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Between PArReTO Efficieney and PARETO e-Efficiency

A. B. NEvMeTH

Institute of Mathematics Cluj-Napoca

Summary: By using an efficiency uotion placed between PareTo efficiency and Panrey
s-efficiency it is shown that semi Archimedian ordered vector spaces and regular orderved
locally convex spaces can be characterized by cxistence results concerning efficient points
of this type for lower bounded sets. The technique developed in the paper allows us to ob-
tain necessary and sufficient conditions for the existence of PArRETO efficient points, too.
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0. Infroduction

A possible subtitle of the paper could be: Some theoretical aspects of the existence
of ParETo efficient and approximative PArRETO efficient points of lower bounded
sets in ordered vector spaces. The main problem within the paper is that the
existence of points of this kind for each nonempty lower bounded set actually
characterizes well known types of ordered vector spaces, respectively ordered

locally convex spaces

Existence results for efficient points have been obtained in the optimization
3 o av are i fant a1 Tnin Py 113 i) I eit s
literature recently. They are in fact sufficient conditions which work either for a

relative large class of sets but for restricted classes of orderings (see e.g. [5], [23],
[3], [18], [1], [7], [21], [8], [20]) or for sets with compactness type properties (see
e.g.[6], [4], [1]). The common machinery of the existence proofs consists of exploit-
ing explicitely or implicitely the convergence of some monotone sequences. Our
main contribution is that the convergence properties of the ordered space assuring
this approach are not purely technical auxiliaries in obtaining efficient points but
they are indeed necessary for their existence. This idea, even not sufficiently
emphasized, derives from our results in [14], [15] and [17], which focus on some
related questions.

The basic tool in our proofs is the H-efficiency which takes place between Pa-
rETO efficiency and ParrTo e-efficiency. This notion extends formally that of
e-efficiency, when the element ¢ in the positive cone is replaced by a set H in it.
H-efficiency links naturally to other standard terms of the ordered vector space
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in most proofs we are going to

43¢

carry out.

——

After introducing some basic terms (Section 1) and going briefly over some wel
known facts concerning P-&RETO efficient points and Pargro »—ef‘J«:APnt points

d

), an algebraic theory of H-efficiency is developed in the Sections 3, 4 and

18 ¢
5. In Section 61t is shown that the existence for every nunemlftv lower bounded set

Section 7 on, where some auuhary Iebuiib are surveyed on normal and leguial
ordered locally convex spaces. We prove in Section 8 that if every nonempty fower
bounded set in an ordered locally convex space possesses H-efficient points for
avbitrary sets H in the positive cone such that their complementb are 1e1ghbou1-

sets allows a u mfled approach of various types

the Sections 11 and 12 we consider the problem
cones and ite relation with the existence of

i. Basic Terminology
Throughout this paper ¥ denotes a real vector space and K a cone therein, i.e.
set having the properties:

(1) K+ KcK;
(i) K = K for each non-negative real number ¢, and
(iii) KN (—K)={0}.

Putting x =y whenever y —x is in K, we obtain a reflexive, transitive and anti-
svmmetrical order relation in Y. which is translation-invarians and invariant with
DJ LIAIIIC 0L 10CU] WLIULVL L CIiVIvJILL 1A Ly VWY LLIULLL 1O VEUIIOIQULIULLTLIIA V QUL AQUIL U CULLIVA LU V UL 1QuRl U WY1 ULAL
e A I N RN B R LD B A SIS D M i s dddon e L2 ___211
respecu L LULLIPLCaLIONT Wivll [OUI-OEeZgailve 1odls. 11O 103Ulvillg ODjeCu Wil

¥

to

be called an ordered vector space (abbreviated, o.v.s.) with the positive cone K,
and will be denoted by (Y, K). Lower and upper bounds of sets, infima and su-
prema, monotonicity etc. are considered in the sense of this order relation as usual.
We shall deal in the last sections with two cones and respectively two orderings.
Hence, if necessary, we shall use terms as: K lower bound, K increasing etc., to em-
phasize that the respective notions are taken with respect to the ordering in-
duced by K.

If His a set in Y, we shall denote by cone H the intersection of all the cones
containing H. (In the cases we shall consider cones with this property always
exist.) By co H we shall mean the convex hull of the set H.

In order to simplify the style we shall use the same terms for ordered vector
spaces and their positive cones as well.

We shall suppose throughout that K ={0}.
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2. Efficiency and g-Efficiency

T 1 -

Let (Y, A beano.vs andlet M b

hed

a set in Y. A point zg in M is said efficient

[e1]

point (or ParRETO efficient point, Par

i?‘

STO minim mpnmt minimum point, A-mini-
mum point) of A if there 1s no  in 3 such that x =z and z=x,. 1t is straightfor-
ward to see that xy is an efficient point of M if and only if

S EN AT (s 5 1)
{(xg— K} uu.—,,coﬁ'. (2.4

The set of the efficient points of M is denoted by off W It is well known and easy
to verify that eff M =eff (47 + K).

Let ¢ be an element of K. Then zoc M is said to be an s-efficient poini (or Pa-
RETO ¢-efficient point, or ¢ near to minimum point) of M if there is no z< M such
that x =xp—e¢ (see [11]or [14]). The point g is an e-efficient point of M if and only if

2eM and (xp—e—K)NM=6. (2.2

The set of e-efficient points of M is denoted by e-eff 3. The relation (2.2) implies

17\

that e-eff M ce-eff (M +K). Simple examples show that

(o]

ot

=

=
e
s

=
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does not always hold. From this definition we have als er
M having e-efficient points, it is necessary to ¢ be different from 0. Hence ¢ =0 will
be 1mphcmelv supposed in the following. Observe that the notion of the s-efficient
point does not include that of efficient point. The definition of g-efficient points
can be slightly modified (in the sense of [10]) to comprise as particular case effi-
cient points, but this change is not advantageous for us.
A section of the set M is a nonempty set of form (y—K) N M with some yin Y.
We shall see in Section 6 that except some particular 0.v. spaces the existence of
c-efficient points for a set results from the existence of lower bounded sections of
this set. This latter condition can be considered as a natural and rather mild
requirement for a set. On the other hand, as it will be shown in Section 9, the

JR Y wi PR I o~ RO =

condition uudm every sev wi ith a Luxupxew lower bounded section has [

(s al — .

points implies strong restrictions on the order relation of the space. Tt
tions can be transferred to sets in the way it is presented in Section 10.

