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optimization 20 (1989) 5, 615-637 .UiaiIeln~e-\-erlng Ber1:n 

Between PARETO Efficiency and PARETO e-Effieieney 

s ~ ~ ~ ~ ~ ~ - ~ . -  u y  .- U D I I I ~ ~ ;  : jlxi ~ l f i ~ i ~ ~ ~ ~ ~  ~ , V L ~ " I ,  p:;iceC! L e t \ i i e ~ ~ i  P . i i i~ i i  *ffi~ipi:~:;  a l ~ d  I)ARc.~.G 

s-efficiency it is shown t i m r  semi Srchinledian ordered I-eclor zpalcea auld rigrthi" orderill 
iocally convex spaces can be characterized b~ esistenca results concerning efficient points 
of this type for !owe? bounded sets.  The technique developed in the paper  allows us to  oh-  
t a in  necessary and sufficient conditions for t h e  existence of P - ~ E T Q  efficient pr)inis, too. 

I.Iw -.snrrlq. Conc orrlrrinq~. Pknrrr? rfficirnt points. aun:.oxirnatire . - vector minimization. 

0. Introduction 

X p ~ d A e  snbtlt!~ of the pcper co::!d be: S ~ m e  theoreticsl zspects ~f the existence 
of PARETO efficient and approximative PARETO efficient points of lower bounded 
sets in ordered vector spaces. The main problem within the paper is that the 
existence of points of this kind for each nonempty lower bounded set actually 
characterizes well known types of ordered vector spaces, respectively ordered 
locally convex spaces. 

Existence res:~!tc fnr pffi.ttient p i n t s  hnre heen ebtained in the ~pt imiznt i~p,  
1.+-..-4-% L ~ ~ ~ L L I I V Z L I ~  vor.nmt~- I u b G I I U I Y .  ' T " , ~ ~ ~  lllOY uIu in fzct sufficient zc;ndIti~::s which n-ork either for s 

relative large class of sets but for restricted classes of orderings (see e.g. [5], [23], 
[3], [18], [I], [7], [21], [S], [20]) or for sets with compactness type properties (see 
e.g. [B], [4], [I]). The common machinery of the existence proofs consists of exploit- 
ing explicitely or implicitely the convergence of some monotone sequences. Our 
main coniributivn is that the convergence properties of the ordered space assuring 
this approach are not purely technicai anxiliaries in obtaining efficient points but 
they are indeed necessary for their existence. This idea, even not sufficiently 
emphasized, derives from our results in [14], [I51 and [17], which focus on some 
reiated questions. 

The basic tool in our proofs is the H-efficiency which takes place between PA- 
RETO efficiency and PARETO &-efficiency. This notion extends formally that  of 
&-efficiency, when the element E in the positive cone is replaced by a set H in it. 
H-efficiency links naturally to  other standard terms of the ordered vector space 
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616 optimization LO (1989) 5 

I .  Basic Terminoiog~- 

Throughout t.his paper P denotes a real vector space and - 2  a cone therein, i.e., :l. 
set having the properties: 

(i) K + K c K ;  
( i i)  t K c  K for each non-negative real number t ,  and 
(iii) K n ( - K) = (0). 

l i ~ t t i n g  z ~ y -  whenever y -z  is iii K ,  we obtain a reflexive, transitive and aiiti- 
n77>v.>-7,7+7;,-.nT ,q7A'?.m mole+;n>9 ;>- 37 ?7rL;,-.L ;- + ~ ~ - ~ m l ~ + ; . ~ 7 ~  ;ny-m-;mx+ ;n~7"7;"%*+ 7T-;+L uy I I I 1 I I . z V I  I b C V I  " I L L U I  I ~ * . m U I \ I I I  111 1 ) I" lllbll I., V I ~ I I . , I W " I " I I - I I I  Y ' U I  I W I I  " W l ' U  111 V W I I C U I I "  V I  I V I J  

..--..--A. A- LL - lA.:-l:--A:--- ---:LL -- -.- ..---A:--- ---I- rnL- lL:-- - -L?- - A  ... :31 
K f 3 S p G t i b  LIU LUG UIUlbIplIC; i (rLI lUl1  WILIII 1IU11- l l f3g ibLIlVG It3i(rlY. l l l t 3  I G b U l L I l l l g  U V  J G U b  W l l l  

be called an ordered vector space (abbreviated, 0.v.s.) with the positive cone K, 
and will be denoted by (Y,  K) .  Lower and upper bounds of sets, infima and su- 
prema, monotonicity e t ~ .  are consideredin the sense of this order relation as  usual. 
We shall deal in the last sections with two cones and respectively two orderings. 
Hence, if necessary, we shaii use terms as : Riower bound, increasing etc., to em- 
phasize that  the respective iiotions are taken with respect to the ordering in- 
duced by K. 

If H is a set in Y, we shall denote by cone H the intersection of all the cones 
containing H. (In the cases we shall consider cones with t'his property always 
exist.) By co H we shall mean the convex hull of the set H. 

I n  order to  simplify the style we shall use the same terms for ordered vector 
spaces and their positive cones as well. 

We shall suppose throughout that K + (0). 
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SI~METH, A .  B. : PIRETO Efficiency arid P~F.TO E-Efficiency 

T ~ P  . ~ t  rf the  P f f l r i ~ p t  nnirc-. of 1.r :, i l p n i i t d  h~ eff -11 It T q  ncli l p n w n  21-rl 

to verify thnt  eii iii =eft (,I1 f K ) .  

h t  E be an element nl K Then x O ~ X  IS a i d  to be an E-efficient poinc (or PA- 
RETO e-effie~ent pomt or E near to minlmum pomt) of iU if there is no XE,W such 
thnt x z r o  - F (see [1 11 or ii.21). The pwnt xo is an E-effiulent point of M if and only if 

zaci%f and (xo-&-R)i?df=6. (2.2j 

T: sne  set of €-efficient poiriis or' Id is deiioted by C-eff Ji. The reiation ( 2 . 2 )  implies 
that E-eff *F s-eff j&! + j. Simple e*xaiiip&s shoii. i l iat $he jnclEsion 

does not always hold. Frnm this definition we hake also thnt in order to exist some 
having E-efficient points, - it is necessary to  E be different from 0. Hence F 10 will 

be implicitely supposed in the follox-kg. Obserre that the notion of the &-efficient 
point does not inciude that of efficient point. The definition of &-efficient points 
can be slightly modified (in the sense of [lo]) t o  comprise as particular case effi- 
cient points, but this change is not advantageous for us. 

A section of the set 1V is a n ~ n e m p t ~ y  set of form (y - K) n 31 with some y in Y. 
We shall see in Section ti that except some part i~ular O.V. spaces the existence of 

E-efficient points for a set resu!ts from the existence of lower bounded sections of 
this set. This latter condition can be considered as a natural and rather mild 
requirement for a set. On the other hand, as i t  will be shown in Section 9, the 
c"ri&iior, that mt complete bouiided secti"ri has 

points implies strong restrictions on the order reintion of the space. These coiidi- 
tions can be transferred to  sets in the way i t  is presented in Section 10. 

