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1. Introduction. et o be a real number, « < 1, and deno-
te by S™(«) the class of functions f£(z) = z + a2-22 + eee

which are regular in the unit disc U ={ lz| < 1] end satisfy

z £(2)
£(z)

Re >, z2€U,

If o €[0,1), then 5¥(x) is the well-known class of star-
like functione of order o and 8%(a) C §¥(0) = 8% , the class
of starlike functions. We also are interested in the case « <0,
and continue to call "starlike of order « " any function in
S!(o(), although it is not necessarely starlike, not even univa-
lent.

Letf B and ¥ be real numbers and suppose >0, g +¥>0
and =~ (—5 & & <« 1. From a more general result on Briot -
Bouguet differential subordination [ 1, Theorem 1] it is easy

to deduce that the integral operator I defined by g = Ip \f(f) ’
3

a¥

where 2

p+¥
I A N

maps S™(x) into S%(x) , i.e. To * %) —> 8%(w).
For a given o¢ [ - % , 1) we define the order of starlike-
ness of the class IM (S"(o()) by the largest number rS: g(e(;[s,\{)

such that I{” (s¥()) < 8%(4).

P(w) wi =1 «'1w):"/(s , 2€T , £& 8¥()
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In this paper we f£ind J( oLF Py %), for appropriate choices
of «, & and ¥ , by using the sharp subordination result recen-—
tely obtained in [1] and {3 ], as well as the useful lemma due to
J. FENG and D.R., WIIKEN |2]., Our general result includes some
particular ones obtained by several authors (2, 4, 5, 6, 7, 8, 9].

2. Preliminaries. Let f and g be regular in U. We say
that £ is subordinate to g , written f -4 g, or f(z)< g(z),
if g is univalent, f£(0) = g(0) and £(U) C g(U).

We will make use of the following lemmas to prove our main re-
sult.

Lenmna ﬁ. Let P>O, (34-‘(; >0 and -‘é‘/pé X £ 1,

Then the differential equation

o 2z q'(z) l+ (1l -2) 2 ©) L
Z + = N =
4 Pq(z)+{ l ez 4 ’

has a univalent solution in U , given by

(2) q(z) = - I—-
pa P
where
1
1 -2 2p(1-
(3) Qz) = S ( z ) pa- tP+¥-1 gt , zeu,
0 1 - %2

and q(z) < {1+ (1 ~-2x)21/(1 - 2).

If p(z) =1+ P; Z+ ... is regular in U and satisfies
the differential subordination

z p*(z) 14+ (l~2x) 2

(4) p(z) +
Gp(z) + ¥ 1 -2
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then p(z) < q(z) and this subordination is sharp.
More general forms of this lemma may found in [1, Corollary
2.1 ] and [ 3, Corollary 1,1].

and let @Q(z,t) be a complex-valued function defined on U x [0,1]
such that Q(z,-) is integrable on {0, 1] for each z€U. Suppo-

Lenma B. ILet dy(t) be a positive measure on [0, 1]

se that Re Q(z,t) > 0 in U, Q(-r,t) is real and

Re —& Z 3 :
Q(z,t) Q(=-r,t)
for |z|<r <1 and t€(0, 1],
if

1
Qz) = S z,8) A6
o]

then
1 > 1

Re Z
Q(z) Q(-r)

y for lzi<r.
This lemma is due to J. FENG and D.R, WILKEN [2, Lemma 2].

3. Main result.

IHEOREM, Iet (>0, ( + ¥ > O and consider the integral o-
perator I,y defined by (1). If o€ =¥ /8 1) then the or-
der of starlikeness of the class IP,X (s¥(«)) is given by

(%) S(d;@,i):inf Re q(z).
lzi<l

Moreover if o € [d , 1), where
-¥-1

(6) o(o = mang-L-——,-L}
2p ¢

and g = IM(f),;o_r fe s¥(«), then
b
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[ A €,

F(1,2p(1=c), p+¥+1 32/ (1+1)) )

zg'(2z) 1
> q(-r) ==
PO P

for |zl{r <1 and

(7) Re

1 g+
(8) &(O( i (3:‘6) = q(~1) = E [F(l,2‘5(1'°‘)| (3+$+1 i 1/2) _X’]'

where q is given by (2) and F(a,b,c3;2) is the hypergeometric

function. The extremal function is given by g = IP)\{(}:), where

k(z) = z (1 - z)2(°<"1).

z g'(z)
Proof. If we let p(z) = ——— from (1) we obtain
g(2)
z p'(2) z £'(2)
p(z) + =
pp(2) +% £(z)

Since feS¥(x) is equivalent to

z £'(z) 1+ (1
£(z) 1l -2z

2d) 3z

we deduce that p(z) satisfies the differential subordination (4)
and hence, by lemma A, p(z) < q(z) which implies (5).
Next we shall use the following well~known formulas