The above remarks explain the reduced interest for existence results on ¢-effi-
cient points, while efficiency from this point of view is well represented in the
recent literature (see [18], [4], [1], [7], [8]). This circumstance brings up the natu-
ral question to search some intermediate notions which can characterize better the
various types of 0.v. spaces by minimality conditions. The only possibility of this
kind seems to be the replacing of ¢ in the above definition by sets in the positive
cone. One of the main results of our paper is that this way in fact no new prospec-
tive can be gained on the o.v. spaces and ordered locally convex spaces (see Sec-
tion 6 and Sections 8 and 9, respectively). However, such a notion was a good im-
plement in some related problems (see [15] and [17]) and is a useful tool in obtsin-
ing necessary conditions for the existence of the efficient points (see Section 9).
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3. H-Efficieney: Definition, Basie Relations and Examples

Let (Y, K)Db

I

an 0.v.s,

Definition 3.1: Let H be a nonempty
point xo in M is an H-efficient point of 3 |
some A< H.

ubset of K\{0}. Givenaset ¥ in ¥, a
there is no z€ 4 such that x =xy— & for

su
if

T
ERIV IR

[, ,” PO [ S SIS S F SRR SUR- S
weans that Ty lh an [1 t‘ill(,lf:lll ;)Ulll\. O1 &f 1T vhnere I6 1o o 11 i whitn 18 X
b

simultaneously in zg— 2 — X for some %4 in H, that is 1f

[

x6€ A and (oa— H — K
xoe 4 and  (Xy )0

{ Fd

The set of H-efficient points of M will be denoted by [H-eff M.
When speaking about H-efficiency we always suppose that A is a nonempty sub-
set In K\{O}

This relation yields directly:

U Ho)-eff M = (Hy-eff M)N(Ha-eff M) . (3.4)
From (3.3) it follows also the implication:
chHg::ng-eff M Hy-eff M {3.5)
ﬂ/h fI'
(HlﬂHg)-eff Mo (Hy-eff MYU (He-eff M) . (3.6)

We shall show by examples that it may happen that Hi-eff M =Ho-eff M =0
while (H1M Ha)-eff M +0.

Examples: 3.2. Let Y=R be ordered by K=R.+={t¢R|¢=0}. Let (x,) and
(ya) be two decreasing sequences in ¥ both converging to 1. Put Hy={z, | n€ N}
and Hz={y, | n€ N}. It is easy to see that for each lower bounded set M in R one
has Hi-eff M = Ho-off M =0. When M is not bounded from below, then Hi-eff M =
= Hs-eff M =0. Then we have that H;-eff M = Ho-eff M for each M in Y, whereas
it can happen that H1NHe =8

3.3. Let « and » be two linearly independent vectors in R? and put K =cone
{u, v}. Consider the set M = R?\int (— K). (By int A we mean the interior of the set
Ac R? in the umque locally convex HAUSDORFF topology of this vector space.)
The following relations hold:

(1) If H=int K, then H-eff M = oM, with 2M the boundary of M.

From this property it follows in particular via (3.5) that for every Hy=0 in
int K one has Ho-eff MD>oM.
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(11) w-eff M ={tv+su 1 <0, s2[0,
veeff M ={tu+svt=0,s¢[0,

uu) If Hy={u, v} then Hi-eft JI

7y Put f’»::/u 2v, u+vh, Hz={:

while (Hs" Hy)-eff J[:\u—!—z) eﬁ U E

N C\.” .

7
’

‘[ &% by (1), This is an example which

(v) if HJ—\{?( Z/)Lflhd <H:—Ji‘77’r>ﬂ( then Hs-eff
M={su!s=<0} Tnus (Ha-eff M)U(Hs-eff M)y=2M\{0} and (HiHs)-eff M is

1ﬁcwiunéldbb sifce [14‘ .[1,;,—!0.
(vi) Put He={(int K}UHs and H;={(int K)UH;. Then He=H4+K and H,=
=Hs+ K. hence by (3.2) we have

JE NI SRS T IOpR, [
CU WILIL LIS 2010 PULy

1
piecewise linear functions on [0, 1], t hen it is dense in

ot

icie 1ts comple

h nonn y

If M is the set of a
C[0, 1] with respect to the uniform topology of this space. If we consider now
C[0, 1] to be ordered by K, then all the points in M are efficient points.

Put Ki=cone {1, ¢ 2, ...}. If we consider C[0, 1] to be ordered by K;, all the
points in M, except those in the subspace spanned by 1 and ¢, are efficient points.
If =1 or e=¢, then the s-efficient points of M coincide with the efficient points.
This is the case also for the H-efficient points of M with H={1, 7}.

The relation (3.5) shows that the operation H — H-eff 3 is antitonic, i.e., the larger
H implies the smaller H-eff M. That is, H-efficiency for a larger H is more restric-
tive. This justifies the following terminology.

We say that Hi-efficiency is coarser than Hs-efficiency if for every set M in ¥
it holds Hi-eff M o Hs-eff M. In this case we shall write Hi-eff = Hy-eff. If H;-effi-
ciency and Hy-efficiency are coarser each other, then we say that they are equiva-
lent and write H;-off = Ha-eff,

Relation (3.5) shows that H;c Hs implies Hy-eff = Hs-eff. Example 3.2 shows
that the relation Hi-eff = Hp-eff does not imply any inclusion relation for the sets
H]_ and H2

Being faced with two H-efficiencies, it is desirable to know the conditions when
they are in some relation. Then we have the following result:
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Proposition 4.1: Let Hy and H, be nonempty sets in K\[0}. Then the following
assertions are equivalent.

(a) Hi-eff = Hs-eff,

{by HHc Ha+ K .

{c) for epery xc Hy it h

Ho-eff M =

wherefrom we have {a).

To prove the converse inclusion let us assume that

xe Hi\(H: + K) (4.1)

If this isn’t true, it would hold either 0cx — Hs — K, or x¢x— Hs— K. In the first
case one would have z¢ Ha+ K contradicting (4.1). In the second case it would
follow 0€ Ha+ K which contradicts the condition Hz < K\{0}.