The above remarks explain the reduced interest for esistence results on eeffi- 
cient points, while efficiency from this point of view is well represented in the 
recent literature (see [IS], [4], [l], [7], [S]). This circumstance brings up the natu- 
ral question to search some intermediate notions which can characterize better the 
various types of o.v. spaces by minimality conditions. The only possi'uiiity of this 
kind seems to he the replacing of E in the above definition by sets in the positive 
cone. One of the main results of our paper is that  this way in fact no new prospec- 
tive can be gained on the o.v. spaces and ordered I o c d y  convex spaces (see Sec- 
tion 6 and Sections S and 9, respectively). However, such a notion was a good im- 
plement in some relnt,ed problems (see [ la ]  and [17]) and is a useful tool in obtr in- 
ing necessary conditions for the existence of the efficient points (see Section 9).  D
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3. PI-Effieieoej-: Definition, Basic Reht ions and E s ~ m p i e s  

From (3.3) i t  fol1011-s also the implic 6 t '  ]on : 

221 c Hz =fi-eff :Kc HI-eff ,!I 
ivherefrnrn 

(HI il HZ)-eff I T I ~  (HI-eff 111) U (H2-eff 171) . 
We shall show by examples that  it may happen that HI-eff :If = Hz-eff ill= O 
while (HI n Hzl-eff iM + 0. 

Examples: 3.2. Let Y = IW be ordered by K= IW4 = ( 1  E R j t 2 0). Let (x,) and 
(y,) be two decreasing sequences in Y both converging to  1 .  Put  H I =  {x, / nE N) 
and Hz = {y, / nE N). It is easy to see that  for each lo-wer bounded set M in R one 
has HI-eff i%f = Ha-eff M + 0. When 12 is not bonnded from below, then HI-eff 111 = 
= Ez-eff id = B. Then we have thm El-eff ,"ri = Hz-eff M for each M in Y, whereas 
i t  can happen that  fi & = 8. 

3.3. Let u and v be two linearly independent vectors in R%nd put X=cone 
{u, v). Consider the set M = IW2jint ( - K). (By int A we mean the interior of the set 
A c R V n  the unique iocaiiy convex IFAUSDORFP topoiogy of this vector space.) 
The following relations hold : 

(i) If H = i n t  K ,  then H-eff -&I= a J l ,  with a x  the boundary of i%f, 
From this property i t  follows in particular via (3 .5)  that  for every H o r O  in 

int K one has Ho-eff M r ,  aiM. 
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Here $j6,yg, =int R, hence by jii, (Hsi-,&)-eff j j j =  dl$$ ivhiie (a6-eff jj,~,;, 
LJ ( a 7 - &  jy) = aM\,!g). 

, \  .' 

3.4. Censirier the space CrO; 11 of the cantinuous re.! valued functions on TG. 11. 
- L - ,  .. , - - * - -  , . -  
t - s , . .  -.- A,.  &"--n~?e -. .-.--.- if? $3, ---) Then 2: will be the set ~f &I! r 2 f i ~ ; : y . T - s ~ $ a . : c  ~f ; > F # ~ C ~ F  &$ ig267 2 

< -  ' ...2-J -A ; --.. ";.> - - ;; ;;;; 

---:LL .. -.... . ..-A:..-- ---Js:-:-..L- 1 - A -  -1 --.:LL LL - : -1  
W l  bII I I U l l I l ~ ~ i t  lil V t :  t iUt: l i l t i l t j l l  lrb t iULLl~lt3bl5U \.\ 1b11 bl lt:  Z G l U  ~ U l Y I l U U U ? b l .  

If M is the set of all piecewise linear functions on [0, I], then i t  is dense in 
C[O, I] with respect to the uniform topology of this space. If we consider now 
C[O, I]  t o  be ordered by R, then all the points in 1I/1 are efficient points. 

Put K1=cone (1, t ,  t 2 ,  ...). If we consider C[O, I] to be ordered by K1, all the 
points in M, except t.hose in the subspace spanned by 1 and t ,  are efficient points. 
If E =  1 or e=t ,  then the &-efficient points of 1%- coincide with the efficient points. 
This is the case also for the ii-efficient points of 1l1 with H =  {I, 8). 

The relation (3.5) shows that  the operstion H--H-eff $1 is antitonic, i.e., the larger 
H implies the smaller H-eff M. That is, H-efficiency for a larger H is more restric- 
tive. This justifies the following terminology. 

--* 
w e  say that jil-efficiency is coarser than H2-efficiency if for every set id in P 

it hoids HI-eff N3fi-ei;f $1. In this case we shell write Ill-eff SHZ-eff. If HI-effi- 
ciency and Hz-efficiency are coarser each other, then we say that they are epuivu- 
lent and write HI-eff = Hz-eff. 

Relation (3 .5)  shows that  H l c H z  implies HI-eff sHz-eff. Exampie 3.2  shows 
that  the relation HI-eff = Hz-eff does not imply any inclusion relation for the sets 
HI and Ha. 

Being faced with two H-efficiencies, it is desirable to know the conditions when 
they are in some relation. Then we have t,he following result: 
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L+ hclcf~"(~iil M t: hait: (a). 
To prove tile converse inclusion let us ~cssurrit: thitt 

i f  this isn't true. i t  mould hold either OEx- H2--K. or xcx-Hz-K. In  the first 
ca~se one would have x € H 2 + K  contradicting (4.1). I n  the second case i t  -cvould 
follow 0 E H2 + K which contradicts the condition Hz c K\{O). 

I n  consequence we have got a set M so that  Hz-eff IMCL HI-eff &I which shows 
that (a) cannot hold. 

The equivalence (b)*(c) is obvious. 

Corollary 4.2: We have 

HI-eff = Hz-eff 

Proof  : The second relation in the corollary implies that  Hl  c Hz + K and Ha c 
c H l + K .  6 

Corollary 4.3: If HI-eff = B2-eff, then it follows that eff HI = eff Hz. 

Proof  : By the remark after the definition of the efficient points in Section 2 it 
follows that eff Hi = eff (Hi + K), i = I ,  2 .  Use now Corollary 4.2. to conclucle the 
n X: r' """ - 

Proposition 4.4: Suppose that Ho c H .  Then the folbowiny usse,rtions are equivu- 
lent: 

(a) Ho-eff = H-eff, 
(b) H c  Ho + K ,  
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(c) for ecery x f H one h m  (x - R) C Ho i: U;  
(d)  there exists a set HI with Hi ieff H + K )  = O j  such that Ho zeff H CJ HI, where 

HI can be empty if Hceff  H -+ K ,  .whereas if the last inclusion does not hold, theiz Hi 
i s  u set in H\(eff H TK) hwt'Z?~y the property ! i d  $r  cccclr z in the last set jz - R: ̂ : Hi 
i s  ,i?zfinife. 

