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ABSTRACT - The aim of this paper  is to study the conditions under which the well- 
known Aitken-Steffensen method for solving equations leads to monotonic 
sequences whose terms approximate (from the left and from the right) the root 
of an equation. The convergence order and efficiency index of this method are 
also studied in the general case and then in various particular cases. 

1. Introduct ion  

From a pract ical  s tandpoint ,  in order  to app rox ima te  the roots o f  equat ions 

it is advantageous  to use methods  which lead to monoton ic  sequences.  In  this 

pape r  we shall use a single i terative process to de termine  an increasing sequence 

(Xn)n~0 and a decreasing one (Yn)n~0, both converging to a root 2 of  the equat ion 

f(x) = 0. Such a procedure  has the advan tage  of allowing, at each i terat ion step, 

an approx imat ion  error checking, i.e. 

m a x ( ~  - Xn, y .  -- ~} ~ y .  - x..  

As it is well known, such sequences can be genera ted  by apply ing  s imul taneous ly  

two methods,  e.g. Newton 's  method and the chord method.  In  the sequel we shall 

show that,  in conditions s imilar  to those imposed  to the above  ment ioned  

methods,  the Aitken-Steffensen method generates  two sequences which fulfil the 

above inequality.  
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In Section 2 we give sufficient conditions for the general method of  Aitken- 
Steffensen ((1.3) below) to generate two monotonic sequences, both converging 

to the solution ~ of equation (1.I) below. In this way some similar results 
obtained in [4] are completed, and the proofs given in [5] are made simpler to a 
certain extent. 

In Section 3 we study some particular cases of the method (1.3), namely  the 
methods (3.1) and (3.3) below. In Section 4 there is indicated a way to construct 
the auxiliary functions gl, g2, or g, required by (1.3) or (3.1), in relatively simple 
conditions as the monotonicity and convexity of the function f. In Section 5 the 
convergence orders and the efficiency indices of the methods (1.3) and  (3.1) are 

studied, concluding that the method (3.1) has a higher efficiency index. This one 
is the same as that of Newton's method, but in given conditions, the method  (3.1) 
as well as (1.3) and (3.3), provides in addition bilateral approximations for the 
root of the equation (1.1). 

So, let I = [a, b], a < b, be an interval of the real axis, and consider the 
equation 

( 1 . 1 )  = 0 

where f :  I ~ R. Besides (1.1), consider two more equations 

(1.2) 
x -  gl(x) = 0, 

x -  g2(x) = 0, 

where gl, gz : I ~ R. 

The Aitken-Steffensen method consists in constructing the sequences 
(g2(gl(xn))n~0 and (gl (x,))n~0 by means of the following iterative process 

(1.3) xn+l = gl(x,) - 
f(gl(x,)) 

[gl(x.);g2(gl(x,));q 
, x 0 ~  I , n  = 0, 1 . . . .  , 

where [u, v; f] stands for the first order divided difference of  f on the points u, v 
I. We shall denote by [u, v, w; f] the second order divided difference of f on u, v, w ~ I. 

As it is well known ([6], pp. 268-269), and will also be shown in Section 5, 
the convergence order of the sequence (Xn),~0 generated by (1.3) is at least 2, but 
it generally depends on the convergence orders of the sequences (yn)n~0 and 

(zn)n~0 generated by Yn+l = gl(Y.), Y0 ~ I; Z n +  1 = g2(z,), z0 ~ I; n = 0, 1, ...,; [2], 
[5]. 
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Another advantage of the iteration method (1.3) is the following: if equation 
(1.1) is given, then (as we shall see in Section 4) we have at our disposal many 
possibilities to construct the functions g~ and g2 from equations (1.2). On the 
other hand,  hypotheses concerning the differentiability of f on the whole interval ! 
are not needed. 

I f g  : I --~ R is a function, we shall adopt the following definitions concerning 
the monotonicity and convexity of g: 

DEFINITION 1.1. The function g : I --~ R is said to be increasing (nondecreasing; 
decreasing; nonincreasing) on I if for every x, y ~ I the relations [x, y; f] > 0 (I> 0; 
< 0; ~< 0) hold respectively. 