In consequence we have got a set M so that He-eff M ¢ Hy-eff M which shows
that {(a} cannot hold.

The equivalence (b)«>(c) is obvious. @

Corollary 4.2: We have
Hy-eff = Hp-eff

H+K=H:+K.

Proof: The second relation in the corollary implies that H; c Ho+ K and HaC
cHi+K. ®

Corollary 4.3: If Hi-eff = Hs-eff, then it follows that eff Hy =eff Ho.

Proof: By the remark after the definition of the efficient points in Section 2, it
follows that eff H;=eff (H;+K), i=1, 2. Use now Corollary 4.2. to conclude the

nroof =
pPioei. =

Proposition 4.4: Suppose that Hyc H. Then the following assertions are equiva-
lent:

{(a) Hy-eff = H-eff,

(b Hc Ho+ K,
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(c) for every x€ H one has (x— Ky Hy=0,

(d) there exists a set Hy with H, " (eff H+ K)=0, such that Hooeff H\J Hy, where
Hy can be empty iof HCeff H+ K, whereas if the last inclusion does not hold, then H
is a sef in H\(eff H + K) having the property that for each x in thelast set (z— Ky Hy
s infinite.

a), (b) and (c) is contained in Proposition 4.1,

(D I3 ﬁeua‘we by {b) that eiiaa.uo+_?{ vhere-
from using Ho H and the characterization (
eff HoH; Hence t e

ff H- H,. 3 ;
Nieff H+K)=0, Hy containg o subset H

which is disjoint from Pfr H+ K such

that it has the property at (d). (The condition that for Hceff # + X the set H;
can be empty \nll be important only in the proof of some converse implication.)
Since x¢ H\(eff A + K) implies that (z— K)Neff H=0, it suffices to verify the
condition in (d) for Hy itself. We have by (c) that {x — K) (" Ho=0. Let us show that
‘rhl% set is 'nfmlte Assume the contrary. Then we hwve for some JC(.’E K)i ng

nition of x. The obtained contradictions c (

Suppose now that {d) holds. If Fff—mff H+ K, then the inclusion eff Hc Hy is
sufficient to conclude (a) (that is, Hy in (d) can be empty). Indeed, in this case we
have Hy+ Kc H+Kceff H+ K+ K =eff H+I\’<— + K, thatis Hy-+K=H+K

and using Corollary 4.2 we obtain that (a) holds.

Let z be in H and consider the intersection (x—XK)NHy. If x¢ H\(eff H + K),
then this set is obviously nonempty since (x— K)N Ho> (x— K)( Hy and the last
set is nonempty (indeed infinite) by assumption. If zceff A + K we have obviously
(x—K)Neff H=0. Now, since eff Hc Hg, it follows that (x— K)NHe=+=8, and we
have the condition (c) fulfilled.

that we can take in ({‘7\ H, =

VI W

e take in 1= Ho MV H\(ef FH+K)) If H; =0 then we can
remove a finite set in H; without dlsturblng the conditions of (d). This implies the

following results:

Corollary 4.5: The following assertions are equivalent:

(a) Hcefft H+ K,

(b) there exists a minimal subset Hy of H such that Ho-eff = H-eff. In this case we
must have Ho=eff H.

Corollary 4.6: If eff H=0 we can remove any finite set of H such to have for ihe

Hy-off = H-eff . (4.2)

If Haeff H+ K then we can remove some denumerable set of points in H such to have

for the remaining set Hy the relation (4.2). If for some finite set Hyc H one has
(H\H1)-eff += H-eff, then necessarily HiNeff H+0
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5. The Existence of H-Efficient Points of Lower Bounded Sets

In obtaining general results on the existence of H-efficient points we must dis-
tinguish classes of sets in the space by some regularity conditions. It seems that
the most natural ones ar th er the lower boundedness of sets or the existence of
lower bounded sections for them. From the point of view of the existence of
[ -efficient points these two properties are similar. That i, if in an o.v.¢. all the
lower bounded sets have H-efficient points, then the same holds for all the sets
with lower bounded sections. Hence, it {ollows that we shall consider the fa mily of
lower bounded sets with the remark that it can be replaced throughout by the
family of sets having lower bounded sections.

Let (Y, K) be an o.v.s. The following technical result will be often used in our

next proofs:

Proposition 5.1: Let 4 be nonempty in K\{G}. Then the following assertions are

H, can be upper bounded.
Proof: Let us show that (a)=(b) by assuming that (b) does not hold. Then
there exists some sequence {(h;) in H with { ?hz | € } upper bounded. Then

M:{ 2 hi | n€ N} has a lower bound. Plck up €M arbitrarily. Then z=

i=1
7%

= — ) h; for some m. We have

i=1
m+1

x“hm‘%l:_.z hie M
r—hpn€x—Hcx—H—-K .

Hence for arbitrary z in M we have the relation
(x—H-K)NM=0,

wherefrom H-eff M =@ and (a) cannot hold.
(b)=(a): Assume that the set M is lower bounded and has no H-efficient points,
i.e., that

% 37 { v 4o lriy e
forevery zin M. Pickup x1 ¢ M arbitrarily and construct the sequence (z,) by taking
v (i —H-—K)YNM, €N

This relation implies that 24 =x; —h; —k; with some %;€ H and some k€ K. Wo
have then that

hi=x;—x31, 16N
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fort

y summing up

n
D hisn—gp =2~y neN.
i=l

1 U B 1 1 o~ ~ alatimma A b A on 1T
with ¥ some lower bound of 3. Then the obtained relations contradict condition

{b} and the proof is complete. &

Corollary 5.2: Suppose that each nonempty lower bounded set in Y has Hj-efficient
points for Hy nonempty. H; < K\{0}, j=1, ..., m. Then the same holds for H defined
by

x’ e ]
:{}.lhl +... +;.m;l,)3, | ileHj, }.j%O, J: i, ..., m; 2A7:1} .
~1

Proof: Assume the contrary. Then by Proposition 5.1 it exists a sequence ()

sl Nl is upper bounded. From the definition of the set A

in H such that

,._/\—q

4
we have that

=
Jﬁl h LN’};‘” with AP e H;, A0 =0 and }] f; =1 for every

U]
1 + 7

7
i. Since for every ¢ there is some jin {1, ..., m} such that 4} =

that there exists some subscrint, sav e'c., and a subse

such that A

for each n. From our hypothesis on the sequence (y,;) we deduce that the set
{ 2 h(lk) | ne N} is order bounded. This conclusion contradicts by Proposition 5.1

the assumption on H;. B

<~r 7 - . ., .

