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0. Introduction. If X is a Hilbert  space and D c X a nonempty  closed convex set, then 
it is well known (see e.g. [5], Theorem 2.1.2) that  for any u ~ X there exists a unique 
element ff ~ D satisfying 

[ ] a -  u[[ = min{Ux - uU: x ~ D } .  

The element ~ is called the metric project ion of u onto D and we denote t7 = nD(u ). A 

laborious study of n D is the subject of the paper  of Zarantanel lo  [14]. In some problems 
in opt imal  control  theory (see e.g. [12]) and in nonlinear complementar i ty  problem (see 
e.g. [6], [2], [3] and [1]) a special interest is focused on ~K in the case when K is a closed 
convex cone. However,  as far as we know, the l i terature lacks a deep study of the 
opera tor  n~. One of the first steps in this direction would be the investigation of mono-  
tonicity propert ies  of n K. This is the aim of the present note in the case of the n-dimen- 
sional real Euclidean space ~ " .  Consider  IR" to be ordered by the closed convex cone K. 
The metric project ion n onto K will be said isotone if u N v (u, v e IR") implies n (u) < n (v). 
We are interested in characterizing K in order  to n be isotone. Surprisingly this condit ion 
imposes rather  strong restrictions on K:  it must  have a special structure which implies 
in part icular  its miniedral i ty  (or equivalently, the latt iciali ty of the induced order). This 
circumstance as well as the feature of the proofs relate our  note to the very classical results 
on finite dimensional  vector lattices due to F. Riesz [9], A. Youdine [13] and B. Sz6kefalvi 
Nagy  [11]. 

1. Prerequisites and the main result. Let E be a subset of a convex set ,4 in the vector 
space ~,f. E is extremoI subset of A if x, y ~ ,4 and t x  + (1 - t) y ~ E for some t (0 < t < 1) 
entails x, y ~ E. An extreme ray of A is an extremal half line; we write the set of all extreme 

rays of A as rext(A). 
The subset E of A is called exposed if it is the intersection of A with a closed half space 

which contains no point  of A in its interior. An exposed set is extremal. An exposed ray 

of A is an exposed half line in A. 
The subset K of~, f  is a convex cone if(i) K + K c K and (ii) t K  ~ K whenever t ~ ~,~+. 

If we have in plus K ~ ( -  K) = {0} then K is called proper (or acute). K is said generating 

if K -- K = R".  
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If K is a closed convex cone in R"  which is proper,  then K = co(rext(K)) ,  i. e., it is the 
convex hull of its extreme rays (see e.g. [4], I. w 8). 

If M is a subset of I1" we denote by cone(M) the cone engendered by M, i.e., the set 
{tl x l  + - . -  + t,,xm: x l  . . . . .  x,, e M, m e N,  t 1 . . . .  ,tm e R +  }. We shall refer to cone(M) as 
to the cone hull of M. 

The cone K induces a reflexive and transitive order  relat ion in 1t" if we put  u < v 
whenever v - u ~ K. The relation is t ranslat ion invariant  and invariant  with respect to 
mult ipl icat ion with scalars in R + .  The order  relat ion is ant isymmetric  if and only if K 
is proper.  If K induces an order  relat ion in ~1.", then it is called the positive cone of this 
ordered vector space. 

The convex cone K c ~ "  is said miniedral when 

K = cone {x 1 . . . . .  x,} 

with x 1 . . . . .  x,  l inearly independent  elements in I1". 
The convex cone K in IR" is miniedral  if and only if the order  relat ion induced by it 

in l~" is a latt icial  one (see [13] or [11]), that  is, if every pair  of elements in R"  has a greatest 
lower bound.  If  K is miniedral  then it is proper  and generating. 

Denote  by ( - ,  �9 ) the scalar product  in 11". The polar of the cone K is by definition 

the set K ~ = {y ~ R":  (x ,  y )  < 0, Vx e K}. 

The set K ~ is a cone too. K is proper  and generating if and only if K ~ has the same 
properties.  If K is closed, then (K~ ~ = K (see e. g. [10] Theorem IV.1.5). If K is miniedral  
then K ~ is miniedral  too. (This follows from [9] and [13]; see also [7].) 

