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i. Introduction. Let c< be a real number, c( < i, and deno- 

te by S~(~) the class of functions f(z) = z + a2. z 2 + ... , 

which are regular in the unit disc U ={ I zl ~ 1 I and satisfy 

z ~" ( z )  
Re ~ > o( , zgU. 

z(z) 

If ~ E[O,I), then Sm(~) is the well-known class of star- 

like functions of order ~ and B~(~) C S~(0) = B ~ , the class 

of starlike fumctions. We also are interested in the case ~ O, 

and continue to call "starlike of order ~ " any function in 

S~(~), although it is not necessarely starlike, not even univa- 

lent. 

~ f ~ ~ be ~~ =~b~ ~ ~ppo~ ~ > o, ~ + ~ > o 

and ~ ~ ~ 1. From a more general result on Brlot - 

Bouquet differential subordination [ l, Theorem i ] it is easy 

to deduce that the integral operator I~,~ defined by g = Ip,~(f), 

whe re 

_(z f~(w) w ~-z aw)Z/~ z~u , ~'~,s~(~), 
(z) g(~) : ~ ~ "  ~o 

maps S~(~) into Sm(~) , i.e. I~ : Sm(~)--~ S~(~). 

For a given c~6 [- ~ , I) we define the order of starlike- 

hess of the class I~,~ (S~(~)) by the largest number ~= ~(~;~,~) 

such that I g (SH(~)) C S~(~). 
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In this paper we find ~(~ ! ~ , ~ ), for appropriate choices 

of c~ , ~ and [ , by using the sharp subordination result recen- 

rely obtained in [i] and [3~ , as well as the useful lemma due to 

J. FENG and D.R. WII~N [ 2]. Our general result includes some 

particular ones obtained by several authors [2, ~, 5, 6, 7, 8, 9]. 

2. Preliminar!e s. Let f and g be regular in U. We say 

that f is subordinate to g , written f-~ g, or f(z)-~ g(z), 

if g is univalent, f(O) = g(0) and f(U) C g(U). 

We will make ase of the following lemmas to prove our main re- 

suit. 

L e m m a A. Let ~ > O, ~ + ~ > 0 and -[/~ __4 a< C i. 

Then the differential equation 

z q'(z) i + (i- 2~) z 
q(z) + = , q(0) = i, 

~q(z) + f i-z 

has a univalent solution in U , given by 

(2) q(z) = 

- F 
where 

(3) i 
i i - z 2~(i-~) 

Q(z) = (-------) 
o i - tz 

t ~+~-I d~ , zEU, 

and q(z)-~[l + (i- 2~) z]/(l- z). 

If p(z) = i + Pl z + ... is regular in U and satisfies 

the differential subordination 

(~) 
z p'(z) i ÷ (i - 2~) z 

p(z) ÷ .... -~ .......... 

p(z) ÷ ~ i - z 
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then p(z)-< q(z) and this subordination is sharp. 

More general forms of this lemma may found in [1, Corollary 

2.1] aria [3 ,  OoroZz~ Z . l ] .  

L e m m a B. Let d~(t) be a positive measure on gO, i] 
~ " - ~  I 

and let Q(z,t) be a complex-valued function defined on U x [O,i] 

such that Q(z,-) is integrable on [0, 1] for each zEU. Suppo- 

se that Re Q(z,~) > 0 in U, Q(-r,~) is real and 

Re 1 ~ . 1 . 
Q( z, ~) Q( -r, t) 

for Izl-<r <l and t E[O, i]. 

I f  1 f 
Q(z) = ~ Q(z,~) d ~(~) , 

J o l 

then 

Re 1 ~ 1 ----- ------- , for I z~ .< r. 
Q(z) Q(-r) 

This lemma is due to J. FENG and D.R. W LKEN [2, Lemma 2]. 

3. Mai~ result. 

THEORy. Le__~ ~ >0, ~ + ~ > 0 and consider the integral o- 

/~erator I~% define d by (i). If ~ E [-~/~ , l) then the or- 

der of starlikeness of the class I~ (S~(~)) is given by 

(5) 
Izl~l 

Moreover if C< E [do, i), where 

an_rid g = I (f), for f~_S~(~), then 
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(7) Re ~/ q(-r) = .... 

for Iz~<~ < i and 

i I ~+~ 

where q is given by (2) and F(a,b,c;Z) is the ~ergeometric 

function. The extremal function is_s__~iven~ g = l~,f(k), where 

k(z) = z (1- z) 2(~-1). 

Proof. If we let p(z) = 
z g'(z) 

g(z) 
from (i) we obtain 

z p'(z) z z'(z) 
p(z) + ..... = 

p(z) + [ f(z) 

Since f~ Sm(~) is equivalent to 

z f'(z) 1 + (1- 2~) z 
=~ ~ ~ .... 

f(z) i - z 

we deduce that p(z) satisfies the differential subordination (4) 

and hence, by lemma A, p(z) -< q(z) which implies (5). 

Next we shall use the following well-known formulas 

i l I"(b) I-" (c-b) 
(9) tb-l(l-t) c-b-l(l_tz)-a dt = ........ F(a,b,c;z), 

o F(c) 

c> b20, and 

(I0) F(a,b,c;z) = (i - z) -a F(a,c-b,c ; -----) , 

which hold for all z ~ C\ (i, oo). 

z-1 
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Suppose c~ E (~o' i), where c~ 0 is given by (6) and denote 

a = 2~(1-c~), b = ~ + ~ and c = ~+~+ 1 = b + 1. Since c>b>O, 

from (3), by using (9) and (i0), we deduce 

Q(z) (i z) a F(b) F(c-b) i z 
= . . . . . .  F(a,b,c;z) - F(a,c-b,c;--) = 

Fcc) ~ + ~ z-i 

i z 
= ------- F(l,a,c ; ~ )  , zEU. 