DEFINITION 1.2. The  function g : I --~ R is convex (nonconcave; concave; non- 
convex) on I if for every x, y, z ~ I the relations [x, y, z; f] > 0 (>I 0; < 0; ~ 0) 
hold respectively. 

2. Convergence of the Aitken-Steffensen method 

We shall adopt the following hypotheses concerning the functions f, gl and g2: 

(a) f, gl, g2 are continuous on I; 
(b) gl is increasing on I; 
(c) g2 is decreasing on I; 
(d) equations (1.1) and (1.2) have only one common root ~ ~ ]a, b[; 
(e) for every x, y ~ I, the relation 0 < [x, y; gl] ~ l holds. 

Concerning the problem stated in Section 1, the following theorem holds: 

THEOREM 2.1. Suppose that f, gl and g2 fulfil conditions (a)-(e) and, in addition, 

(il) f i s  increasing and convex on I, and there exists if(i);  

(iil) there exists x 0 e I such that  f(x0) < 0 and gz(gl(x0)) ~ I. 

Then the sequences (x,).~0, (gl(xn))n~0, (g2(gl(xn)))n~0 generated by (1.3), 
where x0 fulfils condition (iil), have the following properties: 

(.Jl) the sequences (x,),~0 and (gl(Xn)),~0 are increasing and bounded; 
(jjl) the sequence (g2(g~(xn))n~o is decreasing and bounded; 
(jjjl) lim x~ = lim gl(x~) = lim g2(gl(x,)) = 2; 

(jvl) Xn ~ gl(Xn) ~ Xn+l ~ x ~ g2(gl(x,)), n = 0, 1, ..., 

and m a x { i  - x,+l ,  g2(gl(x,)) - 2} <~ g2(gl(x.)) - x.+l.  
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PROOF. Since f i s  increas ing on I and  f(xo) < 0, it follows that  Xo < ~. For  x < y, 

by (e) we get gl(Y) - gl(x)  ~< y - x, which,  for y = :~, leads to x - gl (x) ~ 0 i f x  < 

and,  analogously ,  x - g~(x) /> 0 i f x  > 2. By (b) and Xo < :i we ob t a in  gl(xo) < 

gl (x) ,  i.e. gl(xo) < x, while f rom the above  inequal i t ies  it follows Xo ~< gl(xo).  By 

(c) and gl(xo) < x we get g2(gl(xo)) > gz(x),  tha t  is, g2(gl(xo)) > 2. By (il) and  

gl(xo) < ,i we ob ta in  f(gl(xo)) < 0 which,  toge ther  with [g1(xo), g2(gl(xo));  f] > 0 

and  (1.3), shows tha t  Xl > gl(xo).  

I t  is easy to see tha t  the fol lowing identi t ies  

(2.1) gl(x)  - f fgl(x))  = g2(gl(x))  - ffg2(gl(x)))  
[g l (x) ,gz(g l (x) ) ;~  [gl(x) ,g2(gl(x)) ;O 

(2.2) ~z)  = fix) + [x, y; ~ (z - x) + Ix, y, z; ~ (z - x) (z - y) ,  

hold for every  x, y, z e I. 

Since g2(gl(xo)) > 2, it follows tha t  f(gz(gl(xo))) > 0 and,  us ing (2.1) and 

(1.3), we get xl < g2(gl(xo)). I f  we pu t  in (2.2) z = xl, x = gl(xo),  y = g2(gl(xo)) ,  
and  take into accoun t  (1.3), we get 

~x l )  = [gl(xo), g2(gl(xo)),  xl; q (xl - g l (xo) ) (Xl  - -  g2(gl(x0))) ,  

f rom which,  cons ider ing  the convex i ty  of  f and  the inequal i t ies  Xl 

and  xl - g2(gi(xo)) < 0, one obta ins  f(xl) < 0, tha t  is, xi < 2. 

In this way  we have ob ta ined  

- g l ( x o )  > 0 

(2.2')  Xo ~ gl(xo) < xl < x < g2(gl(xo)).  