Corollary 5.3: If every nonempty lower bounded set in Y has Hj-efficient poinis for
j=1, ..., m, then such every set has (H,U ...\U Hy)-efficient points too.
UH,cH with H defined in Corollary 5.2

roof fOHO 'Frnm the cited corollary. B

Corollary 5.2 particularly shows that if His a finite set and if every lower bound-
ed set in Y has H-efficient points, then the same is true for (co H)-efficient points.
Let us see that such an assertion does not hold for an arbitrary set H.

Example 5.4: Consider the vector space ¢ of all the convergent real sequences,
ordered by the cone ¢+ of sequences with nonnegative terms. Put h,=(dy)p_; for
n=1, 2 (here 6™ stands for the KRONECKER symbol), and hy, = (8, 2% 1);_, for n
satisfying 2F¥-1=n=2F (k=2). Then H={h, [ n€N} has obviously the property

n
that no set of form \{ 27 ki | By € H, nEN, i not necessarily d:stmctlf can be upper
bounded. k=1 J
Consider now the elements
1 om
2; hiy, meEN .
™

42 optimization 20 (1989) 5
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A direct calculation yields that every sequence of the form

poin
mn
L1

5.
16 construction in the above example uses the fact that & s infinite dimensio-
nal. For finite dimensional sets A we have indeed the assertion:

6. Finite H-Efficiency and Semi Archimedian Property

The o.v.s. (Y, K) and its positive cone K are called almost Archimedian if y=0
whenever -fz=y =tz for some z in K and all the reals ¢=0. They are called semi
Archimedian if from 0 =ty =z for some zin K and all =0 it follows that y =0. The
almost Archimedian property of an o.v.s. implies the semi Archimedian property
of it. Simple examples show that the converse implication does not always hold
even for ordered vector spaces of dimension two [14]. It is straightforward that the
condition in the definition of the semi Archimedian property can be rewritten in
the form: from 0 =ny ==z for some z in K and all n¢ N, it follows that y=0.

According to the Propositions IT. 1.29 and II. 1.31 in [19], if there exists some
locally convex topology on Y such that the closure of K with respect to this
topology is also a cone, then K is almost Archimedian. Hence this property and so
much the more, the semi Archimedian property for an ordered vector space is very
mild. .

The semi Archimedian property links to H-efficiency by the following result
which constitutes an extension of Proposition 2 in [14]:

Theorem 6.1: The following assertions are equivalent.

(a) (Y, K) is semt Archimedian;

(b) Every nonempty lower bounded set in Y has H-efficient poinds for each H with
the property that there exists a finite set Hoc K\{0} such that Hc—co Ho+ K ;

(c) Bvery nonempty lower bounded set in Y has e-efficient points for every e € K\{0}.
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3.5) and the Corollary 3.2 it is obvious
o carry out the proof for the finite set Ho= {hy, ..o 7zm, According to
v;e have to show that if (¥, &) is semi Archimedian, then no set

Proof: (a)={(b). By the relations {3.2). {3

that it sufﬁce to

e s

Proposition 5.
L !

of the form ¢

W

(
/L" hip Pipe {1, ... m}, ng N} can be upper bounded. If this is not

k=1

p
o
[
et
s
fovs
ey
o
o
-
o
¢
s
-
o

T 3y .
Let us prove finally that (¢)=(a) by assuming that (Y, &) is not semi Archime-
chan, i.e., that there exist some z and y in K, x =0, such that

O=stxsy (6.

—~—

[y

for any ¢=0. Consider the set M defined by

(2—2— K)m M=6

which shows that condition (¢) does not hold for e=z. B

Remarks 6.2: (a) The lower boundedness or the existence of lower bounded sec-
tions of a set are not necessary conditions in order to that set has H-efficient
points. To illustrate this consult Example 3.3. The cited example shows that the
sets without lower bounded sections which admit H-efficient points must be of a
rather special form. ,‘

{b) The condition on H at the point (b) of the theorem can be still weakened ; we
have used the above form for the sake of simplicity.

7. Normal and Regular Cones

Let (Y, K) be an o.v.s. The set {2, y]={2¢ Y | x =z=y} is called the order interval
defined by = and y. The set M in Y is called full if for any « and y in M the order
interval {z, ¥] is contained in M.

If Y is endowed with a HausporFF locally convex vector space topology and if
K is closed with respect to this topology, then following [19] we call (Y, K) an
ordered locally convex space (abbreviated o.l.c.s.).

The o.l.c.s. (Y, K) is called normal (or locally full) if Y possesses a base of neigh-
bourhoods consisting of full sets.

A decreasing (increasing) net in (Y, K) is by definition a set which is totally
ordered by the order relation of the space and is considered to be directed down-
ward (upward) by it. (Note this usage of the notion of decreasing (increasing) net in

43*
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ordered vector space theory. By a difference, directed nets are sometimes called
directed sets—seee.g.[19, Chapter 2, § 3].) Such a net is called CavcHY or respec-
tively convergent if the filter of its lower (upper) sections is CAUCHY or repectively
convergent. Nets with a denumerable set of elements will be called sequences.

The o.l.e.s. (Y, K)iscalled regular (fully regular) if every decreasing lower bound-
ed net (1especu1velv every decreasing topologicaily bounded net) in ¥ is conver-
gent. If we require to each net of above type be oniy Cavcry, then (Y. K) is called
quasi regular (quast fully reqular). Decreasing lower bounded nets in the above
definitions can be 0bv nuloi\, Cﬂwugéu in upper bounded xuuca’\uw nets. In the
definition of (quasi) regularity we can only consider decreasing nets in K. When
the space is metrizable we can use sequences in the above definitions. We shall see
in this section that this can be done indeed for the general case too. Regular spaces
are sometimes called DANTELL spaces (see e.g. [1]).