Proof  : The eo,~r.i-a!enc~ of (:I,); (h)  and (c )  is contained in Proposition 4.1. 
Let us see that ('nj imd (cj I r n ~ i _ v  (6). We have b_v ib j  ths i  eff Ec& +Kf i\-iiere- 

from using Ho c H and the characterization ( 2 . 1 )  of the p i n t s  in eff H n.e see t,hat 
LTr- L T -  TnTei .,,.,@ LL- --I- Al-:.- - ---L:-l. ---- L ---- - I - -  

rii L L I U .  LAi. L:LY ~ 1 1 ~ )  ~iiillg ?: 1 2 : : : : L  :? t: 11;Lvt. - r n C t  to verify is thq,t f ~ r  
,? (eff B $ K) + ,M, Wa contains a ~11Fgtft  HI which is disjoint from eff P + such 
that i t  has the propert? at  jd). (The cmdition the6 for H c e f f  H + X  the set 
ca,n be empty will be important only in the proof of some converse implication.) 
Since xc  H\!!eff B + K )  impiies tha,t is - K )  ,Q eff H = O, i t  suffices to  verify the 
condit'ion in (d) h r  Hr? itself, Tire have by (c)  t h t  ix - K )  i-I 6 + F. Let tls show that 
this set is infinite. Assume the ~ont~rarj i .  Then we have for some y E (x-R)  I-) Bn 
+-hn+ t " ,  i 7 ~ , r - , 3 . - ; . , , >  T" 77, n rr m~,iQ+ . -~.*.:-. - 
I_ILILULI iY - l l j  ! Il ll - lyj. I: y Beff 23: then (y - A ;  ; ; a  AA.U, ,  L'CLILX"II XEK eleaent 
z ( -H,  Z',". for Which O1"":-""?" r73 r r  - s  .lV:& <.,-.rn+ 7eo ,  4;,?+= 

- Y  v v ~ v u o i y  iZ-2% j i i1Y0 - u i\ 111b11 ~ v I ~ ~ ~ L ~ ~ L ~ ~ ~ ~  (c). If ?Jf eff H, 
%hen since shou;d have that efi + R, c"ntilatiic.ing the of &fi- 

nition of x. The obtained contradictions conclude the proof of ( d j .  
Snppse  now thzt  (d) hdds.  If -Fi c eff _Fi + K ,  the2 the in~Ilusion eff -H c -H9 is 

sufficient to conclude (a) (that is, HI in (d) can be empty). Indeed, in this case we 
have H 6 + K c H +  Kcef-f Hf K + R = e f f a + K c H , + . Y 7  that  is H o + K = H + K  
and using Corollary 4.2 we obtain that (a)  holds. 

Let x be in H and consider the intersection (x- K )  fl Ho. If x€ H\(eff H .+ K ) ,  
then this set is obviously nonempty since (x- K)  n Hoz, (x- R) il HI and the last 
set is nonempty (indeed infinite) by assumption. If x ~ e f f  H+K- we have obviousiy 
(x - K) (7 eff H .i. O. Now, since eff H c Ho, i t  folloms that (z - K )  n Ho + 0;  and we 
have the condition (c) fi?lfi!led. 

Observe that we car. trike in (d) _Fi; = -go n (-Ti\ j ~ f f  -Fi +- -K)). If + O then we can 
remove a finite set in H1 without disturbing the conditions of (d). This implies the 
following results : 

Corollary 4.5: T h e  follozving assertions are equivalent: 
(a)  H c e f f  H+ K, 
(b) there exists a minimal  subset Ho of H such that Ho-eff = H-eff. I n  this case we 

must  have Ho = eff H.  

Corollary 4.6: I f  eff H= O we can rewbove a n y  finite set of H such to have for the . . reTiG;n.,ng set 3, the re,7Gt?;c.?7, 

Ho-eff = H-eff . (4.2) 

If Ha eff H + K then we can remove some denumerable set of points in H such to have 
for the remaining set Ho the relation (4.2). If  for some finite set HlcH one has 
(H\Hl)-eff =+= H-eff, then necessarily H I  neff H + 0. 
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5 .  The ExLtence of N-Efficient Points of Lower Bomided Sets 

In obtaining general results on the eslstence of H-effluent points n e  must &s- 
t~ngalsli cla'ses of sets ?r? the space by some regularl t~ cofi&tiofis. It seems that  
the noqt natural ones are elther the !one? boundeclness t i f  sets or the ttsistenc~ of 
loner bounded sectlons for them. Prom the point of lien of the existence of 
h - ~ . f f r c ~ ~ n t  point., thew t u n  prnrer t le  2 re _~?m?!~r TE. ~t ~5 ~f 12 d.1 n T~ 2-1; the 
lower bounded sets have H-efflclent points, then the same hoids for aIf the sets 
M ltkl b ~ e i  boaided aecGxls. h'erice. it I*uiion s ~ndl; U P  sh<ti i  c o n s ~ d w  t h e  i n m l i v  ol 

lower bounded sets m t h  the remark that it can be replaced throughout by the 
farndy of sets having lower hoilrlded sections 

Let (Y,  K )  be an 0.v.s. The follol~ing technlcn! result 1x111 be often used in our 
next proofs : 

H-, can be upper  bounded. 

Proof  : Let us show that  ja)*(b) by assuming that (b) does not hoid. Then 
1 7 1  1 

there exists some sequence (hi) in H with -/ 7 JLZ j n~ N )  upper bounded. Then 
la=i I 

4 1 1°C M} has a lower bound. Pick up Z E N  arbitrarily. Then z= 
771 

= - ,Phi for some m. F?e have 
i=l 

m+l 

and 
x - ~ , + ~ E x - H c x - H - K .  

Hence for arbitrary x  in M we have the relation 

( x - H - K ) n l W + @ ,  

wherefrom H-eff M = 0 and (a) cannot hold. 
(b)=l(a) : Assume that the set M is lower bounded and has no N-efficient points, 

i.e., that 
( x - h ' - K ) n M + @  

This relation implies that xi+, =xi -ha - ki with some hi E 3 and some ki E K.  Wa 
have then that 
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~ ~ ~ E X E T H ,  A. B. : PARETO E f f i c i t n q  anti P - ~ E T O  E-Efficiency 

Corcsl iq  5 2 1  S?i,ppose that each laonempty lower 60mded set in 4' It us Hi-efficient 
poinis /or li,. nonempty. ZjcX',,(0). :j= 1: ..., m. Then  the same holds for 9 defi?ied 
by 

Pi oaf . ~ S L I K E  the contrary. Then by Proposition 5.1 i t  esists n sequence (y,) 

such that i;E;Zf2Zl/rn ior each i .  tve have for zhls subseyueiice. 

for each .n. From our hypothesis on the sequence (y,) we dedluce t'hat the set 

is order bounded. This conclusion contradicts by Proposition 5.1 

the assnmpticn cn Hie. 
Curoiiary 5.3: If every izonempty l0goiile.i bounded set tn P has 23-efficient points ,fey 

j= 1, ..., m, then such every set has (HI U ... U H,)-efficient points too. 

Proof : From the fact that, -fTl 1-1 Ll -HfF6 c H with H defined in Corollary 5.2 
and by using the rel~tion (3.5) the p r d  fdmvS fmm the cited corollary. 

Corollary 5.2 particularlyshows that if His a finiteset and if every lower bound- 
ed set in Y has H-efficient points, then the same is true for (co H)-efficient points. 
Let us see that such an assertion does not hold for an arbitrary set H. 

Example 5.4: Consider the vector space c of all the convergent real sequences, 
- 

ordered by the cone ;+- of sequences with nonnegative terms. Put h, = (8:)%=, for 
n= 1, 2 (here 6: stands for the KRONECKER symbol), and h,= (8r2k-1)g,I for n 
satisfying 2k--l <n ~ 2 k  (kz2 ) .  Then H= (h,  / nE N) has o-bviously the property 

42 optimization 28 (1989) 5 
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has its terms -= 1. Hence the set 

iS iiiinsi. hni:iiji,=d by I; = i t 1 .  -- .  : -  y 7, :A:-.. - < 
-i-r-- - - - - - - -  j - '  

,, L t2,11: 1 ,  )ij'>>i L J <  211 :>, 1 l,,,~e l~!:L>-e tj1;,>t eT,?ey?; 
bounded set in c has U-efficient points, :.;hi!e t h e  same propsiti;-;;; totretl ier -i\-ith 

L 

the above construction .;hen- that this is not true referring to  the !cn H!-cffic,i~_nt 
- ' 

pGiliLs. 
mi. 
.LM cuilstr~uctiuii 111 the itbut t. elampie uses tile fact tha t  H i s  infinice tiirnensio- 

n d .  Por finite dimensionui sets H we have indeed the assertion: 

Corollary 5.5: Let H be a nonempty finite dimensionab set in K\{Oj. If  every non- 
empty Inwer ho?.incied set in P has H-efjicie??.t poimfs-, t h m  such every set has &o 
inn n-1 ~~;,-'.;nmi mo"-mfe 
\Vd ii j-i, j *l;vL.,ou p "l'i.U. 