In  o rde r  tha t  the above  reason ing  may  be repea ted  we still have  to show that  

xl verifies the last  condi t ion  o f  (iil), name ly  g2(gl(xl))  ~ I. I ndeed ,  f rom Xo < xl 

and  (b) it follows gl(xo) < g l (x l ) ,  which,  by (c), leads to g2(gl(xo)) > g2(gl (x l ) ) .  

I t  r emains  to show tha t  g2(gl(xo)) > 2. Suppose  that  g2(gl(xo)) ~ 2, t ha t  is, 

g2(gl(xo)) ~< g2(~), imply ing  gl(xo) I> 2, which  cont rad ic t s  (2.2 ' ) .  

Cons ide r  xn ~ I for which  f(x~) < 0 and  gz(g~(x~)) ~ I, n ~ N. R e p e a t i n g  the 

above  reasoning,  we obta in  the inequal i t ies  

(2.3) xn ~ gl(xn) < xn+l < -x < g2(gl(xn)),  n = 0, I, ..., . 
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In this way conclusions (jl), (jjl) and  (jr1) of  Theo rem 2.1 are proved.  To  prove 
(jjjl), denote  1 = lira x,,  ii = lim g l (x , ) ,  t2 = lira gz(gl(x,)) .  We shall  show tha t  1 
= l l  = 12 = ~. 

By (2.3) and  (a), we deduce: 

1 ~< g~(1) ~< 1 ~ 2 ~ g2(gl(1)); 

but  11 = g,(1), therefore 1 = ll; i.e. gl(1) = 1. F rom this relation and  (1.3), using the 
fact tha t  there exists f ' ( i )  and fis  increasing,  we get f(1) = 0, that  is, 1 = .~. Since 12 
= g2(1) I> i ,  it follows f(g2(1)) >t 0, while from (2.1) it follows that  1 I> g2(1), which,  
together  with 1 ~< g2(1), leads to 1 = g2(1) = x. [] 

I t  can be shown analogously  tha t  the following theorems hold,  too: 

THEOREM 2.2. Suppose that  f, gl, g2 fulfil condit ions (a)-(e), and in addi t ion  

(i2) f i s  increasing and concave on I, and there exists f'(.~); 

(ii2) there exists x0 ~ I for which  f(xo) > 0 and g2(gl(xo)) ~ I. 

T h e n  the sequences (x,) .~0, (gl(x~))n~0, g z ( g l ( x , ) ) ~ 0  genera ted  by (1.3), 
have the following properties: 

(J2) (x~)~o,  (gl(x,))n~0 are decreasing and  bounded;  
@2) (gy(gl(x.)) ,~0 is increasing and bounded;  
(jj.J2) lim x, = lim gl(x.)  = lim gz(gl(x,))  = ~, and  the following relat ions 

hold 

g2(gl(Xn)) < :~ < xn+i < g1(x,) ~< Xn: n = 0, 1, ..., 

m a x { i  - g 2 ( g l ( x . ) ) ,  X n + l  - -  X )  ~ X n + l  - -  g z ( g l ( X . ) ) -  

THEOREM 2.3. Suppose that  f, gl, g2 fulfil condi t ions (a)-(e) and in addi t ion  

(i3) f i s  decreasing and convex on I, and there exists f '(~); 

(ii3) there exists Xo e I for which f(xo) < 0 and  g2(gl(xo)) e I. 

T h e n  the sequences (X,)n~>0, (gl(x,))n~>0, (g2(gl(Xn)))n~>0 genera ted  by (1.3) 
fulfil the conclusions of Theo rem 2.2. 

THEOREM 2.4. Suppose that  f, gl, g2 fulfil condit ions (a)-(e) and  in add i t ion  

(i4) f i s  decreasing and concave on I, and  there exists f '(~); 

(ii4) there exists x0 e I for which  f(xo) > 0 and  g2(gl(x0)) ~ I. 
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Then  the sequences (x.) .~o, (gl(x.)) .~o,  (g2(gl(Xn))).~0 genera ted  by (1.3), 

fulfil the conclusions of Theo rem 2.1. 

3. Par t i cu lar  cases  

An interesting part icular  case of  the procedure  (1.3) is obtained taking gl (x) 

= x for every x ~ I. In this way one obtains Steffensen's method,  namely  

(3.1) xn+l = x.  - 
f(x.) 