The above introduced terms will be alsc used for the positive cone of the space.
Ti it vermll Vo fmmn T L e Vx3a RNV PRI (VN I ~ R i e rEa £ T
AV ib WOU RILUWIL (500 (7, iuUULD‘Lu 1. Uj) vllal Orusiocu 1 JAUCh I

normadl. The same is true for FRECHET spaces

. /i1

LIThano N ‘-c’\mnﬂnk‘.h vtk o~ the ganagce At raal F

DRSS LFbiUT AOUIIIAST L0310 WAL L (VIO SiaTT UL [C4l BUEU
ks s vA i

1r7'1+.11 +ha nitorm narm) than 1t 1g raciilar

Wiuil T8 Uniorm nolinl), o4on 1v 1s regiuat.

The completeness of an ordered regular FRECHET space is essential to its nor-
mality. Let us remember an example of a normed regular ordered vector space
which is not normal [16]. Tt is an adaptation of an example due to BRECKNER and
OrBAN which was used for other purposes in [2, Remark 2.4.3].

Example 7.1: Let Y denote the vector space of all polvnomia.ls with real coeffi-
cients defined on [—1, 0], eq Apped with the uniform norm. Let us consider the
cone K in Y defined by K={z¢ Y | z®(0) =0 for all non-negative integers i}. The
cone K is regular since if (z,) is a decreasing sequence in K, then it is necessarily a
sequence of polynomials of a given finite order, say m, and according to the order
induced by K, their coefficients form decreasing non-negative sequences of real
numbers. Since all the coefficients of the terms of order =m are 0, the sequence
(z») tends uniformly to a polynomial with nonnegative coefficients, and the regu-
larity of (Y, K) follows.

To prove that K is not normal, consider the sequences (x,) and (y,) defined by

an\

/ _ .
(2)25 and  yR(t)= (1—}-1‘1)2'“0, te[—1,0].

wl —

i 1
Za(t) :;"‘

One has 0=z, =y, for each ne N. The sequence (7,) tends uniformly to 0, but
(25) does not. This contradicts a well-known criterion of normality (see e.g.[19,
Proposition II. 1.3]).

The techniques we shall use in the next sections are based on the fact that in
various types of regularity we can deal with sequences only. This allows us to use
summation criteria. The following lemma is the basic tool in all the next proofs.



Downloaded by [UZH Hauptbibliothek / Zentralbibliothek Zirich] at 16:59 10 July 2014

NEMETH, A. B.: ParRETO Efficiency and PARETO e-Efficiency 627

Lemma 7.2: Tke following assertions are equivalent:
\
?

i“/a
Y
3
&
S
o3
=3
o
A
<5
Sy
&
==

e
(2

Iy
=

lf}

(b) Ezery decreasing sequence in K is CAUCHY,
/ ﬁ 7 v iy

Wy oo 4

(¢} For any sequence {xy,) in K the condition x, 4 U for every n and for some neigh-
{ =n 3 .
R R ‘ . L.
bourhood U of 0, tmplies that the set { N |né¢ N} cannot be wpper bounded.
| |
L 7 /
If the cone K Yre-
gular’

?!'oof : The im}fh ation A

ld. Then there exists a decreasing net {z,) in K which is not
Cavcry. This means that there exists some neighbourhood T of 0 such that for
any suchrlpt u there exist y=y and n=u such that o, — 2,4 U. Fix an arbitrary
. Then there exist some ele-
7 Qf vt now with

the correspondin ijmﬂnf by =

isn’t true, there would ew(lst a sequence (y,) in K and a neighbourhood U

of 0 such that y, ¢ U for any n, for which (2 yi\ would be an increasing upper
i=1 /n=1

bounded sequence. But such a sequence is obviously not Catvcry, and (b) isn’t

true too. This proves (b)=-(c).

Let us show finally that (¢)=(b). If K is not quasi regular then we can contra-
dict (¢) as follows. The negation of (b) implies the existence of a decreasing se-
quence (z,) in X which is not Cavcry. This meansthat there exists some neighbour-
hood V of 0 such that for each subscript 1o there exist =1y and j=1 such that
z;—z;¢ V. Take the balanced neighbourhood U of 0 so astohave U+Uc V. If 2,

1 there is an i=1; for “hl(’h

3 - Ty Towmn ~F + ro o
is an arbitrary element of the above sequence then th
A TT frwif +hte xrman 1 vt hao fyi1a PO -~ T7 ] ~
Z;—2; ¢ U, 10T I1 Tills Wolud 1ot o true, then Zp—&; T U and Rj=—Z; & U for any v and

j=1; and this would contradict the above assumption since it would imply that
zj—2z € U+ UV for any such 4 and j. Hence we can construct a subsequence of
(za), denote it by (s ), such that s, — 8414 U, 8y =5, for every n. Take y, =35, —
—8u+1, € N. Then (y,) is a sequence in K which contradicts (¢) and the proof is
complete. &

The method furnished by this lemma was used in our papers {14}, [15
In the last two papers in fact a more general assertion was considered v
shall state in Section 11.

rq
11
kS

8. Regularity and H-Efficiency

The advantage of the notion of H-efficiency derives from the fact that it links in
a natural way with the regularity of the space. The ideas in this regard, originated

.in Propositions 3 and 4 in [14] when the ordered space is normed and in Proposi-
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tions 13 and 14 in [15] for locally convex spaces, can be summarized and completed
as follows:

s

138ertlONS Gre equiva

Theorem S.1: Given an o.l.c.s. (Y, K) the following
(&) The space (Y, K) 18 quasi regular;

(b) Every nonempty lower bounded set M in Y possesses H-efficient points for
every nonempty H in K such that Y\H is a neighbourhood of 0

o~
%

(¢} Hvery nonempty denwmerable lower bounded set M in Y possesses H-efficient
polnts for every nonemply denumerable H in K such that Y\H is a neighbourhood of
the origin.

If K is complete, “quusi regular’” in (a) can be changed into “‘regular”.

If the space (Y, K) is normal, then (c) can be changed into:

(¢") Every nonempty, denumerable, complete lower bounded set M in Y possesses
H-efficient points for every nonempty devumerable H in K such that Y\H is a neigh-

Eouvbhond of O
CoOUTAo0R Of u.