* 

P r o o f .  S u ~ p o s e  - - t h t  dim B = m .  Then by the theorem of CazAyrn~ono-,y (RW 

the ore^ 2.2.12 ifi - [22!! -, for e v e n  - u LIECO E there exist smxe dements hlj  ~ . : *  hm+l ic 
ZZ -.7T,. b. 4 L ~ +  ,,, :,-. 4 L  ,:. ;- ,.,- >----,>- ,.,.--. L.:." ..A: .-.. T X  ...- - - - -  
i t  pxi.ll i,III1.L1 I.) Qlirll <t i ; !  \ =A i . - : ~ , c , t ~ i l ~ ~ i ~ l i - ~ ~ ~ .  F-c;;!_.c \ y e  t.2~:; ciinc!;u,& the prvof h r r  - J -....-- S - L - ,  a,- T T  
A l l g  ""il,ll'lltY 5.2 ~ i t h  iii $ 1 instend of i i j  arid HI = ... =a,,1 =ff. 

6. Finite H-Efficiency and Semi Archimedian Property 

The 0.v.s. (Y, K) and its positive cone K are called almost Archimedian if y= 0 
whenever -tz 5 y ~ t z  for some z in K and all the reals t >O. They are called semi 
Archimedian if from 0 s t y  5 z for some x m K- and all t p 0 lt follov,rs that  y = 0. The 
a h o s i  Archimedian property of an 0.v.s. implies the semi Archimedian property 
of it. Simple examples show that  the converse implication does not always hold 
even for ordered vector spaces of dimension two [14]. It is straightforward that  the 
condition in the definition of the  semi Archimedian property can be rewritten in 
the form : from 0 s n y  ~z for some z in K and all n N ,  i t  follows that  y= 0. 

According t o  the Propositions 11. 1.29 and 11. 1.31 in [19], if there exists some 
locally convex topology on Y such that  the closure of K with respect t o  this 
topology is also a cone, then K is almost Archimedian. Hence this property and so 
much the more. the semi Archimedian property for an ordered vector space is very 
mild, 

The semi Archimedian property links to  H-efficiency by the following result 
which constitutes an extension of Proposition 2 in [I41 : 
-. 'rneorem 6.1: T h e  foilowing assertions are equivalent: 
( a )  (Y, K )  i s  semi Archimedian; 
(b )  Every nonempty lower bounded set in Y has H-efficient points for each H with 

the property that there exists a finite set No c K\{O) such that H c co Hc, + K ; 
(c) Every nonempty Zower bounded set in Y has &-efficient points for every E E K\{O). 
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?-'roof : (;i)=.(b). By the relatioiis ( 3 . 2 ) .  (3.5') and  the Uorollnry 5.2 it is obvious 
thct it suffices to carry out the proof for the finite set Ho= ( I t l :  .... h,,). Accordir?g to 
Proposition 5.1 we have to  show that if (7. .Kj is semi Archimetiian. then no set 

of the form j 2 h., i 1 . m) .  N! ran he i ~ p p ~ r  ho~~ncirii. i f  th i s  is not. 
I k=l i 

t rue  Lhere wonlri exist us subscript joc i i ,  ..., rn]. such thitt rhe se: (nhjo : nc ?ti) .. . . . -. -- -- . . . - 1 
. . - - . > , A  L A  > 3 . + - - -  h ?  >.,-, an-, u .--- 
i\ o i t l t i  UC: uy i i c i  Lljui~ucu. J J J L L C :  ( 1 ,  K j is ~ e = i  -kr-hii-;iedia;i this ~ ~ i i ' i d  iinplp that 
2ii, = 0 ,  conirudicting the hypothesis on Eo. 

The im~!ic.a,tiop ! b ) - 2 ( ~ )  i~ gh.i-ioils. 

Let us prove finaiiy thi~t (c  j (a)  by assuming that ( Y ,  x) 1s n(jt semi Archime- 
dinn, i.e., that there esist some x and y In K ,  x+ 0, such that 

O s t x z y  

for m y  t > O .  Consider the set ,U defined by 

which shows tthat condition (c) does not hoid for E = X .  

Rernarks 6.2: (a) The lower boundedness or the existence of lower bounded sec- 
tions of a set are not necessary conditions in order to that  set has H-efficient 
points. To illustrate this consult Example 3.3 .  The cited example shows that the 
sets without lower bounded sections which admit H--efficient points must be of a, 

rather special form. 
(b) The condition on H a t  the point (b) of the theorem ccn be still weakened; we 

have used the above form for the sake of simplicity. 

7. Normal and Regular Cones 

Let (Y ,  K) be an 0.v.s. The set [x, y] = { z ~  Y I x s z s  y )  is called the order interval 
defined by x and y. The set ,W in Y is called full if for any z and y in 31 the order 
interval jx, y j  is consained in Id. 

If Y is endowed with a HAUSDOEFF locaiiy convex vector space topology and if 
K is c!osed with respect to  this topology, then following [I91 we call (Y,  K) an 
ordered locally convex space (abbreviated o.1.c.s.). 

The 0.i.c.s. ( P, K )  1s called normal (or locally f ~ i i )  ~f P possesses a base of neigh- 
bourhoods consisting of full sets. 

A decreasing (increasing) net in ( Y ,  K )  is by definition a set which is totally 
ordered by the order relation of the space and is considered to  be directed d o m -  
ward (upward) by it. (Note this usage of the notion of decreasing (increasing) net in 
42* 
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ordered vector space tneory. By a difference, directed nets are sometimes called 
directed sets-seee.g. [19, Chapter 5, 5 31.) Such a net is called CA~JCHY or respec- 
tiveiy convergent if the fiiter of its lower (upper) sections is Car-CHY or. repectireip 
converoijpi. Se t s  %yith &llUMerab:e set of eIemellts wiil be .I.aiied seqru9;cgs, bY ' 

The o.1.r.s. ( Y ,  K )  is called regzclnr (fully regztlar ) i f  every deci,eixsing lover boi~nit- 
ed net (respectiveiy every decreasing topologica,ily bounded net 1 ir, IT is coliTer- 
gent. If we require to each net  of above tppe he onip C ~ r c m - ;  then ( Y .  .K) la d i e d  
i' 

quasi regzclur (qt~a~i f.tc,lby regular). Decreasing lower bounded nets in the above 
defirLtions ciln be obvlijilsiy chmged  iil iippw boundad iii~reicsiiig i-iet~. i n  tile 
definition of (quasi) regularity we can only consider decreasing nets in K.  When 
the space is metrizable we can use sequences in the ~ L ~ O T ~ P  definitions. We shall see 

in t'his section that  this can be done indeed for the general case t'oo. Etegu1tl.r spaces 
are sometimes called DANIELL spaces(see e.g. [I]) .  