D e f i n  i t i o n .  The closed proper  and generating cone K in ~ "  will be called thin if 
for any two vectors u, v on two different rays of K ~ one has (u, v)  < 0. 

Using the in t roduced not ion our main  result can be formulated now as follows: 

Theorem. The metric projection onto the closed proper and generating positive cone of 
an ordered Euclidean space is isotone if and only if the cone is thin. 

The main tool in the proofs is the theorem of Moreau  which asserts [8]: 
Let P and Q be two convex cones in R"  each being the polar  cone of the other. Then 

the following propert ies  (i) and (ii) are equivalent:  

(i) z = x + y ,  x 6 P ,  y e Q ,  ( x , y ) = O ,  

(ii) x = ~p(z), y = ~zt2(z ). 

Observe finally that  the condi t ion on K to be 'proper  and generating is not  an essential 
one. A result similar to that  in above Theorem could be obta ined for a more  general case. 
We assumed a priori  in definition to thin cones be of this kind since this offers some 
technical facilities in terminology and in proofs. 

2. Preparatory results. To simplify the terminology in the proofs we shall use the term 
edge of the cone K for a vector with unity norm on an extreme ray of K. 

We consider first a technical result. Al though it is rather  intuitive and likely known, we 
did not  find it in the literature. 
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L e m m a  1. Le t  a I . . . .  , a, be linearly independent elements o f  R "  satisfying <al, aj> <= O, 

i =1= j,  i , j  = 1 . . . . .  n. Then there cannot exist bl, b 2 ~ IR" with theproperties @1,  bz> < 0 and 

< a i ,  b j )  < 0 for  i = 1 . . . . .  n, j = 1, 2. 

P r o  o f.  We  shall use the fol lowing algebraic  result:  If  the ma t r ix  A = (chj)i,j= 1 . . . . . .  

has the proper t ies  tha t  ch~ > 0, and  c% < 0 for i # j ,  i , j  = 1 , . . . ,  n, then  the system of 
inequal i t ies  

A x  > 0  

m a y  have  only solut ions  x = (x~ . . . . .  x,) wi th  x~ > 0, i = 1 . . . . .  n. This  asser t ion can be 

checked easily by induc t ion  on n. 

We  p rove  the l e m m a  by cont radic t ion .  Suppose  tha t  we have find b~ and b 2 satisfying 

the condi t ions  in the lemma.  W e  see first tha t  if 

(1) b 1 = c q a  1 + --- + ~ . a .  

then  a i -< O, i = 1 . . . .  n. Indeed,  one  has 

- <al,bl> = - cq<al,al> . . . . .  %<ai,a,> > 0 

i =  1 , . . . ,  n. Pu t  A = ((a~,aj>)i,j= ~ . . . . .  and  use the above  a lgebraic  result  to get the 
requi red  conclusion.  

Let  us cons ider  K = cone  {al . . . . .  a,}.  T h e n  K is proper ,  convex  and genera t ing  cone 

in R " .  It fol lows that  K ~ possesses similar  proper t ies  and  hence int K ~ # 0. N o w  b~ ~ K ~ 

and  we can m o v e  it easily in to  int K ~ preserving the condi t ions  in the lemrna. Thus  we 

can assume that  b~ e int K ~ Hence  <as, b~> < 0 for i = 1 . . . . .  n, where f rom it fol lows tha t  

the coefficients e~ in the representa t ion  (1) are all negative. We  shall show tha t  

(2) cone  {a 1 . . . . .  a , , b l }  = R " .  

Indeed,  let x E R "  be arbi t rary.  Cons ider  its representa t ion  x = ~ fl~a s. Let  2 be a 
posi t ive  n u m b e r  satisfying i= 1 

m a x  {lflil: fli < 0} 
2 >  

- min{ le i [ :  i = 1 , . . . , n } "  

Then  7i > 0 can  be choosen  so as to have  ?~ + 2c~, = fl~, i = 1 . . . . .  n. Hence  

? i a l  + - . .  + ? , a ,  + 2b t = (?i + 2cq) a 1 + . . .  + (7, + 2c~,) a ,  

= f l ia l  + . . .  + fl, a, = x 

where f rom (2) follows. W e  have  by (2) for some 2i > 0: 

b2 = 2 i a l  + " '"  + 2 , a ,  + Jtn+ib i .  

