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by
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1.In:a recent paper 133 the first author proved -that if p
is an analytic function in the unit disu U ,which satisfles:

p(0) = 1 and

(1) Relzp'(z) + p{g)3>0 , z€U ,
then .
(2) ]arg nlz) | & g = 1.04719... (60°) , z€U . |

By using onother result,recently obtained in [2,Theorem 51, the
inequality (2) can:by replaced by
Iarg p(2)]| < 1.00263... (57°.446...)
In the present paper we improve (2) by
(3) - larg p(z)|2 @, = .91162190... (52°,232087...)
where & , given by a rather complcated equation, is the hest

bound of | are p('z)\ , zE€U.

2., According to a well-known result due to Hallenbeck and

Ruscheweyh (13, the inequality (1) implies the sharp inclusion

PUIC ¢(U) ©  Whewe

) a(z) = Zlog(1+2) -1  (log 1 = 0).

Since the function g 18 convex, the value of & in (3)
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i 2 Ly ;

_wiil be given by the argumant of the tangent from the or:l:gm ‘to 7
the analytic curve q()r;r) (Pigure 1) : '

Pigure 1.

3. PROPOSITION 1. Let

arg q(ai“)

) Q(O) =

where gq 1s given by (4). Pile ‘Gihavior. of Q- is given by

y ~R£DEE |

the foll owin.lz table ;

8 <K B 0O &, i 4
ge)| 6 =7 9% > 0 w-q9, 2O

-]

Table 1

where (f 0 = arctg (- é(O )) ¥ (0 £ ‘-'P £ I/Z’), with

0 cos & - 2 sin 0 1n(2cos g—)

(5) &) = .
é Q@ sin € = 1 + 2 cos @ 1n(2cos g—)

and @ is the unique root in the interval (0, ) of the

function
(7) E () =1 -0 tg§ (2 + cos 0) + 0% - :
2(1 + cos 0) 1n(2cos §) + 4 1n°(2cos §)

or,eovivalently, of the function

. 9%-a

1 + cos 0 \/R(O)

7"‘(6_3)' - Hy(0) = - 4 1n(2cos §)°
_ with 5
' ‘(9) R(QA)J = (2 0 - sin 0)((3 + cos 0) tg,-g -2 9.

sy

Moreover,we have

(o). 9554953,_, 4 g:r & 9 < $T = 2.094395...

-l?rotif. From (4) and (5) we deduce

a(e®) = u(e) +1v(e) ,

where : iF
, u(@) = 0 sin @ - 1 + 2 cos © 1n(2cos g-)
(1) . , o
" wv(@) =8 cos & - 2 sin @ 1n(2cos 7)
and
p(0) = arctg P (0)

where & (9) = v(0)/u(0) is given by (6).
We have
0, s B(0)
el e

with Hj given by (7). We also can write

. ' 3
cI)’(O) = 4:;?5{3(0) - [1 4+ cos O - 4 1n(2cos g)]} —

(2 g o)

. 4 (0) _
where HE(G) =1+ cos @ + VR(Q) - 4 1n(2cos g—) and Hy ard
R are given by (8) and (9) respectively.

Since R can bs written

(13) R{0) = (2 © - sin O)H3(0) , H3(g) =

(3 + cos Q)tﬂ'g--— 20

we deduce

H
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sign R(0) = sign H3(0)

Since H(0) = - cos O tg” 3 , we obtain the following table
oo  Hy2 35 &, T
3(0) fo — o0 i i
H,(0) [0 ~» 3-T — o =
Table 2

vhich shows that  Hy(0) <0 ,for 0£0<0; and from (12) and (13)
we deduce P (0)< © , for 0<0<o,.
If we write H2(0) = H4(0) +YR(Q) , with

() =1 + cos © - 4 In(2ecos D

we have
2 sinjg

(14) H&(Q) o - =2 0.
A CDSE

Since cos —5— {—i——i . %—0- Vz +¥5 ,we have

Hq ( ) a‘V;“OS + 109{5\ - EE< T\ﬁ;(}us + 109%2.24 - 5!3 214 =

= -}V2~19.664 - 3.768 £ 314.83 - 3.768 = - .0605 <0 ,

and in Table 2 we have g i

(15) 9> 2T .