Thg above introduced terms will be zIso for the n n ~ i t i x i ~  cone of tile zn:>.w y-"---. " "1'- " " ' 
TL :- ...- 11 I-.- I - - -  r o  r n L  4 P, ,  L L - L  - - A  J --. n . --- -.-* - -. 
l b  i t5  i V  e L L  n i i U W i i  L'3, L i i C U L e l i i  i. U j  1 L i l t b b  U L ~ U e L ~ u  i.SgUi?bi D A A A G l i  hilabea &i.E 

normid. The same is true for F R ~ C ~ T  spaces (see [ I  3, Theorem 31). M C ~ T H C X .  
has shown in [12j that if an ordered normal FR~CHFT space does not contain any 
su~sDece isomnrP&;. ~ ~ 5 t h  cn , ( f ' q ~  : Y A -  space nf seuuefips conx;eTgi3;g to 9 endo?,i-ed 

A 

with the upiform r,Grm), then i t  is rem:7i-v 
b """'. 

The completeness of an  ordered regular FRECHET space is essential to  its nor- 
mality. Let us remember an  example of a normed regular ordered vector space 
which is not normal [IS], It is an adaptation of an example due to  BRECKNER and 
ORBBN which was used for other purposes in [2, Remark 2.4.31. 

Example 7J: Let F d-enote the vector space of aJ1 polynomials with real coeffi- 
cients defined on [--- 1, 01, equipped 7,vith the uniform norm. Let us consider the 
cone K in Y defined by K= ( X E  Y 1 x(i)(O) z 0  for all non-negative integers i). The 
cone K is regular since if jx,) is a decreasing sequence in K, then i t  is necessarily a 

-7 - - - - - .? . - - - L L - - - 2 - bequence oi poiynomials of a given finite order, say rrb, anu ac;aurulrlg MJ oruer 
induced by K,  their coefficients form decreasing non-negative sequences of reai 
numbers. Since d l  the coefficients of the terms of order w m  are 0, the sequence 
(2,) tends uniformly to a polynomial with nonnegative coefficients, end the regu- 
larity of (Y, K )  follows. 

To prove that  K is not normal, consider the sequences (x,) and (y,) defined by 

One has 0 ~ x , s y ,  for each nE N. The sequence (y,) tends uniformly to  0, but 
(2,) does not,. This contradicts a we l l -born  criterion of normality (see e.g. [19, 
Proposition 11. I .3]). 

The techniques we shall use in the next sections are based on the fact that in 
various types of regularity we can deal with sequences only. This allows us to use 
summation criteria. The following lemma is the basic tool in all the next proofs. 
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SEXETR, -4. B.: PARETO Eff ic i rnc~-  and PARETO E-Efficiency 627 

Lemma 7.2:  The follozcing assertions are erjziicalent: 
(2) K is ,pa.s l  r e p l u r ;  
(b) E ~ e r y  decreasing seprence in hr is  CATCHY; 
(c; aiiy jlsPy,ite.ji,c;e jx,,) iii 3- iIte coiidiii:oi?, j-,, 5 c7 f j o r  ei.<iy 7;. c".rd lo r  some i t i igh- 

( " 

bourhood C' of 0. implies that the set J7 xi I 1~ ?% 1 cminot be t q p r  b o v m k d .  
, .4 
('-I 

I j  ?,&e c o ? ~  K is complete, l i e  tcr?n "quasi ,rcgt!l~~r'-  in (21 cmz be changed 1n.fn "re- 
~ z L Z L L ~ " .  

- 
1' rc?.j f Tiiie &i:j;catiiiii :&\-(bj is r,b\-ii,Us. L;+ ---. ...- ---- +I,.',' ".:.- '- '3 :. --..- 

\ / i L  L(3 j 3 i U  \ C L l l C L L  \ IJ )  - - - ' \ i b j .  _ 1 3 3 U ~ ; i &  

tlmk jaj clots rj"t licild. Then there exists a c!ec;.easkg net (z  e 1 in K d-iich is not 
CAUCHY. This means that there exists some ne@ibiiuriiood G of 0 such that for 
any subscript p t'here exist v ~ p  a,nd 7 zp such thrtt x,- 2,,$ U. Fix an arbitrary 
=iih=r+t m d  denote the corresponding element by r:. Then there exist some ele- ..-w.,"LA 

z e ~ t s  zi and 1.4 gf the ~ e t  such that zz 171, 2 3  ~2 ncd _rg - ~3 4 KT: Sf;~:,rt now with 
zs in piace of ~1 -- +n L V  D~ vat tti~o elements za and z5 of the net ~~ . . - i t h  z:, x4 z3 z4 - 
- - 7,' ,-4 2-3 u .  ~ ~ ~ t i ~ ~ i ~ ~  this p r ~ c e ~ ~  IiIld decTeU81:13i i ~ i ~ i i ~ i i , ' ~  : . i s . . :  in xFhich 

b "-Y-"A'-- \ - - I h i  

is not ~ A U C H Y .  Tnis contradicts (bj ana we provea the implication. 
If (c) isn't true; there ~vouid exist a sequence ( y , )  in R a,nd a neighbournooa G 

n - 
of 0 such that y, U for a'ny n, for which (2  yi) ~ ~ o u i d  be an increasing upper 

\<=I In-1 

bounded sequence. But such a sequence is obviously not CAL-CHY, and (b) isn't 
true too. This proves (b)=(c).  

Let us show finally that  (c)=(b). If .K is not quasi regular then we can contra- 
dict (c) as follows. The negation of (b) implies - the existence of a, decreasing se- 
quence (z,) in K which is not CAUCHW. This means that there exists some neighbour- 
hood V of 0 such that for each subscript io there exist i ~ i o  a'nd j ~ i o  such that  
zi - zj 6 V .  Take the balanced neighbourhood t.7 of 0 so as to  have U + 7 ; T c  P. If xtj  
is arbitrary of t h e  nboT-e set.,uenep ther; there i an i,iI for which_ 
zi - zi, & i', fijr if this won!d not be t r ~ e ,  theii zi - zi, E L;' s,lld z j  zi, E for any 2nd 
j>il a,nd this would contradict the above assumption since i t  would imply that  
zj  - zi E U + U c V for any such i  and j. Hence we can construct a subsequence of 
(z,), denote it by (s ,) ,  such that s, - s,+l 4 U ,  sn+l s s ,  for every n. Take y, = sn - 
-s,+l, nE N .  Then (y,) is a sequence in K which contradicts (c) and the proof is 
csmpiete. r 

The method furnished by this lemma iws used in our papers ji41, [I51 and [IT]. 
In the last two papers in fact a more general assertion mas considered which we 
shall state in Section 11. 