)

e I
I

PN S o b ORI T Ay
001! OVE T

! ¥
R A ] —

bounded set I

i in Y does not have H-efficient points for some nonempty # in
K\U, with U a neighbourhood of 0. Then by Proposition 5.1 there exists
some sequence (%;) of (not necessarily distinct) elements in H so that the set

{ n 1
{ D) hi| e N} is upper bounded. This implies by Lemma 7.2 that (a) does not
i=1

X

hold

The implication (b)=(c) is obvious.
Let us prove next (¢)=-(a) by assuming that (¥, K) is not quasi regular. Using
Lemma 7.2 again we conclude that there exist a neighbourhcod U of 0 and a

n
sequence (z;) with z;€ K\U, for each i¢ N, such that the sums Z’ zi, n€ N have an
upper bound y. That is, the set =1

1 7 }
M:i— Xz ine N}
i=1

is bounded from below by —y. Let x be an arbitrary element of M. Then z=

m

= — ) x; for some m. We have further
=1
m+1
T—Tpa=— D, €M and
=1

r—Zmmcx—Hcx—H—-K
with H={z; | 1¢ N}. That is we have got that
(r—H—-K)NM=0

for every = in M. Hence for the denumerable lower bounded set M in Y and the
denumerable H < K\U, the condition (c¢) does not hold.
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only i is
1281 1'9(711!;1,1-” in (a) can hp n‘nvuma v nhnnmld this cage jpto “ra

.n’n o ,‘7
qu ou can usl v gu .

To prove the last assertion of the theorem it suffices to show that if (¥, K) is
normal, then the set 3 constructed in the above proof of {e)={a) is in fact com-
plete. We can assume in thiz case that the neighbourhood T considered there is
f{ﬂ’ Than froam o oo KN 77 it $ollhwe that 22 Lo KNTT orire we have that for the

1], Then from «, v K0 U it follows that w +0c K\ D7, Hence we have that for the
3 bRyl p_’
1) ] L 3 . N7

two arbitrary elements — 3 z;and — 3 zy of M, their difference ) xp:q 18
i=1 i=1 i=1

Remarks 8.2: (a) Theorem 8.1 together with Theorem 6.1 imply a theoretical
conclusion about the notion of H-efficiency. Although intimately related to the
order relation of the space, H -efﬁcienc" for the family of lower bounded sets and
for sets H in K with \H a ne bomhood of the or}gm does not give a fine

then the existence of H-efficient points
regular o.l.c. spaces (Theorem 8.1).

(b) We shall see in the next section that condition (¢’) in Theorem 8.1 plays an
important role. This condition uses the additional hypothesis of the normality of
the space. To show the essentiality of this hypothesis we have to construct a
regular not normal o.l.c.s. in which every complete denumerable lower bounded
set has H-efficient points for any H as in the theorem, but there exist some such A
and some denumerable not complete lower bounded sets without H-efficient points.
Such a space, so far as it exists, is of a very special feature. However, we can see
that the normality is essential in the method of deducing (¢’)=(a) in the above
proof. This will be done by considering the following example:

Example 8.3: Let K be a closed not normal cone in the Baxaca space Y. Then
by the equivalent definition of normal cones in [8], it follows that for every =
there exist some u, and v, in K such that |[us||=|[va]|=1 and |[uy + v, < 1/27. Con-

sider the series (Un +25). obviously converges to some z€ K. Denote 25, =
n n=1 ~
= — 2 (i +v;) and 294-1 =2an +v,. Then (zz) is obviously a decreasing sequence
i=1
whinh 1a haiimdead fromn halaw ho o T8 vwwo aomaider H — neNY then we
Yrllvdl 10 MUMIIUCOUL L1l OTLIUYY U)’ Ko AL Y& LUULL D \.LUL L4 —')\Wn, Un I Il/ l\!f VALTLAL ¥V U
have the construction in the proof of (¢c’)=(a), but here the set {z | £¢ N} is not

complete. Indeed (z,,) converges to —z which does not belong to {z | k€ N}. This
last assertion follows for instance from the fact that this set has no H-efficient
point, while —zis an infimum of it by Proposition II1.3.1 in [19] and hence it is
obviously an H-efficient point of the set {z; | k¢ N} U{—z}.
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Thus the absence of normality of (Y. A) makes inefficient the construction in
the proof of (¢}=(a}, construction which yields a contradiction with (¢} in that
prm’)f

L.et us remark finally that the above xe&sonmg is the same as tnm in the proof

§. Efficient Points of Lower Bounded Sets

Theorem S.1 Hows us to deduce necessary and sufficient conditions for the ex-
efficient points. We have in this regard the following result:

(C) Each nonempzy denum y possesses 6]]%0746715

points.
If K is complete then “‘quasi regular’ in (a) can be changed into “‘regular’’, and
“complete” in (b) and (¢) can be changed into “‘closed’.

Proof: The implication (a)=(b) is in fact (a) in Theorem 1 of [1]. The proof
uses ZorN’s lemma which turns out to be essential (see Section 3 of the cited paper).

(b)=(c) is obvious.

(¢)=(a): Since each complete lower bounded denumerable set in Y has efficient

points, then it has also H-efficient points for every H in K\ . Hence we can
1 to deduce that (VY K} 1

nnlv Q
m o.d aequcee taav (£, £

£

I

{afY
lelJAJ \C j
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Remarks 9.2: (a) Concerning the hypothesis of normality of the space (¥, X) in
Theorem 9.1 we refer to (b) in Remarks 8.2

(b) An interesting question which is not touched by Theorem 9.1 is the relation
of the condition eff 37 =0 (where J is the closure of M) with the condition
H-eff M + 0. Example 8.3 shows that we can construct in a BANACH space ordered
by a not normal closed cone, a decreasing lower bounded sequence (z5) 80 as to
have for M ={z, | n€é N} and H={2,—2s11 | n€ N}C K\(int B) (with B the unit
ball), that H-eff M =@, whereas eff M +8. The possibility of the construction of
some M with a similar property is not essentially related to the lack of normality
of the space. To illustrate this, let us consider the following example:

Example 9.3: Let be Y = R2 and suppose that it.is ordered by K ={(x, ) | v =0,
y=0}. Consider the set M/ =(K\{(0, 0)}) U{(z, ¥) | xy = —1}. If we take H={(1, 0),
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(0, 1)}, then H-eff 3/ =0, while eff 3/ = {(0. 0)}. Note that M has no lower bounded
sections.

