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Abstract

In this note we construct a class of approximation operators using
polynomial sequences of binomial type. We compute the expressions of
these operators on the test functions and we give a convergence theorem.
We give also quantitative evaluations of the order of approximation by
using the moduli of continuity of first and second order and we establish
an integral representation of the remainder term in the case when the
approximation formula has the degree of exactness one. Some special
cases, almost all of them being studied previously by D.D. Stancu, are
mentioned.
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1 Introduction

In this note we introduce a class of linear and positive approximation operators
using polynomial sequences of binomial type.

Definition 1 A sequence of polynomials (py, (%)), >0 4 called a sequence of
binomial type if degpm = m, Ym € N and it satisfies the relations

Pm(E+y) =Y (7)Pk (%) P (3)
k=0

for every real numbers x and y and every positive integer m.

In the following we will consider linear operators defined on the algebra of
polynomials.

A linear operator T is a shift invariant operator if E*T = TE®, for every a,
where E“ is the shift operator defined by E%p(z) = p(z +a).

A linear operator @ is called a delta operator if Q is shift invariant and
Qz = const. # 0.
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Definition 2 We say that a sequence of polynomials (pm ()),,~o 5 @ basic
sequence for the delta operator Q if: B

i) po(z) =1,
i) pm (0) =0, Vm > 1,
il) Qpm = mpm_1, Ym > 1.
It is known that every delta operator has a unique basic sequence (see [19]).

Proposition 3 [19] If (pm (Z)),,> i the basic sequence for a delta operator
then it is a sequence of binomial type; if (Pm (%)),>o 5 @ sequence of bino-
mial type then there exists a delta operator for which (pm (z)),,q i the basic
sequence.

Some examples of delta operators and their basic sequences are:

i) The derivative D has has basic sequence en, (z) = z™;

ii) The operator %—’a, where A, = E® —I is the forward difference operator has
basic sequence the lower shifted factorials ™ = z (z — @) ... (z — (m — 1) ) ;

iii) The operator %’, where V, = I — E7% is the backward difference operator
has basic sequence the upper shifted factorials ™~ =z (z + a) ... (z + (m — 1) @) ;

iv) The Touchard operator T = In(I + D) = D — iD? + iD% - ;D* + ..,
has basic sequence the exponential polynomials (¢m (z)),,»o defined by
wo (z) = 1 and @, (z) = 3pey S (m, k) z¥ for m > 1, where S (m, k) are
the Stirling numbers of second kind;

v) The Laguerre operator L = -I—E-D— = D—D?+D3—D*+...., has basic sequence
(im (%)) >0 defined by Iy (z) =1 and In () = (R, m> 1

vi) The Abel operator DE~% has basic sequence an, (z) =z (z + ma)™ .

Definition 4 If T is a linear operator, then its Pincherle derivative T' is de-
fined by T' = TX — XT, where the linear operator X is defined by (Xp) (z) =
zp (z) for all z and all polynomials p.

A basic sequence satisfies Rodrigues formula (19]
ey P (@) =2(Q) -1 (2)

Definition 5 A linear operator 6 is called the umbral shift operator for the
sequence (Pm (7)) >0 f OPm = Pm+1 for every positive integer m.
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If (pm (2)),,50 is a basic sequence for the delta operator @ then from (1)

results that 6 = X (Q/)7".

We mention that Umbral calculus allows a unified and simple study of se-
quences of binomial type. More details about these sequences can be found in
6], [7], (151, [18], [19].

Due to their nice properties polynomial sequences of binomial type have
applications in various fields of mathematics. T.Popoviciu proposed the use of
binomial sequences in order to construct approximation operators of the form
[16],

1 m
(2) (TRf) (z) = ) > (B)Pk @) Pk (1—2) f (£).
k=0

These kind of operators and their generalizations and variants were studied
i{n ][1], (31, 4], 5], [10], (111, [12], [13], [14], [20], [27], [30], [31], [32], [33], [35],
34].