Cons ide r  now the scalar  p roduc t  of  this re la t ion with b2 to get a cont radic t ion .  

We  summar ize  some proper t ies  of thin cones in the fol lowing l emma:  

L e m m a  2. Let  K be a thin cone in R" .  Then 

(i) K is miniedral; 
(ii) - K c K ~ or equivalently ( x ,  y> > 0 for  each pair x, y o f  elements in K ;  
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(iii) I f  e 1 . . . . .  e, denote the edges o f  K and u~ . . . . .  u, denote the edges o f  K ~ then by an 
appropriate reindexation we can realise that <ei, u j )  = 0 i f  i t- j ,  i , j  = 1 . . . . .  n. 

(iv) Every face o f  a thin cone K is a thin cone in the subspace spanned by this face. I f  K 1 
is a face, if  H = sp K1,  then the polar K ~ in H o f  K 1 can be obtained as p (K~ where 
p is the orthogonal projection onto the subspace H. 

P r o o f. (i) Since K ~ is the cone hull  of  its edges and  since it is genera tor ,  it mus t  
con ta in  n l inear ly  i ndependen t  edges, say u 1 . . . . .  u, .  Le t  u be an a rb i t r a ry  edge of K ~ If 
u 0# {ua , . . . ,  u,} one wou ld  have  <u, u j) <= O,j  = 1 . . . . .  n, <ul, u i ) <= O, i + j,  i , j  = 1 . . . . .  n 
since K is thin. Cons ide r  a ~ int  K.  Then  <u, a> < 0 and  <a, u j> < 0, j = 1 , . . . ,  n. This  
con t rad ic t s  L e m m a  1. In  conclus ion,  

(3) K ~ = cone  { u l , . . . ,  u,},  

t ha t  is, K ~ is miniedra l .  C o m b i n e  this wi th  the results  in [13], [11], and  [9] to conc lude  
tha t  K is a lso  min ied ra l  and  hence has  the r ep resen ta t ion  

(4) K = cone {e 1 . . . . .  e,} 

wi th  ej  . . . . .  e ,  l inear ly  i n d e p e n d e n t  edges. 
(ii) The  asser t ion  fol lows di rec t ly  f rom (i) and  f rom L e m m a  1. 
(iii) Let  us cons ider  the represen ta t ions  (3) and  (4). W e  have  to p rove  indeed  tha t  for 

an  a rb i t r a ry  i there  exists a single j such tha t  @i, u j> :# 0. This  fol lows f rom the fact t ha t  

K ~  (~ H,-  
i = l  

with H F = {x e N " :  <e,,x> < 0}. Hence  K n H  i with  H~ = {x e P , " :  (e l , x> = 0} is an  
(n --  1) -d imensional  face of K ~ and  hence mus t  con ta in  exact ly  n - 1 edges of K. 

(iv) W e  shall  verify the asser t ion  for (n - 1) -d imensional  faces of K only,  where f rom the 
genera l  case will fol low induct ive ly  using s t a n d a r d  p roper t i e s  of p ro jec t ion  opera tors .  Let  
us cons ider  the represen ta t ions  (3) and  (4) which satisfy the cond i t ions  in (iii). Deno te  by  
K 1 the face cone {e I . . . . .  e , _ l } .  Then  sp K 1 = H = {x e P,.": <u,, x )  = 0}. Let  p be the 
o r t h o g o n a l  p ro jec t ion  on to  H. Then  we have 

v~ = p(ui) = uj - <uj, u,> u,,  j = 1 . . . . .  n - 1. 

Observe  t ha t  {ei,vj> = O, {el,vi> < 0 and  {vl,vj> < 0 for i 4 j ,  i , j  = 1 . . . . .  n - 1. In  
conc lus ion  

K ~ = cone{v1 . . . . .  v , -1 ) ,  

K1 is a th in  cone in H and  K ~ = p(K~  

3. Proof of the necessity. (a) Let  K be a c losed genera t ing  cone in N"  and  let K ~ be its 
polar .  W e  show tha t  if b is an exposed  edge of K ~ (i. e., a uni t  vec tor  on an  exposed  ray),  
then  there  exists an  e lement  a of  K such tha t  (a ,  b> = 0 and  {a, x> < 0 for every x in K ~ 
which is no t  a mul t ip le  of b. 
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Consider a supporting hyperplane H of K ~ which contains the single edge b of K ~ Let 
H be given by 

H = {x e R " :  (a , x>  = 0 ,  Ilall = l} 

and choose the sign o f a s o  as to have (a , x>  <__ 0 for all x in K ~ Then a e (K~ ~ = K will 
satisfy the requirement. 