8. Regularity arid H-Efficiency 

The advantage of the notion of H-efficiency derives flom the fact that  it links in 
a natural way with the regularity of the space. The ideas in this regard, originated 
in Propositions 3 and 4 in [14] vhen the ordered space is normecl and in Proposi- 
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tions 13 imd 14 in [ 1 5 ]  for localiy con-rex spaces, e m  be summarized and completed 
3 s  fol!o\v.l.s: 

- . . .. * ~ - - - i . -  A . L -  $.--L:-.. ,.> : ucI  . iJI!,\:t: L1le IIIII?IICcLLIL':L izj=(b) .+?ie ; L ~ ~ ~ ~ ~ ~ ~  that some i;ilfinemi-,:ii Inii-GF L A - J  "<"" 

bounded set 31 in P does not nave E-effieient points for some nonempty H in 
Z \U ,  with i7 a neighbourhood of 0. Then by Proposition 5.i there exists 
some sequence (hi) of (not necessarily distinct) elements in H so that the set 
( n  

L= hi I nE N is upper bounded. This implies by Lsmma 7.4 that (a) does not 

hdd. 
/ 

The implication (b)=t(c) is obvious. 
Let US prove next (c)*(a) by assuming that  (Y ,  K) is not quasi regular. Using 

Lemma 7.2 again we conclude that there exist a neighbourhood U of 0 and a 
n 

sequence (xi) with xi(K\U. for each ic N.  such that  the sums 2 xi, nE N have an 
upper bound y. That is, the set i=1 

is bounded from below by - y. Lst x be an  arbitrary element of 21. Then x= 
rn 

= - xi for some m. We have further 
+I 

z- X,+I = - 2 X ~ E  lM and 
6 = 1  

with f€=(xi j i c  N). That is we have got that 

for every n: in M. Hence for the denumerable lower bounded set M in Y and the 
denumerable H c K\ U: t,he condition (c) does not hold. 
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XEMETH, -4. B.: P-SRETU Efficiency and PAEETO &-Efficiency 629 

If K is coml)iete then (P. Ki is regular if and only if it is quasi regular and hence 

- . -  
,c--&. ; - .- 

t w o  mbitrxry elements - i' xi ~ ~ r i d  - rl of - T i 7  their difference 2 x,ti is 
i=l i=l 

Bemarks 8.2: ( A )  Theoren 8.1 together x~-i..;lth Theorem 5.1 imply s theoretical 
conclusion :\bout the notion of H-efficiency. Although intimately related to  the 
order relation of the space, H-efficiency for the family of lower bounded sets and 
for sets H in lii -xitJh Y\E a nelghbourhood of the origin. does not give a fine 
c'naxacterization uf this order relation by vtbrping H. Indeed, the two extreme 
cases are: (i) Tryher, 5s finite; the= the c\f u-efficipEt. fCr ]oWPI. 

A 

bounded sets c!~nraderizes the e ~ i  Brcllimedian spaces (Theorem 6.1) and hence 
.- ;I -,.. ,itLrs --.-. c3vr - ~ 7 ~ - - : r x - ~ - ~ e . .  ! i j?131y li,i!litr --?- ,,- -.-- :%-ti 12.j.r. sn;:i.es ( e ~ p y r . 7  close3 cone 1s >iir;i: semi .'._r&rr;e- 

L- - \ -  --". aan; the nt the begiiining of Section 8) ; jiij Iy is infinite; 

then the existence of H-efficient points for lolver bounded sets characterizes quasi 
regular o.1.c. spaces (Theorem 8.1). 

(b) We shnll see in the next section that condition (c') in Theorem 8.1 plays an 
important role. This condition uses the additional hypothesis of the normality of 
the space. To show the essentiality of this hypothesis we have to  construct a 
reguiar not normal 0.i.c.s. in which every compiete denumerable lower bounded 
set has H-efficient poiiits for any h' ns in the theorem, but there exist some such X 
and some denumerable not completelower boundedsets without H-efficient points. 
Such a space, so far as i t  exists, is of a very special feature. However, we can see 
that the nurrndity is essential in the method of deducing - (c'j-(a) in the above 
proof. This will be done by considering the following example: 

Example 8.3: Let K be a closed not normal cone in the BANACH space Y. Then 
by the equivalent definition of normal cones in [$I, i t  follo~vs that for every n 

there exist some u, and v, in K such that  lju,Il = llvnii = 1 and [ju, + vnile 113,. Con- - 
sider the series 2 (:c,+vn). It obviously converges to  some z c R .  Denote z2,= 

71 n=1 

= - C (ui f vi) and Zzn-l  = Z z n  + v ,~ .  Then ( z k )  is obviously a decreasing sequence 
2=1 

.,rl,;,t. ' L,,.,A, P,,, L 1 ,,.,, 
r v u l u r l  is ,,vulLLLou llulLl w by - z. If we consicier B= (un, .;, n E N} then ~ - e  
have the construction in the proof of"(cf)=+(a), but here the set {zh- / kc N) is not 
complete. Indeed (z,,) converges to - z  which does not belong to  (zk kc N). This 
last assertion follows for instance from the fact that this set has no H-efficient 
point, while - z  is an infimum of it by Proposition 11.3.1 in [I91 and hence i t  is 
obviously an H-efficient point of the set ( zk  I k c N }  U ( - 2 ) .  
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9. Efficient Points of Lower Bounded Sets 

Theorem S.l ;zllows us to deduce necessary and sufficient conditions for the es- 
istence of efficient points. We h a ~ e  iii this i-epnrr'i the foilfi~ing resd t :  

Tileorern 9.1: Let (7, h) be a normal 0.2.c.s. T h e n  tile foiiowing asswiions ure 
epzsiaaklzt: 

(a,) ( Y ,  -K) is p a s i  ;r:nvlnr. 2 ------, . . ,,. . . . 
it,; Za& w,->"-" -,a,,i fi. r ,?gj i l  iQ .l,.z>!i- F z n  .2i.ri if& ..,, + . x i .  ..o,>qi.,7o < 7 t i i r , a * j j  , > . , - > . . . . . : a .  i d ,  - . Y . / L I I I L - ~ . Y ~ " & ~  Y I - i i i . & r Y V " "  " Y I Y .  -"- oil. j / . / i i o i _ * y G +  -,, "-..i-.i" pdiiii*d, 

ju j  Each nonempiy dcnzcmerable complete lower bounded set possesses efficient 
points. 

If K is  complete th,en "quasi regz~lur" in (a) can be changed into "regular", and 
"complete" in (b)  and (c) can be chayzged into "closed". 

P r o o f :  The implication ( a ) a ( b )  is in fact (a) in Theorem 1 of [I]. The proof 
uses ZORN'S lemma which turns out to be essential (see Section 3 of the cited paper). 

(b)=t(c) is obvious. 
(c)-(a) : Since each complete lower bounded denumerable set in Y has efficient 

points, then i t  has afsa H-efficient points for every 22 in X\(O). Hence we can 
(e') of TheGrem 8.1 t o  deduce that f P, u) is cucsi ronnln.r 

" b ""'A ' 

s +- LL- I - - +  --,+ ,C +L, CL,,-,- I,+ ,., -A+, i k , ~  ;C I;T ; c ,  rrnmnin+n , , .r ,,,,; 
A* b U  LjllG l a i r 3 U  1 J I b l U  UI  U 1 1 C  U l L C U l C l l l ,  I G U  UD l l U U G  U l l U I U  II  II IU b W U l r l Q U G  L U l l U  YULUDI 

regular, then i t  is regular, and lower sections of closed sets are complete. 

Remarks 9.2: (a) Concerning the hypothesis of normality of the space (Y,  K )  in 
Theorem 9.1 we refer to  (b) in Remarks 8.2. 

(b) An interesting question which is not touched by Theorem 9.1 is the relation 
of the condition eff &12+0 (where ,v is the closure of 21) with the condition 
H-eff 1V =I= 0. Example 8.3 shows that we can construct in a BANACH space ordered 
by a not normal closed cone, a decreasing lower bounded sequence (z,) so as to 
have for 1U= jz, / r z ~  N) and H=(z,-X,M YL~LC_ N ) c R \ ( i n t  B)  (with B the unit 
ball), that 3-eff  ,$I=@, whereas eff lV=+=@. The possibility of the construction of 
some iV with a similar property is not essentially related t o  the lack of normality 
of the space. To illustrate this, let us conslder the following example: 

Example 9.3: Let be Y = [Wl and suppose that  i t  is ordered by K = {(x, y )  / x z 0, 
z 0). Consider the set ,I1 = (K\((o, 0))) U {(x, y )  / x y  s - 1). If we take H = ((1, O ) ,  
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(0, I):, then B-eff ,Ti= 0.  13 hile eff -V = (10. 0 ) ; .  Sote  that -11 h;s no loner bounded 
sections. 