2 Definition and convergence of the operator
LY

m’p/"
Let @ be a delta operator with the basic sequence (pr (2))>o » Which satisfy
Pm (1) # 0 and p, (0) > 0 for every positive integer m. Let p and r be two
nonnegative integer parameters such that 2r < m.
For every function f : [0, 1+ ;%] — R we introduce an approximation oper-
ator of the form

@3) (LQ f) (z) = mip“:r (m+p-—7‘) Pr (z) Pmtp—r—k+1 (1 — a:)f (L)
T vt k Pm+tp~r+1 (1) m

m-+p

m+p—ry Pk—r+1 (.‘E) Pm+p—k (1 - IE) k
+ Z k-1 ) Prmtp—rt1 (1) f (m) N

k=1

If pf, (0) > 0, Vm € N then p,, (z) > 0, Vm € N and Vz € [0,1] so the operator
L,%'p’, is a positive linear operator. It is easy to observe that if we apply
- this operator to a function f : [O, 1+ %] — R we obtain an approximating
polynomial of degree at most m +p —r + 1.
In the following we want to find a simple formula for this operator.
If in the second sum in the relation (3) we replace k with k + r we obtain

m-+p—r

(L3 o) (@) = e 2 (M) (@) Prvp—r—irs (1 — 3) f (%)
k=0

+ Pr1 (x) Pmtp—r—k (1 - z) f (Erjr-?t)]

It is easy to see that the last relation may be written as
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(4)
m~+p—r1

(LR orf) @ = 52—y D ("T){IF(£) 6y + f () 6] (px (2) Prtprr (1))} ;
k=0 y=1l-z

where 6, is the umbral shift operator for the binomial sequence (p, (z)) .
If we cut the previous relation in two parts and in the first we use (m+,§’_r) =

m+p—r+i—k m+p-—r+1 . m4p—ry __ k41 m+p—r+1
TPt ), and in the second ( i ) = ——i—m+p_r+1 f
arrive at

) we

m-4p—r
(L3 prf) (@)= m Z (m+p-r+1-k) wr?w-}-p——r—i—l,k (z) F(£)
k=0
mp—r

+ Z (k + 1) wr?;+p—r+1,k+1 ((E) f (k_;ini)
k=0
k4 ‘,,,_ 1-x
where wfik ()= () pe(@)Pncs(1-2) )f?n(lk)( )
If in the second sum we replace k with k — 1 we obtain a simpler formula for
the operator L3 orf

(5)
m—+p—r+1
(LQ,pr f) (@)= 7:74:5{74‘-‘1' Z wv?t—i—p—r—!—l,k (z) [(m+p —r+1-k)f (7’%) +kf (Er?;:‘l)]
. E=0

We remark that for p = 0 and r = 1 the approximation operator Lg,o,l is
in fact the binomial operator of T. Popoviciu type T3.
It is easy to verify that

(L8 e f) (0) =0and (L3,,.f) (1) = £ (1 ﬁ).

The expression (5) for the operator LE , . is useful for the computation of
the values of this operator on the test functions e, (z) = z" for n =0,1,2. In
order to do this we need the expressions of the binomial operator of T. Popoviciu
type T% on the test functions obtained by C. Manole [12], [13],

6) - T9e; = e, for i = 0,1 and
(T8e;) (z) =2 + 2 (1 - 2)dY,

where
(7) 49 = 1~ m=1 (@) "Pnoa)
mo m Pm (1)

and @' is the Pincherle derivative of delta operator Q.
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We mention that later Sablonnidre [20] have computed also the values of the
operator 7% on the test functions using the generating function of a binomial
sequence.

Now we can start to compute the values of the operator L,?l,p,, on the test
functions e, (z) = z", for n = 0,1, 2.

For eq we have

m+p—r+1
(LR pireo) (2) = TP Z wr?v’rp—r—i—l,k @) (m+p—r+1-k+k)
k=0
m+p—r+1

= Z w7?1+p—r+l,k (:L') =1= €0 (.’E) 1
k=0

80 this operator preserve the constants.
For e; we can write

m+p~r+1
b, k(ktr—1
(L3 pre1) () = ‘m+'T1-r+'1 Z wr?H—p—-r-f-l,k (z) [(m tp-r+l-k) >+ ( n: )]