When Y is o2 BaxacH space, we can avoid the hypothesis of normality in Theo-
rem 9.1. In this case we have

Theorem 9.4: Let Y be ¢ BANACH space ordered by the closed cone K. Then the
following asseriions are equivalent:

(8) (Y, K) s reguiar;

~rh Al ans
CiL

£y

osed nonemnt 1088e88e8 8 rfggge,nz umwn

(¢} Bach closed nonempty denwumerable lower bmm

Q_, *:Q

led set in Y has efficient points.

Proof: The implications (a)=(b)=(c) follow as in Theorem 9.1, We have only
to show that (¢)=(a). To end this we prove first the following auxiliary result:

Lemma 9.5: Lei ¥ be ¢ BANACH space and et K be a closed cone therein which is
not normal. Then there exists a totally ordered, denumerable and closed lower bounded

i

Proof: Let us repeat the construction at Example 8.3: Pick up %, and v, in K
k3
such that [jus]|={jwajl = 1, ljun + v} < 1/27 and put 29, = 2 (161 + v1), Rap~1 = Zan + Vn-
oo i=1
Let z= — ), (u; +v;). Then (2) is decreasing and lower bounded by z. Since zisa

=1
limit point of the set {z | k€ N}, one has by Proposition II. 3.1 in [19], that
z=inf {z; | k€ N}. We shall show that the set {zz,-1 | #€ N} cannot have any limit
point. If it would have such a point w, then there would exist some subsequence
(z2nx-1)5-1 Which converges to w. Hence by passing to limit in

Zopp =Ronp-1 = R2pg-2

with k—oc, we would get z=1w. Thus, we should have lim zz4;=lm zznk_l_z
- K+ B
which would contradict the condition that g

lz2ny — Zenp—1ll =llvngl| =1 .

It follows that (z24-1) is & decreasing sequence with the lower bound z and without
limit points. Hence {2241 | n€ N} is a-totally ordered, closed, lower bounded set
which cannot have any efficient point. ™

Let us conclude now the proof of (c)={(a) in Theorem 9.4 as follows. Since each
denumemble, closed, lower bounded set in ¥ has efficient points, by Lemma 9.5.

(Y, K) must be normal. According to Theorem 9.1 in a normal o.lec.s. {¢) im-

Remark 9.6: Observe that we cannot use in the proof KrRASNOSEL'SKII'S result
on normality of regular cones, since we have in fact to prove regularity but for this
we need the normality. The used procedure can perhaps be adapted to obtain a
similar result for FRECHET spaces. But we cannot handle yet the general case.
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10. Regular Sets in Normal o.l.e. Spaces

The existence results on efficient peints e\plom e\phutelv [17 or implicitely [7]
+ s rraraanee ~Af crrne ot araTre A Y mnda R I PR amdsnm Tty b o Yo A
(0e Cony ‘e;c\*\fut’\: { some monotons and order bounded sets. Introducis g tie notion
of regular sets we can handle in a unified way some different aspects of this theory
Detinition 10.1: Let (¥, K) be an ol.cs. The set M in ¥ will be called (guasi)
regular if every decreasing net in A converges to some element of 3f (respectively,

is CavoHY).
It is immediate from this definition that a complete quasi regular set is regular.
If K is complete then every section of a closed set 3 is complete. Hence for
complete K closed quasi regular sets are regular.
Following the way of the proof of Lemma 7.2 we can verify:

8
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If M is complete or if K is complete and M is closed then “‘quasi regular’ at (a) can
be replaced into “‘regular’, and “Cavcuy” af (b) can-be changed into ‘“‘convergent to
some element of M”

Remarks 10.3: (a) The o.l.c.s. (Y, K) is quasi regular if and only if every lower
bounded set in it is quasi regular. If K is complete, then (Y, K) is regular if and
only if every closed lower bounded set in Y is regular.

(b) The reasoning in the proof of (¢) in Theorem 1 of [1] shows that every com-
pact set in an o.l.c.s. is regular.

By analogy with Theorem 8.1 we have

Theorem 10.4: Let (Y, K) be a normal o.l.c.s. and let M be a (complete) set in Y+
Then the following assertions are equivalent:

() M is quasi regular (regular);

(b) Each subset of M which is nonempty has H-efficient points for every nonempty
Hc K such that Y\H is a neighbouﬁzood of 0;

(c) EBach closed nonempty denwmerable subset of M has H-efficient points for
every nonempty denumerable H < K so that Y\H is a neighbourhood of the origin.

Proof:(a)={(b): Assume that Mg M, M;=0, has no H-efficient point. Then we
can construct by the way used in the proof of (a)=(b) of Theorem 8.1 a decreasing
sequence (z;) in M such that &;=z;—x11, 1€ N for some #;€ H. We can suppose
that Hc K\U with U some full neighbourhood of 0 since (Y, K) is normal. Be-

cause %; ¢ U the last relation implies that
ri—xa U, €N



Downloaded by [UZH Hauptbibliothek / Zentralbibliothek Zurich] at 16:59 10 July 2014

NEMETH, A. B.: PareTo Efficiency and Pargro e-Efficiency 633

Put y;=uo; —xi01 and observe that
Iﬂ,.;_]_::—z"lg%—l‘léj[‘ n

Fa1
=i

N
N

M

with ;€ K\ and by Lemma 10.2 we see that M cannot be quasi regular (regular).
The proofs of (5)={c)={(a) run similar to the proofs of (b)=(¢')=(a)in Theorem
51 =

o~ 2

Theorem 10.6: Lei (Y, K) be a normal o.1.c.s. and let M be u complete set wn ¥, or
let K be complete and M be closed. Then the following assertions are equivalent:

(a) The set M is regular;

(b) Each closed subset of M which is nonempty, has efficient points.

(c) Each nonempty totally ordered denumerable and closed subset of M possesses
efficient points.

11. K Bound Regular Subcones of the Cone K

Letl(Y, K) be an o.l.c.s.

Definition 11.1: Let Ky be a cone contained in K. It is called (quusi) K bound
regular subcone of X if every K increasing K order bounded net in Ky converges
to an element of K, (respectively it is CaAvcHY).