T%en P 1s rt Bsx+ca s;t;ce. 11 e c m  T V O I ~  the h:-!,othesih of no~nlal : ty  in Theo- 
rem 9.1. I n  this case 'L\ e have : 

Theorem 9-11: Let Y be a BATACE space ordered 3.5/ tire clmed col-ze h'. Then tile 
foZo2c i7zg usseri i om uie e q t ~  lvc-iteiii: 

( a )  ( I-, k'j is regular; 
!h\ ,- , ;4ini.h ,, r!n,c.v? v w u  --- -------4.- rc<. , !~c! f ! , t t  ,! ? t u ! <  -n.+-- ct r , T > s ,  F . ~ - . M  , t , q x & ~  J J .qpt i::, Y :;c.~.?~_Es~s pff?~ie?lt  points; - %. . . 
(c)  Each rlose? mnwmpty denmrn~mble lower homded set in Y has efficient . , points. 

P r o o f  : The implications (a) -(b) -(c) follow as in Theorem 9.1, We have only 
to show that (cj *(a). To end this 1%-e prove first the following auxiliary result : 

- 
Lemma 9.5: Let I.' be a BANACH spuce and ieb K be n ciosed cone therein which is 

not normal, Then there exists n totall51 ordered, denumerubie u n d  ciosed lower tmiiideu' 
w+ P ZL"l:t,&mlt ejfi:cie.it poi&s. 

" L O  . . 
Proof : Let us repeat f he constructjon a t  Example 8.3 : Pick np ac, and v, in K 

',L 
x-7 /,-. , -. ! such that  i/unjI =livnii = i ,  iiu?, +vnii < i , 3  and put zzlL = - + v ~ , ,  zznWl =zzn +zT1. - i=l 

Let z= - (zci + v i )  Then ( z k )  is decreasing and lower bounded by z. Since i is a 
i-l 

limit point of the set ( z k  kc N), one has by Proposition II. 3.1 in [19], that 
z= inf  {zk / LC N}. W e  shall show that  the set {zz7z-l 1 nE N} cannot have any limit 
point. If i t  would have such a point to, then there would exist some subsequence 
(zz,,-l)k=, which converges to  w. Hence by passing to iimit in 

with k -a, we would get z = zu. Thus, we should have lim zz,, =lim z2,,-1= z ,  
k-w y-.- 

which would contradict r,he condition that  

It follows that  (z1,,-1) is a decreasing sequence with the lower bound z and without 
limit points. Hence {zsn-l 1 nE N) is a totally ordered, closed, lower bounded set 
which cannot have ar_y efficient point, a 

Let us conclude nuw the proof af (c)=-(a) in Theorem 9.4 as follows. Since each 
denumerable, closed. lower bounded set in Y has efficient points, by Lemma 9.5. 
(Y,  K) must be normal. According to Theorem 9.1 in a normal o.1,c.s. jcj im- 
plies je). 

Xemark 9.6: Observe that  we cannot use in the proof K ~ a s s o s ~ ~ ' s ~ r r ' s  result 
on normality of regula~ cones, since we hare in fact to prove regularity but for this 
we need the normality. The used procedure can perhaps be adapted to  obtain ;L 

similar result for FR~CHET spaces. But me cannot handle yet the general case. 
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10. Regular Sets in Sormal o.1.c. Spaces 

The existence results on efficient ]mints exploit explicitely [I] or irnpiicitelp [;I 
?hfi ;;,-;. ;; -2 ----- ---- C- - -  - - - I  -..A^- L -....- 1 - 2  --c-. 
L L A L  L ~ g c ~ ~ ~ c  :UL SWUG U I J ~ ~ I ~ L U L ~ ~  <LULL U L U G L  t ~ u ~ l t ~ e u  e m .  h t r ~ d ~ i ~ i i i g  the livii011 

.". . 
01 sets \<;e ca:: ilailcijs i ~ i  a unil:efi ay2-v sorr:t. &ffer.er!t as!,e~.ts of this thec:,r. 

Tlofi?lit inn 1ib.7 r Let ( J / ,  -k:) he cn n.j.p.3. The set -I/i i f i  Ti :~-i]! he cnuelJ fq21crsi) - - - - - - - - . 
regular if every decreasing net in ,71 converges to some element of ill (respectiveir, 
ib CACCCXY~. 

I t  is immediate from this definition th2t n complete quasi regnlar set is regular. 
If K is complete then every section of a closed set 171 Is complete. Hence for 
complete K closed quasi regular sets are regular. 

Following the xa'y of the proof of Lemma 7.17 x-e can verify: 

Lemma 10.3: L& (P, u) be a?% e.z.c,s. T/LelL t,J!,e fQt!oKizq ai?_EertiOns ETe equivaie;ht: 

( a )  T h e  set X ia Y is qvclsi regzciar; ,. \ 7-. . 7 .  , ̂  1 H ".",,2, ,7,>",,,,,',, >",,,,,", ., it/, n"i , P A  rr,,,,,-. 
{ U J  U V G I ~  W G V I  C L U U Y ~ U Y  U ~ L U G I I I U L  U I U  LU uu v & L ' u n l ,  

(c j W e  cannot have a sequence jyi j with yi E R\ iri from a subscript io O ~ L ,  where Li is  a 
id 

"" ":."I.L,.".-L,.,.,J ,.g A ?.A + I , - , +  4 i . A  
i 

- A +  { - 1 r,r 
~ o a f i y r w v ~ c r i w v c ~  U J  w, OW D I O W U  O I ~ G  040 1 0  c I WI I,O C I U  111 . 

a a l  

Ij' ,is co.IILpleie or ,;j R ,is co.rrLpieie LC.rh(i Tux is ,+hen " yzcas.i TegzLlarw at ja j  cu.rb 
he replaced into "regular', and "CAUCHY" at ( 5 )  can-be changed iqzto "convergent to 
some elemmt of 11f' ' . 

Remarks 10.3: (a) The 0.1.c.s. (Y, K )  is quasi regular if and only if every lower 
bounded set in i t  is quasi regular. If A- is complete, then (P, K )  is regular if and 
oidy if every closed lower bounded set in P is regular. 

(b)  The reasoning in the proof of (c) i s  Theorem 1 of [I] shows that  every com- 
pact set in an 0.1.c.s. is regular. 

By analogy n-ith Theorem 8.1 \re have 

Theorem 10.1: Let ( Y ,  K )  be a normal 0.1.c.s. and let 111 be a (complete) set i n  Y. 
T h e n  the following assertions are equivalent: 

(a)  iM i s  qz~asi regular (regular); 
(b)  Each subset of ill which i s  nonempty has H-efficient points for every nonempty 

Ii- c K such that Y\H is  a neighbou&ood of 0; 
(c) Pach dosed nonempty denumerable subset oj N bus H-efflcicnt points- for 

every nonempty denumerable H c K  so that Y\H i s  a neighbourhood o f  the origin. 

