t  3" of all pos i t ive  i n t ege r s  with the set .  {tt ~ li, 

We define the funct ions 5 i, gi ~ M [1, co] by the equal i t ies  

5~(x)=x(i) ,  z ~ C [ t ,  ~}, 1 < / ~ < o ,  

r e s p e c t i v e l y ,  

~ .~i-1-1 i x 0) , t z (k~) 

fo r  xfi C [1, co], 1 _< i _< co, whe re  

k ~ = 2  i - l ( 2 n ~ ' i ) ,  n = 1, 2 . . . . .  i ~ i < ( o ,  

and 

Since both se t s  S(g;) and S~i )  a r e  inf ini te ,  a c c o r d i n g  to L e m m a  3, gi g J(U), 1 _< i _< co. 
t rue  fo r  any nonz e ro  finite h n e a r  combina t ion  of e l e m e n t s  of gi" 

Denoting 

X = Sp {g,: t ~ < i G o } ,  

we get  that  

This  s t a t e m e n t  is 

(5) 

x ~ s ( u )  - {0}. (6) 

The p r o o f  of the nex t  l e m m a  r e p e a t s  the p r o o f  of the fact  that  the o p e r a t o r  A cons t ruc t ed  in [4] is an 
i s o m o r p h i s m  of spaces  c o and c (see [4]). T h e r e f o r e ,  we do not p r e s e n t  it. 

LEMMA 4. The l i nea r  o p e r a t o r  defined by the equal i t ies  

Ax(i)  = gi(x), i <~ i~<w, x . ' ~ C [ l ,  (el, 

is  an i s o m o r p h i s m  of the space  C[1, co] onto C[1, co]. Its adjoint  o p e r a t o r  s a t i s f i e s  the r e l a t i o n s  

A*St = gi, t ~. i ~. o. ('7) 

Le t  e i ~ C[1,w] be defined by the equa l i t i es  

ei (/) --- 6u, l ~ < i ~ < o  , I ~ < i <  r (8) 
eo(i) = 1, i < i-.< c0. 

v , [z(0 Since any e l emen t  x~ C[1, co] can be r e p r e s e n t e d  uniquely in the f o r m  z -- x ((o) e~ ~ , , . .<~  - -  x(w)]e i, 

the sequence  {e i : 1 _< i _< co} is a b a s e  of space  C[1, co]. Its" adjoint  is  the sequence  

(9) {,~,,,} U { 6 , -  ~,., : 1 ~<~ < ,.,,}. 

A c c o r d i n g  to L e m m a  2 the sequence  

a l so  is a base  of space  C[1, co] with adjoint  

u i - - - - -A*(6l - -  8~,) = g t - -  g~, 

uo = A*6~. 

(1o) 

t <i<co, (11 )  
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Le t  

v =  { x ~  e l i ,  col: I~=(x)I-.<i, 1 ( 6 ~ - ~ ) ( x ) I < l ,  i ~ < c o } .  (12) 

I t  i s  e a s y  to s e e  tha t  V i s  a c l o s e d  bounded  s y m m e t r i c  convex  d i v i s i o n  r i n g .  S ince  A i s  an i s o m o r p h i s m ,  
the s e t  

V~ = A -~ (V) (13) 

h a s  the  s a m e  p r o p e r t y .  

The s p a c e s  C[1, ~o] and c o a r e  i s o m o r p h i c .  Le t  

H: C [l ,  col -+co (14) 

be  the  i s o m o r p h i s m  of s p a c e  C[1, ~o] onto c 0. We def ine  a new n o r m  II "II~ on c 0, e q u i v a l e n t  to no rm (1), by 

II xll~ = IIH-lx II, x ~ Co. (15) 

Then H wi l l  be  a n  i s o m e t r i c  i s o m o r p h i s m  of the  s p a c e  (C[1, r [[.ll) onto (c 0, l['ll ~)" App ly ing  L e m m a  2 
once aga in ,  we ge t  t ha t  the s e q u e n c e  

is  a b a s e  of s p a c e  c o with ad jo in t  

L e t  

xi = H y { ,  t ~ i~< co, (16) 

h~ --- (H*)-~ttl, I -~< i ~< co. (17) 

V~ = H (V1) = HA -~ (V). (18) 

L E M M A  5. Set  V 2 is  a n t i p r o x i m a l  in  s p a c e  (c o, I[ "[I 1). 

P r o o f .  We i n t r o d u c e  the fo l lowing  nota t ion :  

Z = S p { ~ i :  I ~<i : .~co};  Y---- S p { x i :  i - . . < i < c o } .  (19) 

S ince  V 2 is  a c l o s e d  bounded  s y m m e t r i c  convex  d i v i s i o n  r i n g ,  i t s  Minkowsk i  func t iona l  [I'll 2 i s  a n o r m  on c 0, 
e qu iva l en t  to n o r m  (1), and 

V2 ---- {x ~ Co: II x 112 ~< i}.  (20) 

Tak ing  (18),(12) ([6], VI.3.7),  (17), and (11) into accoun t ,  we ob ta in  

II x tt~ = inf {~ > 0: x E ~v~} = inf {~. > 0: ~-~x ~ V~} ----- 

= i n f { E >  0: ~-~x ~ HA -~ (V)} = inf{~ > 0 :  A H  -~ (~.-Xx) ~ V} -= inf {E > 0: ] 6,. ( A H  -~ (E-ix)) I ~ t ,  