[x.,g(x.);O 
, x0 ~ I, n = 0, 1, ..., 

where g stands for g2. 

One observes easily that  in this case hypotheses (a), (b), (d) and (e) are 

automatical ly fulfilled by gl- For  the study of the convergence of  the sequence 

(x.).~>0 generated by (3.1), we have to adopt  the following hypotheses:  

(al) the functions f a n d  g are continuous on I; 

(bl) the function g is decreasing on I; 

(cl) equations (I.1) and x = g(x) have only one common root ~ ~ ]a, b[. 

With these specifications, the theorems stated in Section 2 yield: 

COROLLARY 3.1. Suppose that f a n d  g fulfil conditions (al)-(Cl) and in addi t ion f 

is increasing and convex on I, there exists f '(~), and the initial point  Xo in (3.1) 

can be chosen such that f(xo) < 0 and g(xo) ~ I. Then  the sequence (Xn)n~>0 is 

increasing and bounded,  while the sequence (g(Xn))n~0 is decreasing and bound-  

ed. Moreover,  the relations ~ = lim x~ = lim g(Xn) and 

x.  ~< ~ ~< g(x.) ;  

max{2 - x. ,  g(x.)  - 2} ~< g(x.)  - x .  

hold. 

COROLLARY 3.2. Suppose that  f a n d  g fulfil conditions (al)-(cl)  and in addi t ion f 

is increasing and concave on I, there exists f' (~,), and x0 from (3.1) can be chosen 

such that f(xo) > 0 and g(xo) ~ I. Then  (Xn).~>0 is decreasing and bounded ,  while 
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(g(x , ) ) ,~  0 is increasing and bounded.  Moreover,  the following relations: i = lira 

xn = lim g(x~) and 

g(x~) ~< :~ ~< xn; 

max{~ - g(x,) ,  x ,  - .~} ~< x,  - g(x,) 

hold. 

COROLLARY 3.3. Suppose that f a n d  g fulfil conditions (al)-(ci) and in addit ion f 

is decreasing and convex on I, there exists f '(2), and x0 from (3.1) can be chosen 

such that f(xo) < 0 and g(xo) ~ I. Then  (X~)n~0 and (g(xn))n~0 verify the conclu- 

sions of Corollary 3.2. 

COROLLARY 3.4. Suppose that f a n d  g fulfil conditions (al)-(cl) and in addit ion f 

is decreasing and concave on I, there exists f'(~) and Xo from (3.1) can be chosen 

such that f(xo) > 0 and g(x0) ~ I. Then  (Xn)n~0 and (g(xn))n~0 verify the conclu- 

sions of Corollary 3.1. 
Another  interesting par t icular  case is that in which f has the form: 

(3.2) ~x) = x - g(x) = 0. 

In this case the iterative method (3.1) will have the form 

(3.3) x~+~ = xn - 
( x . - g ( x . ) )  2 

g(g(x~) ) -2g(x , )  +Xn 
,x0  ~ I, n = 0, 1, ..., 

whose convergence follows easily by Corollaries 3.1-3.4. Th e  following results 

simplify the conditions imposed to g and x0 in [1]: 

COROLLARY 3.1.1. Suppose that  g is continuous, decreasing and convex on I; 

equat ion (3.2) has a root ~ e ]a, b[, there exists g'(~),  and Xo ~ I can be chosen 

such that Xo < g(x0) and g(x0) ~ I-. Then  the sequences (Xn)n~0 and (g(xn)),~o 
verify the conclusions of Corollary 3.1. 

COROLLARY 3.2.1. Suppose that  g is continuous,  decreasing and concave on I, 

equat ion (3.2) has a root i e ]a, b[, there exists g'(:~), and x0 e I can be chosen 
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such that x0 > g(x0) and g(x0) ~ I. Then  the sequences (xn)n~0 and (g (xn) )~0  
verify the conclusions of Corollary 3.2. 

The  restriction imposed to f in Corollaries 3.3 and 3.4 (f to be decreasing) 

can no more be reached in this case, because in those corollaries the condit ion on 

g to he decreasing is essential, and it is easy to see that if g decreases then f is 
increasing. 

