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Monotonicity of metric projections onto positive
cones of ordered Euclidean spaces

By

G. Isac and A. B. NEMETH

0. Introduction. If X is a Hilbert space and D — X a nonempty closed convex set, then
it is well known (see e.g. [5], Theorem 2.1.2) that for any u € X there exists a unique
element i € D satisfying

ld—ull=min{||x —ul: xeD}.

The element # is called the metric projection of u onto D and we denote 7 = np(u). A
laborious study of =, is the subject of the paper of Zarantanello [14]. In some problems
in optimal control theory (see ¢.g. [12]) and in nonlinear complementarity problem (see
e.g. [6], [2], [3] and [1]) a special interest is focused on 7y in the case when K is a closed
convex cone. However, as far as we know, the literature lacks a deep study of the
operator mx. One of the first steps in this direction would be the investigation of mono-
tonicity properties of 7. This is the aim of the present note in the case of the n-dimen-
sional real Euclidean space R”. Consider IR” to be ordered by the closed convex cone K.
The metric projection = onto K will be said isotone if u £ v (u, v € R") implies 7z (v) £ 7(v).
We are interested in characterizing K in order to n be isotone. Surprisingly this condition
imposes rather strong restrictions on K: it must have a special structure which implies
in particular its miniedrality (or equivalently, the latticiality of the induced order). This
circumstance as well as the feature of the proofs relate our note to the very classical results
on finite dimensional vector lattices due to F. Riesz [9], A. Youdine [13] and B. Szdkefalvi
Nagy [11].

1. Prerequisites and the main result. Let E be a subset of a convex set A in the vector
space R™. Eis extremal subset of Aif x,ye Aandtx + (1 —t) ye Eforsomet (0 <t < 1)
entails x, y € E. An extreme ray of 4 is an extremal half line; we write the set of all extreme
rays of A as rext(4).

The subset E of A is called exposed if it is the intersection of A with a closed half space
which contains no point of A4 in its interior. An exposed set is extremal. An exposed ray
of 4 is an exposed half line in A4.

The subset K of R*is a convex cone if (i) K + K = K and (ii) t K = K wheneverte R ...
If we have in plus K n (— K) = {0} then K is called proper (or acute). K is said generating
if K— K=R"
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If K is a closed convex cone in R” which is proper, then K = co(rext(K)), i.e., it is the
convex hull of its extreme rays (see e.g. [4], 1. §8).

If M is a subset of R” we denote by cone(M) the cone engendered by M, i.e., the set
{t; X1+ F tpyXp: X5 Xg€M,me N, t,...,t, e R, }. Weshall refer to cone(M) as
to the cone hull of M.

The cone K induces a reflexive and transitive order relation in R” if we put u v
whenever v — u € K. The relation is translation invariant and invariant with respect to
multiplication with scalars in R, . The order relation is antisymmetric if and only if K
is proper. If K induces an order relation in R”, then it is called the positive cone of this
ordered vector space.

The convex cone K = R" is said miniedral when

K =cone{x,,..., x,}

with x,,..., x, linearly independent elements in R”.

The convex cone K in R” is miniedral if and only if the order relation induced by it
in IR"is a latticial one (see [13] or [11]), that is, if every pair of elements in IR” has a greatest
lower bound. If KX is miniedral then it is proper and generating,

Denote by < -, * > the scalar product in IR". The polar of the cone K is by definition

the set K°={yeR" (x,y> £0, VxeK}.

The set K° is a cone too. K is proper and generating if and only if K° has the same
properties. If K is closed, then (K®)° = K (see e.g. [10] Theorem IV.1.5). If K is miniedral
then K° is miniedral too. (This follows from [9] and [13]; see also [7].)

Definition. The closed proper and generating cone K in IR" will be called thin if
for any two vectors u, v on two different rays of K° one has {u,v) < 0.

Using the introduced notion our main result can be formulated now as follows:

Theorem. The metric projection onto the closed proper and generating positive cone of
an ordered Euclidean space is isotone if and only if the cone is thin.

The main tool in the proofs is the theorem of Moreau which asserts [8]:
Let P and Q be two convex cones in IR" each being the polar cone of the other. Then
the following properties (i) and (ii) are equivalent:

i) z=x+y, xeP, yeQ, <x,y>=0,
(i) x=rmp(2), y=mp(2).

Observe finally that the condition on K to be proper and generating is not an essential
one. A result similar to that in above Theorem could be obtained for a more general case.
We assumed a priori in definition to thin cones be of this kind since this offers some
technical facilities in terminology and in proofs.

2. Preparatory results. To simplify the terminology in the proofs we shall use the term
edge of the cone K for a vector with unity norm on an extreme ray of K.

We consider first a technical result. Although it is rather intuitive and likely known, we
did not find it in the literature.