1(6~ - -  60,) (A H -~ (E-~x)) ] ~  1, t ~ < i  < r = inf {2. > 0:l (H*)-~A*6~ (~.-~x)l ~ 1 ,  

[(tt*)-IA * ( 5 1 - 6 ~ ) ( ~ - 1 x )  [ ~ i ,  i - ~ < i ~ c o } - - - - i n f  { ~ >  

> 0 : ] h ~ ( ) ~ - ' x ) ] ~ < l ,  i ~< i ~< co} = inf {~ > O: ] hi (x)l ~< )~, i ~< i ~< co} = sup {I hi (x)l : l ~< i ~< co }. (21) 

Le t  T : Y - ~ Z  be  a l i n e a r  o p e r a t o r  de f ined  by  the e q u a l i t i e s  

Txi = el, i ~ i ~ co. (22) 
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Tak ing  (16), (17), and (21) into account ,  f o r  any y = ~ = ,  a~x~,~ ~ Y we obtain:  

1~  L a~e~i ----max{]a~],...,la,~[}= II r~ [I = 

= max { I he, (y) [ . . . . .  [ h% (y) ] } = sup { I h~ (y) [ : l ~ k ~ co} = ][ Y I[~" 

Thus , '  T is  an i s o m e t r i c  i s o m o r p h i s m  of the s p a c e  (Y, I[" H ~) onto (Z, [] "[I)" Since the s equence  {x k : 1 _< 
k _< w} is  a b a s e  of s p a c e  c 0, ~" = c o and T can  be cont inuous ly  extended (and, m o r e o v e r ,  uniquely) up to the 
l i nea r  i s o m e t r y  of s p a c e  (c 0, [I'll 2) into the s p a c e  (c 0, II 'll)" F u r t h e r ,  s ince  the n o r m s  [I'tl ~ and ll'll a r e  
equ iva len t ,  ~ ,  fi > 0 e x i s t  such tha t  a I]x II ~ Hxll~ ~ [~ ][ x ]l. Thus ,  II T x  II = ]I x I1~ ~ a II X tI, x ~ c o ,  whence  i t  fo l -  
lows tha t  the r a n g e  of o p e r a t o r  T i s  c losed .  But then, T (co) = T (co) --~ T (Y) = Z - =  co.Thus,  we have  o b -  
t a ined  tha t  T is an i s o m e t r i c  i s o m o r p h i s m  of s p a c e  (c 0, l[ "l] 2) onto (c 0, [[ "If). I t s  ad jo in t  o p e r a t o r  T *  is  the 
i s o m e t r i c  i s o m o r p h i s m  of (l l, I[ "[I) onto (/1, I[ "ll 2) (by [[ "ll and I[ "{12 we have  denoted  n o r m s  on ll, adjoint ,  
r e s p e c t i v e l y ,  to n o r m  (1) and to [1 "l[ 2 on co). Le t  6"i ~ ll be  def ined by  the equa l i t i e s  

~ (x) = x (i), x ~ co: 
(23) 

Then  

T*-~ (xh) = 8i ( Tx~) ---- 6~ ( ~ )  = 61h = hi (xk), l ~ k :~ ~. 

Since {x k : 1 _< k _< w} is  a b a s e  of s p a c e  e 0, 

(24) 

L e t  us  show tha t  V 2 i s  an  a n t i p r o x i m a l  s e t  in (c 0, It'II l). F o r  th is  it  i s  enough to p r o v e  tha t  J (V 2) N 
J(Bl)  = {0} ([4], P r o p .  1 (iii)), w h e r e  

B~= {x~co: Ilxll~<i}. (25) 

Le t  B be the unit  ba l l  in space  (c 0, I[ "I[) and U be  the unit  bal l  in space  (C[1, w], [[ "[1)" Since T is  an i s o -  
m e t r i c  i s o m o r p h i s m  of s p a c e  (c 0, [I "[[ 2) onto (e0, II ~ l[), t ak ing  (20), (15), and (4) into account ,  we obta in  

B=T(V~), B~=H(U).  (26) 

F r o m  L e m m a  1, (26), (24), (17), (5), and (11) it fo l lows  tha t  

/ ~ .r iv , )  ~ (T*)-V E J (T (V,)) ,~  (T ' ) - ' /~  ] (B) 
~ . . . . .  ~ E [1, col, ~al . . . . .  a~ E R,  (T*)-~r 

On the o the r  hand,  a c c o r d i n g  to L e m m a  1 and (26), 

/ ~ ] ( z l )  ~ H*I  ~ J (u)  ~ / ~ (H*)-I (]  (y)). 

F u r t h e r ,  t ak ing  (6) into account ,  we obta in  

/ ~ (H*) -~ iX) N (It*)-" (]  (U)) = (H*)-'  (X  n I (V)) = (H*) -I (0) = {0} 

Thus ,  J (B l) N J(V2) = {0}. The l e m m a  is  p r o v e d .  

P r o o f  of T h e o r e m  1. Since t1"{C [l, r ~ �9 [1) -~(c0, IF �9 II,) i s  an i s o m e t r i c  i s o m o r p h i s m  and s e t  V 2 is  
an a n t i p r o x i m a l  in (c 0, 1[. [I 1), Vi = IVl(V2 ) is  a c lo sed  bounded s y m m e t r i c  a n t i p r o x i m a l  convex  d iv i s ion  r i ng  

in (c[1, ~], 1['11). 
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