1
(b)| (e-b
(9) g 27 1(1-6)°"P"L(1t2)"2 at = L™ [(e) F(a,b,c;2),
o )
¢>b>0, and
(10) F(a,b,c;z) = (1 - 2)”2 F(a,c-b,c ; - l) )
Z -

which hold for all z € CN\ (1, 00).
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Suppose o € (o, 1), where o, 1s given by (6) and denote

a = 2f(1-0), b = g +¥% and c¢ = (3-0-2&‘4- 1 =b+ 1, Since c¢c>b>0,
from (3), by using (9) and (10), we deduce

b) | (c=b
Qz) = (1 - 2)2 I ) [Ce-b) F(a,b,c32) = F(a,c~b,c; -z—-) =
[ @-Hf z-1
) e Hlige s 2 : ) r Eel

Since o > o, implies c >a, by using again (9), we get

az) Sl Lo a u(t) , z€U
z) = et y & ’
o 1=(1~1¢t)z H
where
| e))
A U(t) = mmme—— 871 (1 - g)C"B"L gy,
5 [(a) [(c-a)

If we let Q(z,t) = (1L - 2)/(1 - (1 - t) z), then Re Q(z,t) > O,
Q(-r,t) is real and

1 1~-(L«%)2 1L+ (L =-%)r 1
= Re > =

Re = s
Q(2,%) l-z 1+ Q(~r,t)

for |(zl4r <1, O £t £ 1. By lemma B we have

1 1
Re =
Qz)  Y-r)

which implies (7). If we take g = I(%,‘K(k)' then a simple compu-
tation yleld p = q , which shows that (?7) is sharp. In the case

o = L, we obtain (7), by letting oK —> 0<:r . From (7) we ob-
tain (8), by letting r —>1". This completes the proof of our the-

orem.
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4, Particular caseg. 1) Let @70 and (3+ ¥ > 1. In this
case K = (@-¥~-1)/2p and if we take o= X, i.e. ¢ = a,

by using F(l,a,a 32) = (1 - z)"l , We easily get q(z) =
=(p+¥2)/p(l -2) and

p-%-1 p-

i (3 ) ‘@ ) =
ap 2@

which shows that, if (3 > ¥ > 1- (b, the integral operator IFff
naps each starlike function of order ((3 -y - 1)/2(’; into a star-
like (univalent) function. This result is sharp if g = ¥ = 1/2.
For instance, if @ =Y = 1, we deduce that the Libera integral o-

perator maps starlike functions of order -1/2 into starlike
functions.
2) Let >0 and B +¥ < 1. In thie case o<°=-zf/ﬁ and

we have

[(p+s+ 1/2)
(-X/P‘P,\g)-P‘f'E. r(@-f‘é) - X/(B-

If in this last formula we take Y = O and Ia’ =1/« £ 1,

we get

MW/« + 1/72)
VT T/ + 1)

8§05 Ve, 0) =

which is the order of starlikeness of o - convex functions, for

of 21, L47. We note that A\(O 3 1/x 5 0) = 0 £ g(-1), for oel0,1).
3) Let >0 and § +% = 1. In this case Xy =1 - l/(s

and for X & [ l-1/3, 1) we have

§Cot s Ba1-p) =
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If in this last formula we take @ =1 , we obtain the order of
starlikeness of convex functions of order «, for<d.€[0, 1,

[2], (97 If we take 3 = 1/2 , then, for ok€l-1, 1), we have

o/(1=-2"%) -1, olfO

Sy w2, er>={
1/(ln2) =1 , o=o0.

4) Let >0 and (3 + ¥ = 2. In this case Ky =1~ 5/(26).

1

and for o€ [1 - 3/(28), 1) we obtain

o [ (12 (1)) (1-p(1-)) ) . .
3 | 2201 - 5510 +f-2 )0 Al A
: Al 1 ) o
S(D( .(\5,2-@) J@{;E(l-ln 2 +{5 2:} , =1 1’(2(3).
Y I S L
k@[2(21n2—1)+e o ydk=1-1/p .

If we take @ = 1 , we obtain the following result.

Corollary. If «e[-1/2, 1) then the order of star-
likenese of the class L(S®(«)) , where L is the Libera inte-

gral operator defined by

2

L(£)(z) = %S £(w) aw,
[+]

is given by
X (2K =1)

2(27%% 4 =1)

-1 ,o(£1/2,o<£0

Sty = 1
2(1- 1n 2)

-1 , X = 1/2

1
2(2 1n 2 -1)

-1 , & =0,
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We note that g(-l/Z; 1, 1) = 0, but 5(-1; 1, 1) = =1 £
£ Q('l) = ~1/4,

Remarks. 1) If AP is the operator defined by AP(f)(z) =
&
= 2z (£(z)/2) , then we have T,y = Al/@ ° Iy vyl ° A?.

Since A@ maps bijectively 5*(«) onto S*{d@+-l —&3) s We
easily deduce the following relationship

BE(x 16 ,8) =0(xp+ 1 -ps 1, Pay-1) +f-1,
which shows that for the problem involved in this paper it is
sufficient to consider integral operatore of the form Il,X ’
with ¥ + 1> 0.,

2) For some particular cases, in [ 5], [6] and | 7] elementary

proofs of the fact that \min Re q(z) = q(-1) were given. We
z| =1

note that in all those cases it was proved that 2z = -1 is the
only point of minimum.
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