(b) We see next that if bi ,  b z are two different exposed edges in K ~ and a i is chosen in 
K to satisfy requirement (a) with respect to bi (i = 1, 2), then 2a 2 - al  ~ K for any positive 
2. Assume the contrary:  z = 2a 2 - al e K for some 2 > 0. Then by the definition of a z 

(z ,  b z )  = ( 2 a  z - -  a l , b 2 )  = _ ( a i , b z ) .  

Since z, a 1 ~ K, b 2 e K ~ we have (z ,  b2) < O, (a  l ,  b2) < 0. Hence (a  1, b 2 )  = 0 in contra- 
diction with the mode of definition of a~. 

(c) Assume that there are two edges of K ~ with positive scalar product. By Straszewicz's 
result in [15] they can be arbitrarily approximated by exposed edges, hence we can 
suppose that there are two exposed edges bl ,  b 2 in K ~ with ( b l , b 2 )  > O. 

Let a i be the element of K with the property stated at (a) with respect to b~ (i = 1, 2). 
We shall show that 2 > 0 and # > 0 can be chosen so as to have 

(5) 2a  a - a 1 - / ~ b  1 ~ K. 

Consider the set B = ~K~ S where S = {x e •": II x II = i} .  B is obviously compact. 
To verify our assertion it sufficies to see that 2 > 0 and # > 0 can be chosen such that 

( 2 a 2 - a l - l t b l , b )  <=O , V b e B .  

Put e = �89 l, b2>. Consider the set 

(6) B 2 = { b ~ B :  (b~,b> > e}. 

Then B 2 is an open neighbourhood of b2 in B. Thus B~ = B \ B 2  is compact. We have by 
the definition ofa  2 that (a  2, b> < 0 whenever b e B1. Hence there exists a 6 > 0 such that 

(7) (a2, b> < - 6 for each b e B 1. 

Denote c~ = max {-- (a~, b>: b s B}, choose # > 0 such that 

(8) u,~ > ,~ 

and determine 2 > 0 so as to have 

(9) 2 6 > ~ +/z. 

Suppose that b 6 B1. We have by (7) and (9): 

2 ( a z , b  ) - ( a l , b )  - # ( b i , b  ) < - 2~ + ~ + # < O. 

If b ~ B2,  according (6) and (8) one has: 

2 (a2 ,b  ) - (a~,b> - # ( b l , b )  <= - (a~,b> - I ~ ( b l , b )  

< ~ - # s < 0 .  
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In conclusion, 

( 2 a 2  - -  a l  --  # b l , b )  = ) L ( a z , b )  - -  ( a l , b )  - # ( b l , b )  < 0 

for each b in B. This proves (5). 
Put  z 2 = 2a 2 and z 1 = al  + #b t .  We have according to the above conclusion that 

z 2 - z 1 ~ K. Further, by the theorem of Moreau, 

~(ai  + #b l )  = al  

with z~ the metric projection onto K. Hence 

n(z2) - n(zl) = 2a2 - a l .  

But 2a  2 - a I ~ K according to the assertion at (b). Thus the metric projection onto K is 
not  isotone and the necessity is proved. 

4. Proof of the sufficience. We proceed by induction with respect to the dimension n. 
For  n = 1 we have nothing to prove. Suppose the isotony of the metric projections onto 

thin cones holds for Nk with k < n. 
Let K be a thin cone in ~" .  According (iii) in Lemma 2 we can write 

K = cone{e 1 . . . . .  e,}; K ~ = c o n e { u l , . . . ,  u,} 

where e~ . . . .  , e , ;  u l , . . . , u ,  are edges (vectors of unity norms on extreme rays) with 
( e i , u ~ )  = 0 i f / ~ : j ,  i , j  = 1 , . . . ,  n. 