4. Determination of auxiliary functions 

In what  follows we shall show that, under  reasonable hypotheses concerning 

the monotonici ty  and convexity of  f, we have at our disposal various ways to 

choose gl, g2 and g such that the hypotheses of  the theorems and corollaries 
stated above are verified. 

1. Let us admit  that f :  [a, b] ~ R is differentiable on [a, b], and denote  by 

f '(a) the r ight-hand derivative in a and by f '(b) the left-hand derivative in b; we 

also admit  that f is increasing and convex on [a, b]. Suppose that the equat ion 

f(x) = 0 has a root ~q ~ ]a, b[. Then  we choose g](x) = x - f (x) /f ' (b)  and g2(x) = x 
- f(x)/f ' (a) .  

Since f i s  convex, it follows that f' is increasing on [a, b], hence 0 < f ' (a)  < 

f'(x) < f '(b) for every x ~ ]a, b[. In this case we have g](x) = 1 - f ' (x ) / f ' (b )  > 0 

for every x E ]a, b[ and g~(x) = 1 - f ' (x) / f ' (a )  < 0 for every x ~ ]a, b[. We choose 

then a subinterval  [a,/3] C ]a, b[ for which R E [a,/3]. I f  we suppose in addi t ion 

that there exists x0 ~ [a,/3] for which f(x0) < 0 and g2(g](x0)) e [a,/3] then the 

above constructed functions f, gl and g2 verify the hypotheses of  T h e o r e m  2.1. It  

is easy to see that if we choose gl(x) = x - Jllf(x) and g2(x) = x - ~.2f(x), with ~q, 

~l 2 e R, ~.l > f '(b) and 0 < ~.2 < f ' (a),  then gl and g2 also verify the hypotheses  of  
Theorem 2.1. 

2. I f  f is differentiable, decreasing and convex on [a, b], then gl and g2 can 

be chosen as in case 1. I f  there exists x0 ~ [a,/3] such that f(x0) < 0 and g2(gl(xo)) 

[a,/3], then the hypotheses of Theorem 2.3 are verified. 

3. I f  f is differentiable, decreasing and concave on [a, b], then we m ay  put  

gl(x) = x - f (x) /f ' (a)  and g2(x) = x - f (x) / f ' (b) .  I f  there exists Xo ~ [a,/3] for 

which f(xo) > 0 and g2(gL(x0)) s [a,/3], then f, gL and g2 fulfil the condit ions of 
Theorem 2.4. 

4. I f  f is differentiable, increasing and concave on [a, b], then gl and g2 can 

be chosen as in case 3. I f  there exists x0 a [a,/3] such that f(x0) > 0 and g2(gl(x0)) 

I, then f, gz and g2 verify the hypotheses of  Theorem 2.2. 
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5. The  function g appearing in Section 3, Procedure (3.1) can be chosen in 

the following ways: 

a) I f  f is differentiable, increasing and convex on [a, b], then we can choose 

g(x) = x - f (x) / f ' (a) ,  and if x0 verifies f(x0) < 0 and g(x0) ~ [a, fl], then the 

hypotheses of  Corol lary 3.1 are verified; while if f is decreasing and convex and 

there exists Xo ~ [a,/3] for which f(x0) < 0 and g(x0) ~ [a, fl], the hypotheses of  

Corllary 3.3 are verified. 

b) I f  f is differentiable, decreasing and concave on [a, b], we choose g(x) = x 

- f(x)/f ' (b) .  I f  there exists Xo ~ [a,/3] such that f(xo) > 0 and g(x0) ~ [a,/3], then 

the hypotheses of  Corollary 3.4 are verified; while if f is increasing and concave 

and there exists x0 ~ [a, b] such that f(x0) > 0 and g(x0) e [a, fl], the hypotheses 

of  Corollary 3.2 are verified. 

5. C o n v e r g e n c e  o r d e r  and  e f f i c i ency  index  

To fix the ideas, we shall consider hereafter, besides (1.1), another  equation, 

equivalent to (I. 1), of  the form 

(5.1) x - h(x) = 0 

where h : I ~ R. We shall also consider a sequence (xn),~>0, x ,  e I, which, 

together with h and f, verifies the properties: 

(a) h(xn) E I for every n s N; 

(b) (Xn)~>0 and (h(x~))n~>0 are convergent and lim Xn = lim h(xn) = 2, where 

is the root of equat ion (1.1); 

(c) [x, y; f] 4 : 0  for every x, y s I; 

(d) f is differentiable at x = i .  