570 G. Isac and A. B. NEMETH ARCH. MATH.

Lemma 1. Let ay,..., a, be linearly independent elements of R" satisfying {a;,a;» <0,
i j,i,j=1,...,n Thenthere cannot exist b,, b, € R" with the properties {(b,,b,> < 0 and
{ap,bp 20 fori=1,...,n,j=1,2

Proof. We shall use the following algebraic result: If the matrix 4 = (%;;); ;=1 .,
has the properties that a;; >0, and o;; 0 for i # j, i,j = 1,..., n, then the system of
inequalities

Ax =0

may bave only solutions x = (x4,..., x,) with x, > 0, i = 1,..., n. This assertion can be
checked easily by induction on n.

We prove the lemma by contradiction. Suppose that we have find b, and b, satisfying
the conditions in the lemma. We see first that if

1) b,=aya,+ -+ +a,a,
then o, £ 0, i = 1,.., n. Indeed, one has
- <aiab1> = =0 <ai7a1> -t = O‘n<ai;~an> = 0

i=1,...,n Put A=({a;a;);;-1, .,and use the above algebraic result to get the
required conclusion.

Let us consider K = cone {a,,..., a,}. Then K is proper, convex and generating cone
in R". It follows that K° possesses similar properties and hence int K° + ¢. Now b, € K°
and we can move it easily into int K° preserving the conditions in the lemma. Thus we
can assume that b, € int K°. Hence {a;,b,> < Ofori = 1,..., n, wherefrom it follows that
the coefficients «; in the representation (1) are all negative. We shall show that

2 conef{a,,...,a,,b,} =R"

n

Indeed, let x € R" be arbitrary. Consider its representation x = 3 f;a;. Let 2 be a
positive number satisfying =1

max {| §;]: B; < 0}

A .
min {|o;{: i =1,...,n}

[\

Then 7y, = 0 can be choosen so as to have y, + Ao, = f;, i =1,..., n. Hence
i@+ Yyt Aby =+ A ag + - + (9, + A2,) g,
=psa,+ -+ Ba,=x
wherefrom (2) follows. We have by (2) for some 4; = 0:
by=24a,+ -+ A,a,+ A, b;.
Consider now the scalar product of this relation with b, to get a contradiction.
We summarize some properties of thin cones in the following lemma:
Lemma 2. Let K be a thin cone in R*. Then

(i) K is miniedral;
(ii) — K < K° or equivalently {x, y> Z O for each pair x, y of elements in K
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(iii) If eq,..., e, denote the edges of K and u,, ..., u, denote the edges of K° then by an
appropriate reindexation we can realise that {e;,u;) =01if i+ j i,j=1,....n

(iv) Every face of a thin cone K is a thin cone in the subspace spanned by this face. If K,
isa face, if H = sp K, then the polar K9 in H of K can be obtained as p(K°), where
p is the orthogonal projection onto the subspace H.

Proof. (i) Since K° is the cone hull of its edges and since it is generator, it must
contain n linearly independent edges, say u,,..., u,. Let u be an arbitrary edge of K°. If
ug{uy,...,u,; one would have <u,u;> <0,j=1,...,n {u,u> <0,i+jij=1,...,n
since K is thin. Consider a € int K. Then {u,a) <0 and <{a,u;» <0, j =1,...,n. This
contradicts Lemma 1. In conclusion,

?3) K° = cone {u,,...,u,},

that is, K is miniedral. Combine this with the results in [13], [11], and [9] to conclude
that K is also miniedral and hence has the representation

4 K =cone{e,...,e,}

with e,,..., e, linearly independent edges.

(ii) The assertion follows directly from (i) and from Lemma 1.

(iii) Let us consider the representations (3) and (4). We have to prove indeed that for
an arbitrary i there exists a single j such that {e;,u;> # 0. This follows from the fact that

with H] = {x e R": {e,, x> < 0}. Hence K n H; with H; = {x e R": {¢;,x> = 0} is an
{(n — 1)-dimensional face of K° and hence must contain exactly n — 1 edges of K.

(iv) We shall verify the assertion for (n — 1)-dimensional faces of K only, wherefrom the
general case will follow inductively using standard properties of projection operators. Let
us consider the representations (3) and (4) which satisfy the conditions in (iii). Denote by
K, the face cone{e;,...,e,_,}. Then sp K; = H = {x e R": {u,, x> = 0}. Let p be the
orthogonal projection onto H. Then we have

v;=pluy) =u;— {upuou, j=1,...,n—1
Observe that <{e;,v;,> =0, {e;,v,> <0 and {(v,,v;) <0fori%j i,j=1,....,n—1 In
conclusion

K¢ = cone{vy,...,0,_}

K, is a thin cone in H and K? = p(K°).