The proof of the induction step will be done by contradiction. Assume that z~ and z 2 
are elements of ~ "  with the properties: 

(10) z2 --  za e K ,  ~(z2) -- ~(zl) ~ K, 

where ~ denotes the metric projection onto K. According to the theorem of Moreau, 
one has 

(11) z i =  ai + b i with a i=~(z~)  , b l e  K ~ (a~,b~> = O, i = 1 , 2 .  

That  is, we have 

Z2 - -  Z1 = a 2  - -  al + b2 - bl .  

(a) Consider first the case b2 -- 0. Because 

a2 --  a l  = n ( z2 )  - n(zl)  r K, 

there must exist an index, say Jo, 1 __< Jo _-< n, such that 

(12) (a  2 - a l, Ujo) > 0. 

Since z 2 - za e K, it holds 

(a2  - -  a l  - -  b x ,  ujo) = (a2  -- a l ,  Ujo) -- ( b x , u j o )  ~ O. 

Combine this relation with (12) to deduce 

( b l ,  Ujo ) > O. 
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Cons ide r  the r ep resen ta t ion  of bl  in cone {ua , . . . ,  u,} given by 

b 1 = f l l u l  + . . .  + fi, u , ,  

where fii => 0, i = 1 , . . . ,  n. F r o m  the above  deduced  inequal i ty  we mus t  have flJo > 0, since 
(u l ,Ujo)  < 0 if i +  Jo by  hypothesis .  Let  us cons ider  the r ep resen ta t ion  of a I in 
cone {ex . . . . .  e,} given by  

al  = ~ i  e i  + "'" + o~nen, 

with a~ > 0, i = 1 , . . . ,  n. F r o m  the o r t h o g o n a l i t y  (ax ,  b l )  = 0 and  the m o d e  of  indexing  
the edges e i and  ui it  follows then tha t  %0 = 0. Thus  we have (a l ,U3o)  = 0. Since 
(a2 ,  Ujo) < 0, we get a con t rad ic t ion  with (12). 

(b) Suppose  now tha t  bz 4 = 0. W e  shall  show tha t  f rom the condi t ions  on z 1 and  z 2 it 
follows tha t  there  exists an  index Jo, 0 < Jo < n such tha t  

(13) ( a l , U j o )  = (a2 ,Ujo)  = O. 

Assume  the cont rary .  Then  a 1 and  a 2 can lie in the same (n - 1) -dimensional  face 
cone {el . . . . .  e~o- 1, ejo+ 1 , . . . ,  e,} for n o j o  ~ {1 . . . . .  n}. Let  us cons ider  the r ep resen ta t ion  
in cone { e l , . . . ,  e,} of az given by 

a, = ei, e 1 + . . .  + al, e , ,  (i = 1,2). 

2 Then,  accord ing  our  assumpt ion ,  ~) + ~j > 0 for j = 1 . . . .  , n. Cons ide r  the representa-  
t ion  of bi in cone { u l , . . . ,  u,} given by  

b i f i~u ,  + . . .  + fi, u , ,  (i = 1,2). 

By the o r t hogon a l i t y  cond i t ions  (a , ,  b l )  = 0, i = 1, 2 and  the m o d e  of the indexing  the 
1 and  2 edges e~ and  u~, t ak ing  into  account  the re la t ion  on % ~j (j = 1 , . , . ,  n), we mus t  have 

f l j  f12 = 0 f o r j  = 1 , . . . ,  n. (Iff l)  + 0 and  fi} + 0 one wou ld  have c~) = 0, a } = 0.) Therefore  

(14) ( b l , b 2 )  = ~ /'41 a2 ( u  u ", < 0 r ' i  t*j  \ i ,  j /  = 
i , j = l  

since K is thin. Because a2 - a l  + b2 - bl  e K we have 

(a2  --  a l  + b2 --  b l ,  b2)  =< 0. 

F r o m  the o ther  hand,  using the o r t h o g o n a l i t y  of  a 2 and  b2, the hypothes i s  tha t  b e =# 0 
and  the re la t ion  (14) one deduces  

( a  2 - -  a 1 + b 2 - -  b l ,b2 )  = - ( a l , b 2 )  + ( b 2 , b 2 )  - -  ( b l , b 2 )  > O. 