E=0

m+p—r+1
1 Q

= e DL Wr i p— i1k () k(M +p)
k=0

mtp—r+1

_ m+p Q k
T m Z Wintp—r+ik (z) mAp—r+1
k=0

— mtp Q - mip
== (Tm+p—r+1€1) (z) = BBy,

so this operator preserve the polynomials of degree one only when p = 0.
Finally, for e; we have

m+p—r+1
2 k(k+r—1)*2
(L%p,rez) (z) = -_—_m-i-pl—r-}-l Z wf;?bﬂ_ﬁl’k (z) [(m +p-r+1-k) % + ‘L‘tnrr—)—]
k=0
m—+p—r+1
2
= mi(m+1p—r+1) Z w2+p—r+l,k () k [k (m+p+r—1)+(r—1) ]
k=0

= [mtptr—1mep-rr1) (T34 riae2) (@) + (r = 1) (721 riaer) ()]
= #{(m+p+r~ D(m+p—r+1) [552“'5”(1 _‘T)dr?b-}-p—r-i-l] +(T“1)2$}.

Hence, we have proved the following
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Lemma 6 If Lf?z,p,r [ is the approzimation operator defined by (3) then we have
the following relations:

(Lg,p,reo) ($) = eo(fE)
(LR prer) ()= (1+ &)z
(LRpres) @) =z {(mtptr =D (m+p—r+1) [0 +o(1-2)ady, ] + (r—1)’x)

= (1+ %)2 + ﬂ’l“—Tz) [(m +p)* dgz+p—r+1 +(r—1)° (1 - dv?z+p—r+1)]

where d3 is defined by (7).

From this lemma. it results that

(8)
Lo ((t B :E)z;x) - 7_:_2 {‘sz +1-2) [(m +0)° s + (= 1) (1 - d76721+p—r+1)]}

Using the Bohman -Korovkin convergence criterion and the above lemma we
can state the following convergence theorem.

Theorem 7 If f € C [0,1-{»;’,’-;] and d3 — 0 when m — oo then the se-
quence of operators L,‘%’p,r f converges uniformly to the function f in the interval

0,1+ Z].

3 Special cases

1. If @ = D the operator defined by (3) reduces to

m+p—r
Lmprf) @ = 3 (") (1 =)™ {(1-0) (&) +af (&22)}
k=0

Because the Pincherle derivative of D is the identity operator one obtains
df, = L, so from Lemma 6 results that (LB, e2) (z) = 22 (1 + %)2 +
2D byt p 1 (r — 1))

m?2

1.1. For Q@ = D and r = 0 one obtains the Bernstein-Schurer operator

(2]
m-p

(Lmpof) @) = Y ("FP)z* (1 - 2)™ 7% £ (&).

k=0
1.2. If @ = D and p = 0 the corresponding operator was studied by D.D.
Stancu [24]

m—r

(Loosf) @ =D () A=) " F {(1-2) f (&) +of (Eir)}

k=0
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Vo

2. For Q@ = —Vf the operator Ly - f was also introduced and studied by D.D.
Stancu 1996 {29

v m4p—r zlk—al (1 _ :L_)[m-}-p——r—k,—a]
) =8 i
( P ’; ( 27 (1+a)[m+p r—al

{l-z+(m+p—r—k)o|f(£)+(z+ka) f (kL))

v
In this case d;{’& = z—i—%’% so from Lemma 6 one obtains the relation

Yo _ T _ _ 242 -
(Lm,p,rez>(w)—m2(l+a) e +p=r)mtptr—1)+am+p?+rtmsp-i]

2.1. If we take Q = y‘f and p = 0 we obtain an operator considered by
D. D. Stancu in 1984 (25]

Va m-—r :l:[k’“a] (1 _ m)[m——'r—k,—a]
L";O,Tf> (LE) = (m—T) meTr,~
( ,;_0 , (1+ q)m—m—o

{L-z+(m—r—k)al f (&) + (z + ko) f (EE2)}

and the expression of this operator on ey is

Ya 1 z(1— r(r—
(55s02) @)= g {a o iz 14 0],

The bivariate analog of this operator, defined on the square [0, 1] x
[0,1], was studied by G. Vlaic in [36].