We shall adopt  the following definition of the convergence order  of  the sequ- 

ence (x.)n~>0: 

DEFINITION 5.1. The  sequence (xn)n~o is said to have the convergence order  p 

R with respect to h if there exists 

(5.2) a = lim ln lh (x" ) -2 ]  
tnlx~ 

and a = p. 
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I f x , + l  = h(x.) ,  n = 0, 1, ..., the above definition reduces to the usual one 

[2], [3]. 
The following theorem holds: 

THOREM 5.1. I f h  and f a n d  (x.).~>o verify the properties (a)-(d), then the neces- 
sary and sufficient condition for (Xn),~0 tO have the convergence order p ~ R, p > 
0, with respect to h is to exist 

(5.3) fl = lim lnlf(h(x.))[ 
ln l f (x . ) l  

and fl = p. 

PROOF. Supposing (5.2) or (5.3) to be true and taking into account (a)-(d), it 
follows 

lim lnlh(x.-R] 
lnlx.-~l 

- lim lnlf(h(x.))l-lnl[h(xn),.~;f]l 
lnlf(x.)l-lnl [x.,~;fll 

1 -  l n l [ h ( x . ) & q l  
= l im ln[ f (h(x . ) ) [ ,  ln l f (h(x . ) ) [  = l im lnl f (h(x . ) ) [  

ln[f(x.)  [ 1--lnl [Xn,,~;f] I lnlf(x.)l 
lnlf(Xn)] 

The equality of these two limits proves the validity of the theorem. [] 

Consider now the functions gl, g2 appearing in equations (1.2) and let the 
function h be given by 

(5.4) h(x) = g,(x) - ~g,(x)) 
[gl(x),g2(g,(x));q 

Concerning the convergence order of the sequence (x.).~>o generated by 
(1.3), the following theorem holds: 

THEOREM 5.2. Suppose that the functions f, gl and g2 and the initial point Xo 
fulfil the conditions of Theorem 2.1. I f  there exists f'(,~) and in addition the sequ- 

ence (x.) ,~ 0 has the convergence order Pl with respect to gl, while (gl(x,))n~0 
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has the convergence order P2 with respect to g~, then the sequence (Xn)n~0 has the 
convergence order Pl(P2 + 1) with respect to the function h given by (5.4)�9 

PROOF. At first observe that, under the stated hypotheses, we may use (5.3) to 
determine the convergence order�9 The same hypotheses also lead to 

(5.5) lim lnlffg,(x.))] P,; 
ln]ffx.)l 

(5.6) lim lnl~g2(gl(xn)))] = P2. 
ln[~gl(x,))l 

Using (2.1), (2�9 and the procedure (1.3), we obtain 

~Xn+l) = [gl(Xn), g2(g,(Xn)), Xn+l; q ~g,(Xn))'~g2(gl(Xn))) 
[g~(Xn),g2(g,(Xn));q 2 

from which, by (5�9 and (5.6), it follows easily the equality 

lim lnlf(h(x~))l _ 

lnlf(x.)l 
pl(1 + P2). 

REMARK 5.1. Theorem 5.2 remains valid if the hypotheses of Theorem 2.1 are 
replaced by those of Theorems 2.2, 2.3, or 2.4. 

An analogous theorem holds in the cse of the procedure (3.1), too. 

THEOREM 5�9 I f  f and g verify the hypotheses of Corollary 3.1, if there exists 
f'(R), and in addition the sequence (Xn)n~>0 generated by (3.1) has the converg- 
ence order p with respect to g, then this sequence has the convergence order p + 1 
with respect to the function h given by 

h ( x ) = x -  f(x) 
[x,g(x);f] 

REMARK 5.2�9 Theorem 5.3 remains valid if the hypotheses of Corollary 3.1 are 
replaced by those of Corollaries 3.2, 3.3., or 3.4. 