Prc?c?f : (a) -(bf : -A_ssl-~mm that -Me c M ,  + has no -fJ-efficient, point. Then we 

can construct by the may used in the proof of (aj a@) of Theorem 8.1 a decreasing 
sequence (xi) in iM such tha t  hi s x i  -xi+l, i~ N for some hi E H. We can suppose 
that  H c K \ U  with U some full neighbourhood of 0 since (Y, K )  is normal. Be- 
cause hi $ U the last relation implies that. 
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Put y i  = r, - ~ ~ - 1  and obser~e  that 

n-it!: 'ice .,. K: . C and b)- Lemmi: f I)...? r e  see that 3-J cznnot he quasi regular (regular). 
The proofs of ( b ) s ( c j  =.(a) run ~imilsr  to  the proofs of ( b ) s j c l ) - ( a )  in Theorern 

,$ . I ,  B 

Remark 10.5: As tl difference of the proof of Theorem 8.1 here we ci~nnot dis- 
c the - 3 ~ , V L L L ~ ~ ~ L O  af " -rXv--:;i~- i~ili LLLCULA b u i m L  m i  i h n  L l i l i  13r00f @j=(b). This ccn&ti!3n is 
es;ie;ztio! S ~ E C C  wc have tr, coce!ude from hi gri --zi,i n r d  h; that  r ;  - z;+l$ F 
- , iic h may not hold if L7 Is not fuii. The normality is use4 in the proof i.1 
(c)-(a) (see the proof of (c')+a) in Theorem 8.1 and the comments in Remark 
8.2 @ ) I ,  

Bv the 1i-9.5' x e  dednce"dTheorem 9.1 from Theorem 8.1. we can deduce from 
Theorem 10.4 the folloiving result : 

Tiieoren~ i0.6: Let ( Y ,  R) be a normui o.i.c.s. and iei Ji he a c u r r ~ ~ b i e  set 2n F. or 
I*: R he ccmph!Pte m d  &if 62 ~ h s e d .  T/le?lv the folloxing assertions are equivcclent: 

(a) The set H i s  rep lar ;  
(b )  Each closed subset of 171 wA,ich i s  nonempty, has efficient points. 
(c) Each nonempty totally ordered denumerable 'end closed su6set of possesses 

efficient points. 

11. R Eonnd Regular Subconcs of the Cone 1' 

Let (Y, K) be an o.1.c.s. 

Definition 11.1: Let KO be a cone contained in K .  I t  is called (quasi) K bound 
regrclar subccne of R if every KG Incresslng K- order bounded net in KO converges 
to an element of KO (respectively it is CAUCHY). 

If KO is (q~zasi) K bound regular then i t  is (quasi) regular too; the converse of 
this assertion is not always true (see Example 11.4 (a) below), 

If KO is a, ( q ~ ~ a s i )  K bound regular subcone of K, then it is (quasi) Kl bound r e p -  
lnr for every cone Kl such that  KO c K l  c K. Every subcone of such a cone KO is 
itself cluasi R bound regular, and el-ery complete subcone of KO is K bound re- 
g~zlar. 

Examples 11.2: (a)  Let c be the BANACH space of d l  the convergent sequences of 
. . 

reti1 numbers endowed with .the u s d  n=rr;z an< let co he its subspace cnnsletmg of 
sequences converging to 0. Let c+ be the cone of sequences with non-negative 
terms in c, and put c i  = Q n c+. Then c+ is normal and i t  is not regular. The cone 
c6 is regular but it is not c+ bound regular subcone of c+. 

To see that  c: is r e g ~ ~ l a r  we consider t,he increasing sequence (~fl),",~ in c: with 
the upper bound x, where xn = (x:, . .., xy, . . .) ; x= ( x l ,  . .., xj, ...), n = I ,  2,  ... Let us 
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K1 = ( x c K  / x( f ) (O) =-0 only for a finite number of i - s )  

then K o c  K1 c K ,  KO is Kl bound regular subcone of Kl. The cone K1 is the maxi- 
mal subcone in K with respect to ivhich KO is K1 bound regular. 

By slight modifications of the proof of Lemma 7.2 we can verify the  following 
auxiliary result (see also 1151 and [17]) : 

Lemma 11.3: Let ( Y ,  K )  be u n  0.l.c.s. T h e  followirty. ussertions are equivalent: 

(a)  The subcone KO in K  i s  qzmsi K  bound regular; 

(b) Every KO increasing K  bounded sequence i n  KO i s  CATCHY; 
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(c) For any segueme (3,)  xn Kc the conditions y! $ L j  for some ~elghbourhood F of 0 

Theorem S.  1, we obtain : 

* t e  i - - -  9 . - -  .- & L  - ~esiuLs niiich iii~h L~K: e x i b i ~ ~ ~ ~ e  of 17-efficient points of erery 
lower bounded set and eacn H with P\E neigilbouriloud of 6 oii the oile hand, 
and the regularity or the K bound regularity of the positive cone on the other (see 
TL,,,, ruuu~cilis 7.1 ai;d 11.41, we consider at this point the situater? when U i fixed. 

More precisely, we seek through the question about the conditions of the existence 
of H-efficient pnints for every lower hounci,ed set when H i s  fixed. We have i n  this 
direction the following result .which follows directly from Theorem 11.4 : 

Prapositicn 12.1: Consider the o.l.c.8. ( Y .  K ) .  I,? the nonempty set H I n ,  K has the 
property t f ~ a t  Y\H i s  a neighbourhood of 0 and Ko = cone E i s  a quasi K bound regu- 
lar subcone of K ,  then every nonempty K lower bounded set in Y possesses H-efficient 
points. 

Remark 12.2: The couverse of the assertion in Proposition 1 . 1  does not hold in 
general. That IS, there exist sets H in K with the property that Y\H is a neighbour- 
hood of 0 and that  every lower bounded set in Y which is nonempty, possesses 
H-efficient points, but K O  = cone H is not K bound regular. This can be seen by a 
reinterpretation of Example 5.4, which says in fact much more. 

Requiring some regularity conditions for H, the result in Proposition 12.1 can be 
strenghtened. Let us consider some of the much natural conditions of this kind. 

Proposition 12.3: Szcppose that H c  K i s  nonempty topologically bounded, that 
Y\H is  a neighbourhood of 0 and that for any z ~ c o n e  H there exist some h in H and 
some A s 0  such that z=J,h. Then  every nonempiy iower bourded xi iii Y posesses 
El-efficientpoints exactly when K O  = cone H i s  quasi K bound regular. 

Proof  : One part of this assertion is contained in Proposition 12.1. To prove the 
other part let us assume that  KO is not quasi K bound regular. Then by Lemma 11.3. 
(c) there exists a sequence (9,) in KO\ V ,  with V some neighbourhood of 0 ,  such that 
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I 
the *et n t h l a  K order bounded. By the hypothe-la on H there exlath 

\b==L i 
yome ne~ghbourhood C of O such that 2.H c T\  I;- for some 2. w 0. K e  ha re  then for m 

-,.I.:& ,lii,Li .....?- . ; , ,,,, c..zs ., ,Li Z, Lz , H snc.h th;,t .;. -- '7 
n--- - -  :A 1-11 i + - - i L ~ -  -.-A I ~5 7. iz ni i 5z = / . / t i .  I l C i i C C  i L  i U l l U V ~ 3  LiiiLi Lilt. E C L  1 .+ i!i , 

I&- \- ' % ! 
is ii order bounded, contradicting by Propsit ion 5.1 the hypothesis that  each 
~OI\.PV hounded set in I' h n s  B-efSicient pint:. PI 
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