If K, is (quasi) K bound regular then it is (quasi) regular too; the converse of
this assertion is not always true (see Example 11.2 (a) below).

If Kyis a (quasi) K bound regular subcone of X, then it is (quasi) K; bound regu-
lar for every cone K; such that Ko< Ky c K. Every subcone of such a cone K is
itself quasi X bound regular, and every complete subcone of Kj is K bound re-
gular. B

Examples 11.2: (a) Let ¢ be the Baxvacu space of all the convergent sequences of

wed with the usual norm and let ¢; be its subspace consisting of

sequences converging to 0. Let ¢+ be the cone of sequences with non-negative

terms in ¢, and put ¢f=coMNc¢t. Then ¢+ is normal and it is not regular The cone
¢y is regular but it is not ¢+ bound regular subcone of c*.

To see that ¢} is regular we consider the increasing sequence (z%),_; in ¢5 with

the upper bound x, where z#=(af, ..., z}, ...); x=(21, ..., j, ...), n=1, 2, ... Let us
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show that (x7) is a CATCHY sequence. Suppose that ¢>0 is arbitrary. Since x€cj,.
there exists a subscript mg such that for every j=mg one has 0 =z;<¢/2. From our

monotonicity assumption it follows that (x}‘)”;’ ; is for each j an increasing se-
¥

auence f\‘F non ‘nD(‘fﬁ?“lvD renl v ‘nmkﬂv’a houn
Gl € Igdr iU oTLS O £

3443

l 4 . ; P 2]
=] —uy + iy —af = (-] )+ (g5 —af)<e/24+5/2=¢, since O=a;—al=x;<e¢2
and 0=z;—xf =2;<¢/2. Hence |af —zf| <e for each j. This shows that |la? — a9 <«
for any o, y":’?zi:.., that is {z7) is & Cavemy sequence converging to come zgf ¢ and
the regularity of ¢ was deduced

Consider the elements y=(1i,..,1,...); y»=(1,...,1,0....). Then wycer and

e
% times

yn€oy, n=1, 2, ... The sequence (y*) is ¢; Increasing in ¢j and is ¢+ upper bounded

by ». Since this sequence is not CavcHY, the cone ¢j is not ¢= bound regular sub-

cone of ¢+.

[,

"uu_y xcguu,u supcone of a m cone K is K bound regu ular.

g )
b
e
@]
=]
&
o
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&
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the fact that order bounded sets in normal spaces are topologically
a ordingly K bound regular
wa lone in Sectlon of [17].
The converse of the above assertion is not true: there exist X bound regular
subcones of a normal cone X which are not fully regular. The simplest examples of
this kind are regular cones in BAaNACH spaces which are not fully regular. For
instance the cone ¢j considered at (a) is normal, regular but not fully regular. For
other examples of this kind consult 6.3 in [9].

subcones can be constructed in the way it

11 Do Lri I b
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awith » MW =0 for allths non-necativa inta rnwa s K. — V. swheve 1g tha
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subspace in Y of the polynomials, then we ha;ve seen at Example 7.1 that K, is
regular but it is not normal. It is easy to show that Ky is not K bound regular. If we
consider the subcone K; of K defined by

Ki={z€K | 2M(0)>0 only for a finite number of i —s}

then Ko< K1 K, Ko is K3 bound regular subcone of K. The cone K, is the maxi-
mal subcone in K with respect to which Ky is &; bound regular.

By slight modifications of the proof of Lemma 7.2 we can verify the following
auxiliary result (see also [15] and [17]):

Lemma 11.3: Let (Y, K) be an o.l.c.s. The following assertions are eguivalent:
(a) The subcone Ko in K is quast K bound regular;
(b) Every Ky increasing K bounded sequence in Ky is CATCHY
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Theorem 11.4: Given an olcs. (Y, K) and a subcone Ky of K. the following asser-
tions are equivaient:
e
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every non H in Ky such tha
A\ 7

{c) Bvery nonemply denwmerable K lower bounded set in Y possesses H-efficient

points for every denumerable nonempty set H in Ko such that Y\H is a neighbourkood
of 0.

12. H-Efficiency for a Fixed f, and & Bound Regularity
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lower bounded set and each A with Y\ a neighbourhood of G on the one hand,
and the regularity or the K bound regularity of the positive cone on the other (see
Theorems 7.1 and 11.4), we consider at this peint the situation when H is fixed.
More precisely, we seek through the question about the conditions of the existence
of H-efficient points for every lower bounded set when H is fixed. We have in this

AU LY 11ell A= L1X

direction the following result which follows directly from Theorem 11.4:

Proposition 12.1: Consider the o.l.c.s. (Y, K). If the nonempty set H in K has the
property that Y\H is a neighbourhood of 0 and Ky=cone H is o quast K bound regu-
lar subcone of K, then every nonempty K lower bounded set in Y possesses H-efficient
poInts.

Remark 12.2: The converse of the assertion in Proposition 12.1 does not hold in
general. That is, there exist sets H in K with the property that Y\ H is a neighbour-
hood of 0 and that every lower bounded set in ¥ which is nonempty, possesses
H-efficient points, but Ko =coue H is not K bound regular. This can be seen by a
reinterpretation of Example 5.4, which says in fact much more.

Requiring some regularity conditions for H, the result in Proposition 12.1 can be
strenghtened. Let us consider some of the much natural conditions of this kind.

Propesition 12.3: Suppose that Hc K is nonempty topologically bounded, that
Y\H 1is a neighbourhood of 0 and that for any z€ cone H there exist some b in H and
some =0 such thot z=2Ah. Then every nonempiy lower bounded set in ¥ possesses
H-efficrent points exactly when Kg=cone H is quasi K bound regular.

Proof: One part of this assertion is contained in Proposition 12.1. To prove the
other part let us assume that Ky is not quasi K bound regular. Then by Lemma 11.3.
(c) there exists a sequence (y,) in Ko\ V, with ¥ some neighbourhood of 0, such that
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the set {Eyg | nE€ I\JJ" is K order bounded. By the hypothesis on H there exists
i=1

some neighbourhood U of 0 such that 2 H < V\U for some 4> 0. We have then for an
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is K order bounded, contradicting by Proposition 5.1 the hy pO’ChEs]s ‘that each
Iower hounded set in ¥ has H-efficient points. B
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