REMARK 5.3. Returning to the functions gl and g2 determined in Section 4, (gl 
= x - f(x)/A, g2 = x - f(x)/B, where A = f '(b), B = f'(a), or A = f '(a),  B = 
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f ' (b),  or A = f ' (a),  B = f ' (b) ,  according to the case under  considerat ion) ,  it is easy 

to see that the convergence order  of  the sequence generated by (1.3) is equal  to 2. 

In the case of  the procedure  (3.1), for g(x) = x - f(x)/A or g(x) = x - f(x)/B 

(according to the considered situation), the convergence order  is also equal  to 2. 

In the sequel we shall deal with the efficiency index of  the i terat ive proce- 

dures studied along the previous sections. 

According to A. M. Ostrowski 's  [3] definition for the efficiency index of  an 

iterative procedure,  and taking into account  Theorem 5.1, 5.2 or 5.3 for the itera- 

rive procedures (1.3), (3.1), or (3.3), the efficiency index is expressed as 

E = pl/m. 

Here  p is the convergence order  of  the sequence generated by one  of  these 

procedures,  while m stands for the number  of values of  functions to be computed  

at each iteration step. 

Taking into consideration Remark 5.3, it follows that, choosing gl, g2, or g as 

in Section 4, the efficiency index of  the procedure  (3.1) is E = ~ ,  while that  of  

(3.3) is E = V'-2. 

From this standpoint ,  the procedure  (3.1) has the efficiency index equal  to 
that of  Newton 's  method.  

In the conditions of Theorem 5.2 for the generalized procedure  of  Aitken- 

Steffensen (1.3), the efficiency index is given by E = ~ / p l ( p 2 +  1) . Analogously,  

in the conditions of  Theorem 5.3, the efficiency index of  the method (3.1) is E = 
~ / p + l .  

6. Numerical examples 

1. Consider  the equation 

f(x) := x - 2 arctan x = 0, 

for x s , 3 . Since f is increasing and convex on , 3 , we can choose gl 

and g2 as in the case 1 (Section 4). We obtain 

gl(x) =__1 ( l O a r c t a n x _  x); 
4 
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g2(x) = w l  ( 2 6 a r c t a n x -  8x). 
5 

3 
Taking Xo = - - ,  the functions f, gt and g2 verify the hypotheses of Th eo rem  

2 

2.1 on the interval [ 3 , 3 1 .  Applying the procedure  (1.3), we get the following 

results: 

n x ,  gl(x,)  g2(gt(xn)) f(xn) 

0 1.50000000000000 2.08198430811832 2.50854785469606 - 4 . 6 E - 0 1  

1 2.32357265230323 2.33006829103803 2.33195667567199 - 5 . 1 E - 0 3  

2 2.33112222668589 2.33112235050042 2.33112238618252 - 9 . 9 E - 0 8  

3 2.33112237041442 2.33112237041442 2.33112238041442 - 3 . 5 E - 1 7  

2. Consider  the equation 

x - 1  
f(x) := x - arcsin - 0, 

x/2(x2+l) 

for x e [--2, --1]. Observe that f i s  differentiable on [ - 2 ,  - 1 ] ,  and the derivat- 

ive of f from the left on x = - 1 is __.3 The  function f is increasing and convex 

on [ - 2 ,  - 1 ] ,  and we may take g(x = x + 5 arcsin ~ . An ele- 
\ V ~ 2 (--~+ 1) / 

mentary  calculation shows that f ( - 2 )  < 0 and g ( - 2 )  ~ [ - 2 ,  - 1 ] ;  and therefore 

the hypotheses of  Corollary 3.1 are verified. The  procedure (3.1) leads to the 
following results: 

n 

0 

1 
2 

3 

4 

xn g(x,)  

-2.000000000000000 -1.37420481033188 

- 1 . 4 0 6 0 5 1 2 8 8 7 1 6 1 2 8  -1.40401615840899 

-1 .404223647476550 '  -1.40422359726392 

-1.404223602391970 -1.40422360239197 

-1.404223602391970 -1.40422360239197 

~xn)) 
-7 .85398163397448E-01  

-7 .50954227601746E-01  

-2 .44215636856504E-03  

-6 .02551550546058E-08  

-3 .71881345162528E-17  
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