~÷~ ~-i 

Since c~ ~ ~ implies c>a, by using again (9), we get 
o 

i 
i 1 - z 

Q(z) = z 
o ' 

where 
~(b) 

~(~) = V(a) V(c-a) t 
a-i (i - t)c-a-1 d$. 

If we le~ Q(z,t) = (1 - z)/(1 - (i - t) z), then Re Q(z,t) > O, 

Q(-r, t) is real and 

i i - (i - ~) z 
Re = Re ...... 

Q(z,t) 1 - z 

i + (i-~) r i 

1 + r Q(-r,t) 

for [zl~r ~ i, 0 ~ t ~ i. By lemma B we have 

1 1 
Re----- t 

Q(z) ~(-r) 

which implies (7). if we take g = I~(k), then a simple compu- 

tation yield p = q , which shows that (7) is sharp. In the case 

c~ = ~o ' we obtain (7), by letting ~-~ c~ +o . From (7) we ob- 

tain (8), by letting r-*l-. This completes the proof of oar the- 

orem. 
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%. Particmlar cases, i) ~et ~ ~ 0 and ~ + % >~ i. In this 

case ~o = (~-Y- 1)/2~ and if we take ~ = ~ o ' i.e. c : a, 

by -,sing F(l,a,a !z) = (i - z) -I , we easily get q(z) : 

: (~ +~ z ) l ~  ( i  - z )  aria 

~ - ~ -  i ~-~" 
( ~ , ~ )  - , 

which shows that, if ~ >i ~ >/ I - ~ ,  the integral operator I p~ 

maps each starlike function of order (~-~- 1)/2~ into a star- 

like (univalent) function. 'Fnis result is sharp if ~ = ~ ~ 1/2. 

For instance, if $ =~ = l, we deduce that the Libera integral o- 

perater maps starlike functions of order -1/2 into starlike 

fumctions. 

2) ~ ~ > o  ~ ~ . ~ ~ .  z , ~ t h i ~ c ~  o< o : - ~ / ~  ~ a  

we have 
i r ( ~ ÷ ~ +  i/2) 

( -  ~/~ ~ P' ~ ) ~ ~  V(  ~ + ~ ) -~" 

If in this last formula we take ~ = 0 and i~ = i/~ ~ i , 

we get 
V(~ 1/2) 

-c~(o ~ i / ~ ,  o )  : + , 
4E V(i/~ + i )  

which is the order of starlikeness of c< - convex functions, for 

~ l, L4]. We note that ~(0 ; 1/~< , O) = 0 % q(-1), ford6[O,1). 

3) Let ~-7 0 and ~ + ~ = 1. In this case c~ o = 1 - 1/p 

and for C~E [ i- 1/.:3 , I) we have 

ri - 2~(i -~) l 

J , 



333 

If in this last formula we take ~ = i , we obtain the order of 

starllkeness of convex functions of order ~, for ~ ELo, i) , 

[ 2 ] ,  ~Lg]. I f  we ~ake ~ : i / 2  , then,  for cKE~-l, i ) ,  we b~w 

"" f d / ( 1  - 2 -<)  - i ,  <X A 0 
~ (  d ;  ] . /2, 1/2)  : 1 / ( l n  2) - i , ~ = o .  

~-) ;.,e~; ~ > o  a~a ~ +~C = 2. :~ t;hi~ ca~e o~ o = i - ~ i ( 2 ~ ) ,  

and for c~ E [i .- 3,1(2~), i) we obtain 

/ - -  

:L I { I - 2  ~ ( i - ~ )  )(  i - ~ ( i - ~ )  ) 

&(~,~,2-,) [ '- ] = . . . . . .  + [ 5 - 2  
' 2(l-ln 2) 

! 

i + - 2] 

1 ÷ ~-2 , ~,~-}~, ,~-~ , 

,~:  i- ~2~), 

,~x= i -  i /~  . 

If we take (5 = 1 , we obSain the following result. 

C o r o i 1 a r y. If c~E[-]./2, i) then the order of star- 

likenes~ of ~he class L(S~(d)) , where L is the Libera inte- 

gral operator defined by 
Z 

2 ( f(w) 
T(~)(z) =~ Jo dw, 

is given by 

~(~; i,c~ - 

(2~ -i) 
2(-2 - ~  +~"~~i" - i  

1 

21. 
- 1 

2(2  i n  2 - 1 )  

, o ~  i / 2  , c< % 0 

, C~= i/2 

, c~= O. 
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We note that c~(-i /2; i ,  i )  = 0 , but o~(-i; i ,  i )  = - i  

q(-1) = -~/~. 

Remar.ks. i) If AG is the operator defined by As(f)(z) = 
! F 

= Z (f(z)/Z) , then we have I~ = A1/~ o Il,~+~-l o A~. 

Since a~ maps bljectlvely S~(~) onto S~~+ 1 - ~) , we 

easily deduce the following relationship 

which shows that for the problem involved in this paper it is 

sufficient to consider integral operators of the form I 1 ~ , 
g 

with ~ + 1 > O. 

2) For some particular cases, in [ 5], [6] and [7 ] elementary 

proofs of the fact that rain Re q(z) = q(-1) were given. We 
Izl--i 

note that in all those cases it was proved that z = -i is the 

only point of minimum. 
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