We also have

H4("¥EJ=2( S-ﬁ _1n.5_5_q_—2) = .-04-'--5'0

and by using (14):and (15) we deduce
E3(9)>0 s for 8,40 <. T
s0 that

(16) H,(e)>0 , for 0,<6<T .
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On the other hand we have

O v
H1(0) = —2_ H_(0 ,
LS R(Q) ° )
with -
H5(8) = (1-cos 0)VR(e) - (3-cos?0 + (~1—coteos?0) 1.
gin © y
Let ) - e
HG(O) (I—coa 0)211{0) - [3-cos2@ + (-1-cos 0 + c0520)12=
2N } - - sine.
8 :
( 2 0 (z — c0820)( © — sin @) H,(0) ,
sin .
where
3 -2 cos @ &
(17) H7(0) = —————y—gin 0 - 0.
2 - cos @
Since

gin g- cos @ .
H:'T(O) = -2(2 — cos @) Syt £ 0 ,for 0€Q£LT ,
. 2 - cos“@

we deduce 57(0) ﬁHT(O) = 0 , hence H6(0)<0 , for "0<€0 <
and we have ES(O) £ 0 and H?"(ﬁ) £ 0 ,for e, 40 <IC. Since

1im HS(O) = - ,we deduce H5(0)<0 ,hence H!|(0)<0 , for
_0140 <TC ,which gives the following table
08 e 0 % -
H.‘(D) H1(01)>0‘$0 ~3 —n
Table 3

From '{12),(14),(16) and Table 3 we obtain the following table
elo ? P g
$(o)}-1 - - 0 +

o)jo ~> ) -7 o

Table 4
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Since €@(-0) = - @(Q) , Table 4 gives Table 1. Since

iy = 20 - 1) + J\fe2 - 31E = ZF = - 009... Lo,

i Table 2 we have ©,> 4%, and from Table 3 we deduce
- 5IC
S 91 > 8 -

On the othar hand we have
o i P(T)
33 +\/(s;- 3¢3) (1505 - 80
where P(x) = 9 - 9Y3 x + 4 x°. Since the polynomial P has thie
roots” 3(3Y3 - V11)/8 €1 and 3(3/5 + V11)/8 = 3.19...5TC ,we
“=we P(T)<£&0,hence H (—?) £ 0 and from Table 3 we deduce

H()

o
-roof of Proposition 1.

o o)
©,<5W, Therefore O, satisfies (10). and this completes the

3. PROPOSITION 2. Let 02 and 03 be given,such that
/2 (01 <0, 0, < 05 < T , where O, and &, a'ara_ the
uninue roots in the interval (0, ®) of" 51(0) ziven by .(8) and
HSL-O) given by (13) respectively. Then in Table 1 we have '

(18) aretg(-Hg(04)) < Cfocarqtg(—ﬂa(ﬁa)) ¥

wihere
i 0 - 8in @

1 - cos @ +VYER(9)
and *R is given by (9). '
“Proof. Since ,H.'(Oc) =0 ,from (6) and (8) we deduce

Hg(@) = =2

'Cb(@'o)*= HB(QO). We-a_lscx have i

Ho(0)

(19)  HHL() =
QHZ,O(O) VR(e)

with

-7 &

(20) H (O) WE -(1 - cos @)(3 - 3 cos 0 - 2 coszﬁ) +

g 0 sin @ ) 2
4+ ————— (5 = 3 cos @ - T cos
1+ cos @ s

e - 00530) o+

+ 2 02(—1 + cos @ + cosgc) 1+

1+ 2 cos ©

+ [(1 - cos ) —————— - 0 sin 01\R(0)

.1 + cos @

and
H‘]u(o) = ts g‘ —" 0 .

Since )
H,,(0) ={—-——1-——[ (1 - coe @)(3 - 3 cos @ - 2 cos?@) +
1 + cos @

P Q1gin 0O (5 =.3 cos @ = 7 coszo = 00530) +
1 + cos @

£ 2
4o 02(-—1 + cos O + cosZ0) 1 } -
g

1+ 2 cos @
{[(1 - cos ) ———————— -~ 0 sin OE\IR(O)} =
1 + cos @
2-cogo
= -4 2(9-31110) H1O(O)H(D) )
o1+ cnso)

where H, 1is given by (17) ,we deduce H 1(0)>0 , for ©,¢0<TC,

Since 1lim (1 + cos OJE (@) = +#0 , we conclude that H!? a(@) >0,

“for 8448 ‘¢ & and we obtain the following table

v

OF . Qyq - o 000 9% vy Al x

-1y (0) |-Hg(8,)w -Hg(0,) ~» —§(6)) —~» -Hglo;) ~» 0
Table 5
wilieh- yields (18). This completes the piroof of Propoaition 2.

4. Using a computer CORAL from ITC sCluj-Napoca,we obtained

9, = 2.000215348... (in Proposition 1)

o 01 = 1.,97475141... (in Table 2).
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If in Proposition 2 we let
0, = 2.000215347 and 05 = 2.000215349 -
we obtain |

arctz(-Hg(05)) = .911621904...

‘and : ]
- arctg(-Hg(0,)) = .911621906... ' .

Therefore in Proposition 1 we have

.911621904 < € & .911621907

and we obtain the estimation(3).
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