3. Proof of the necessity. (a) Let K be a closed generating cone in IR” and let K° be its
polar. We show that if b is an exposed edge of K° (i.e., a unit vector on an exposed ray),
then there exists an element a of K such that {a,b> = 0 and {a,x) < 0 for every x in K°
which is not a multiple of b.
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Consider a supporting hyperplane H of K° which contains the single edge b of K°. Let
H be given by
H={xeR" {a,x) =0, |al =1}

and choose the sign of a so as to have {a, x> < 0 for all x in K°. Then a € (K°)° = K will
satisfy the requirement.

(b) We see next that if b, b, are two different exposed edges in K° and a, is chosen in
K to satisfy requirement (a) with respect to b; (i = 1, 2), then Aa, — a, ¢ K for any positive
A. Assume the contrary: z = la, — a, € K for some 4 > 0. Then by the definition of a,

{z,b,) =<ay —a;,by) = —<a;,b,).

Since z,a, € K, b, € K° we have {z,b,> £ 0, {a,,b,> < 0. Hence {a,,b,> = 0in contra-
diction with the mode of definition of 4;.

(c) Assume that there are two edges of K° with positive scalar product. By Straszewicz’s
result in [15] they can be arbitrarily approximated by exposed edges, hence we can
suppose that there are two exposed edges b,, b, in K° with {(b,,b,) > 0.

Let g; be the clement of K with the property stated at (a) with respect to b, (i = 1,2).
We shall show that A > 0 and u > 0 can be chosen so as to have

(5 Aa, —a; — pbeK.

Consider the set B = 8K° NS where § = {x e R": | x| = 1}. B is obviously compact.
To verify our assertion it sufficies to see that 4 > 0 and x > 0 can be chosen such that

(Aay—a,— ub,by <0, VbeB.
Put ¢ = £<{b,b,>. Consider the set
) B,={beB: {b,,b> > ¢).

Then B, is an open neighbourhood of b, in B. Thus B, = B\B, is compact. We have by
the definition of a, that {a,,b)» < 0 whenever b € B,. Hence there exists a 6 > 0 such that

N {a,,b) £ — & foreach beB,.
Denote « = max { — <{a,,b>: b € B}, choose y > 0 such that
(®) pe Z
and determine A > 0 so as to have
©) Adb=za+ p
Suppose that b € B,. We have by (7) and (9):
ilay,by —<Ka,by —pu<b,b) £ —A6+a+pu=0.
If b € B,, according (6) and (8) one has:

Alay, by — {a;, by — p<by,by £ —<Cay, by — ulby, by
Sa—pue=0.
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In conclusion,
<ia2 —a;— :ubl’b> = A<a2’b> - <a15b> - ”<b15b> é 0

for each b in B. This proves (5).
Put z, = Aa, and z, = a, + pub,. We have according to the above conclusion that
z, — z; € K. Further, by the theorem of Moreau,

m{a; + puby) = a,
with = the metric projection onto K. Hence
n(zy) — m(z,) = Aay — a;.
But 1a, — a, ¢ K according to the assertion at (b). Thus the metric projection onto K is

not isotone and the necessity is proved.

4. Proof of the sufficience. We proceed by induction with respect to the dimension n.

For n = 1 we have nothing to prove. Suppose the isotony of the metric projections onto
thin cones holds for R* with k < n.

Let K be a thin cone in IR". According (iii) in Lemma 2 we can write

K = conef{e,,...,e,}; K°=cone{u,,...,u,}

where e,,...,e,; uy,...,u, are edges (vectors of unity norms on extreme rays) with
Cepup =0ifikj,i,j=1,...,n

The proof of the induction step will be done by contradiction. Assume that z, and z,
are elements of IR" with the properties:

(10) 2, —z1€K, w(z;) —nl(z,) €K,

where 7 denotes the metric projection onto K. According to the theorem of Moreau,
one has

(11) z;=a;+b;, with a;=n(z), beK® <a,b)>=0 i=1,2
That is, we have
Zy—zy=0a,— a, + b, — by.
(a) Consider first the case b, = 0. Because
a; — a; = 7(z;) — n(z;) ¢ K,
there must exist an index, say j,, 1 £ j, < n, such that
(12) ay —ay,u;,> >0
Since z, — z, € K, it holds
az —a; — by, u; > =<a, — ay, u;» — <by,u; > 0.
Combine this relation with (12) to deduce
<by,u;> > 0.
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Consider the representation of b, in cone {u,,..., u,} given by
bl = ﬁlul i ﬁnuna

where f§; = 0,i = 1,..., n. From the above deduced inequality we must have f8, > 0, since
{ug,u,» =0 if i+ j, by hypothesis. Let us consider the representation of a; in
cone{e,,...,e,} given by

a,=0o.e + - +o,e,

with o, 2 0,7 = 1,..., n. From the orthogonality {a,,b;> = 0 and the mode of indexing
the edges ¢; and u; it follows then that «; =0. Thus we have {a,,u; > = 0. Since
{a,,u;,» =0, we get a contradiction with (12).