The ob t a ined  con t r ad i c t i on  proves  (13). 
(c) If  z~ and  z 2 satisfies the cond i t ions  (10) and  b 2 =[= 0 then there exist the e lements  z'~ 

and  z~ which satisfies the proper t ies  of type (10), having  represen ta t ions  of type  (11) such 
tha t  for some index Jo, I < Jo < n there ho ld  

( a ; ,  Uso ) = (a~,  Uio ) = 0 
and  

(b ' l ,  ujo) = (b~,  Ujo ) .  
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To verify this asser t ion we observe that  according (b) we can assume that  (13) holds for 

some Jo, say Jo = n. Since z 2 - z 1 e K one  has 

( a  2 -  a i + b E -  b l , u n )  = ( b 2 , u n )  - ( b l , U n )  <____ O. 

If @2,  Un) = ( b l ,  u , )  we are done.  Let @2, u , )  < ( b l ,  Un) and  let us consider  the e lement  

(15) b~ = b2 + f l u ,  

with fl = ( b  l ,  u . )  - ( b 2 ,  Un) > 0. T h e n  b~ e K ~ and  (b'2, a z )  = 0 since (b2,  a2 )  = 0 and  
(13) ( remind that  we have put  Jo = n). We  have also 

(b~, u , )  = (b2,  u . )  + fl ( u , ,  u , )  = (bE, u . )  + fl 

= ( b z , u n )  + ( b l , u , )  - ( b z , u , )  = ( b l , u n ) .  

Pu t  a~ = a l ,  a~ = a z ,  b'i = b l  and  let b~ given by (15). Deno te  z; = a' i + b;, i = 1,2. We  

have a' i e K, b; e K ~ i = 1, 2. Fur ther ,  

( z ~  - z ' l ,  u . )  = 0, 

and  for a rb i t ra ry  j < n - 1, 

(z'2 - z'~,u~) = ( z 2  - z l , u ~ )  + f l ( u . , u j )  < 0 

since z 2 - z i ~ K, fi > 0 and  (u . ,  u , )  _-< 0. Accordingly  one hold  

z~ -- z] e K, 

(a ' i ,  un )  = (a'2, u , )  = 0, 
and  

(b~, u , )  = (b  i ,  u , ) .  

Since n(z'2) - n(z ' i )  = a'2 - a'l = a2 - a i  ~ K ,  the assert ion (c) was proved.  
(d) Suppose  n o w that  Zl ,Za  are elements  in  F,." with the propert ies  (10) for which 

according asser t ion (c) we can suppose  that  hold  

( a i , u , )  = ( a E , u . )  = 0, ( b i , u . )  = ( b 2 , u , )  = 7. 

Deno te  H = {x e N":  ( u , , x )  = 0} a n d  K~ = K n H = cone {e~ . . . .  , e,_~}. Let  p s tand  
for the o r thogona l  project ion on to  H. Cons ider  the elements  

Z' i = p ( z i )  = a i +  b i -  ( b i , u n )  u ,  = a i +  b i -  ~ u  n 

and  pu t  z', = a'~ + b'i with 

a' i = a t ,  b ' , = b i - T u , ,  i = 1 , 2 .  

Since b'i = p (b,), we have according (iv) of L e m m a  2, b'i ~ K ~ i = 1, 2, where K ~ is the 
po la r  of K 1 in the subspace H. We  have further  

( a ' i , b l )  = (a i ,  b i - TUn) = (a i ,  b l )  - -  y ( a i , u n )  = 0, i = 1,2. 

Deno te  the metr ic  projec t ion  on to  K 1 in  H by n ' .  Then  from the above conclus ions  
using the theorem of M o r e a u  one has 7r'(z'~)= a'~= az, i = 1,2. Hence  

z((z'2) - n '(z 'O = a2 - a i  ~ K 1 .  But z~ -- z'l = z2 - zl e K and  since zh - z'l is in H, we 
mus t  have z~ - z'l ~ K1. 
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We have get two elements z' 1 and z~ in H with z~ - z] e K 1 and ~'(z~) - n'(z'l) # K 1 . 
This contradicts the induction hypothesis since K 1 is thin cone in the (n - l)-dimensional 
space H according (iv) in Lemma 2. 

This completes the proof of sufficience. 
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