(b) Suppose now that b, + 0. We shall show that from the conditions on z; and z, it
follows that there exists an index j,, 0 < j, < n such that

(13) {ay,u;,) = {az,u;,> =0

Assume the contrary. Then a, and a, can lie in the same (n — 1)-dimensional face
cone{e,..., e, _1,€415---: 8, fornojoe {1,..., n}. Let us consider the representation
in cone {e,,..., e,} of a; given by

a;=ode + - +ae, (=1,2).
Then, according our assumption, o + a; > 0 for j = 1,..., n. Consider the representa-
tion of b, in cone {u,,..., u,} given by

b= fiug+ -+ Byu,,  ((=1,2).

By the orthogonality conditions <a,,b;> =0, i = 1,2 and the mode of the indexing the
edges e; and u;, taking into account the relation on a} and o} (j = 1,..., n), we must have
B} B} =Oforj=1,...,n.(If f} + Oand f} + 0 one would have «; = 0, «; = 0.) Therefore

(14) (bybyy = }nilﬁ?ﬁf Gty <0

ij=
since K is thin. Because a, — a, + b, — b; € K we have
{ay—ay+ by, —by,by» 0.

From the other hand, using the orthogonality of a, and b,, the hypothesis that b, + 0
and the relation (14) one deduces

{ay—a; + by —by,b,) = —<ay, by +<by,b,> — <by,by)> >0.

The obtained contradiction proves (13).

(c) If z, and z, satisfies the conditions (10) and b, # O then there exist the elements z}
and z, which satisfies the properties of type (10), having representations of type (11) such
that for some index j,, 1 < j, < n there hold

<a,l’u/0> = <a’2=uj0> =0
and
<b/15uju> = <b/27“j0>'



Vol. 46, 1986 Projections onto positive cones 575

To verify this assertion we observe that according (b) we can assume that (13) holds for
some j,, say jo, = n. Since z, — z; € K one has

{a,—a; +by—b,u,y =<by,u,y» —<by,u,> <0
If (by,u,> = <{b,,u,» we are done. Let <b,,u,> < {b;,u,> and let us consider the element
(15) by = b, + pu,
with 8 = <(by,u,> — {b,,u,> > 0. Then b}, € K°, and <b},a,) = Osince {b,,a,) = 0 and
(13) (remind that we have put j, = n). We have also

Bty = bty + Bttty = oyt + B

= by, u,y + by, u,) — by, Uy = <by,u,).

Put a| = a,, d, = a,, b}, = b, and let b}, given by (15). Denote z; = a; + b, i = 1,2. We
have a; € K, b, e K°, i = 1,2. Further,

{2y = 21, U, = 0,
and for arbitraryj <n —1,

(25— 2,u;p =z, — 2y, upp + Bu,,up <0
since z, — z; € K, f > 0 and {u,,u,> < 0. Accordingly one hold

zy — 21 €K,

dy, uy = <az, u,) =0,

by, = by ).

Since n(z,) — n(z}) = a5, — d} = a, — a; ¢ K, the assertion (c) was proved.
(d) Suppose now that z,,z, are elements in R” with the properties (10) for which
according assertion (¢) we can suppose that hold

<a19un> = <(12,u"> = 0’ <b1=un> = <b27un> = y

Denote H = {x e R": {u,,x) =0} and K, = Kn H =cone {e,,...,¢,_,}. Let p stand
for the orthogonal projection onto H. Consider the elements

and

zi=plz;) = a; + b;— by, u) u, = a; + b, — yu,
and put z; = a; + b; with
a;=a;, b,=b,—yu,, i=12

Since b, = p(b,), we have according (iv) of Lemma 2, b; e K3, i = 1,2, where K? is the
polar of K, in the subspace H. We have further

<a:9b:> = <ai7bi - yun> = <ai: bl> - Y<aiaun> = 07 i= 13 2

Denote the metric projection onto K, in H by n'. Then from the above conclusions
using the theorem of Moreau one has #'(z)=a,=9a, i=12  Hence
7w'(zy) —m(z)=a,—a, ¢ K,. But 2, — 2z}, =z, — 2z, € K and since z}, — z is in H, we
must have z, — z| € K.
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We have get two elements z| and z, in H with 2z, — 2, € K, and #n'(z}) — 7'(z}) ¢ K.
This contradicts the induction hypothesis since K is thin cone in the (n — 1)-dimensional
space H according (iv) in Lemma 2.

This completes the proof of sufficience.
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