2.1.1 If we set r ={} the above operator reduces to the well-known
Stancu operator, introduced in 1968 [23]

[ky—a] (1 _ I)[m—k,-—a]

(£fh0f) )= 32 (==
k=0

3. If we take as delta operator the Touchard operator T' = In(I + D), which
has the basic sequence the sequence of exponential polynomials defined
by om (z) = 371, S (m, k) z*, where S (m, k) are the Stirling numbers of

second kind we have df, = L 4 m=1 %(1—1()1—)- It was proved that %"_,; (11()1 ~

= (-’”W_I)m—l ([20]) so dZ, converges to 0 when m — 0o and consequently
from Theorem 7 the operator (L7, , f) (z) converges to the function f.
For the test function ey we obtain

(Emosce) (2) =2+ 2052 {(m 47— 1) [14 gmmlll ] 4 17).

Pm-r+1(1)
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4 A representation of the remainder

It is easy to see that for p = 0 the operator Lm o,r i1 interpolatory at both ends
of the interval [0,1] and the approximation formula

(9) 1 @)= (L3.0.1) @+ (BS0.f) @)
has the degree of exactness 1.
If f € C%[0,1] we can apply the well known theorem of Peano and we obtain

that the remainder in the above approximation formula can be represented in
the form

(10) (R20.f) () = / G3,, () 1" (8) at,
where G%T (t;z) is the Peano kernel given by
G2, (t2) = (BR,,f) (@)
and ¢, (1) = (z—t), = Elt%[-z——_ﬂ, the operator acting on ¢, () as a function
o x]:%ecause G, (t;x) < 0 on the square [0,1] x [0,1] it follows that we can

apply the mean value theorem to the integral in (10) and we obtain that exists
£ in [0,1] such that

(Rﬁ,o,rf) (z)=£"(&) /O IG%,T (t;z) dt.

If in the approximation formula f(z) = ( 0, ) (z)+ " (&) fo mr (Gx) dt

we take f(z) = 2 we obtain

1
/ G2, (t:2)dt = 3 (B g e2) (@).
Taking into account that

(E2.0re2) (=) =22 +2(1-2) [dd 0y (1- (551)°) + (532)7]

we finally arrive at

(1) (R20,f) @) = 32(z - 1) [ pin (1 - (52)?) + (252

For the Touchard delta operator T the above relation becomes

1@

(Rrj;,or )(w) mzm(z—l){(m+r—l)[1+;%%}+(7~_1)2}_
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5 Estimates involving the first and the second
order modulus of continuity

In order to obtain quantitative evaluation of the order of approximation by using
the moduli of continuity we need the following results established by O. Shisha
and B. Mond ([22]) and by H.H. Gonska and R.K. Kovacheva ([8])

Lemma 8 [22] If L is a positive operator mapping C {a,b] into Clec,d] such
that [c,d] C [a,b], then for all f € Cla,b], z € [e,d] and & > 0, the following
estimate:

I/ (@) = (L) @) S1f @) (Leo) (=) ~ 11+ (Leo) (2) +67°L (¢ = 2)37) | wn (£:0)

holds, where w1 (f;0) is the first order modulus of continuity.

Lemma 9 (8] Let [a,b] denote a compact interval of the real azis. If L -
Cla,b] — Clec,d] (where [c,d] C [a,b]) is a positive linear operator such that
Leg = eo then for all f € Cla,b], all x € [c,d] and 0 < § < (b—a)/2 the
following inequality holds:

I @) = (£ 1);2)] < SL((t - 7);2) w1 (£:9)
+ gi {130 -2)i0) + oL (- 2)%i2) bwa (158),
where wy (f;0) is the second moduly of continuity.

From Lemma 8 and the relation (8) with p = 0 we obtain the following

Theorem 10 For f € C[0,1], z € [0,1] and § > 0 we have the estimation

7@ = (220, )] < {1+ a2 [42 s (1= (59°) + (5] e (:0).
Taking into account that z (1 —z) < 1 we can write

< {1+ 3 [ (1= (=) + (& a9,

For Q=D and § = \/-1-—1; the above relation reduces to

|7 =230.1

I = Lot < (5 + 3752 ) wn (£ )

while for @ = L= and § = L/ -"il-""—ﬂ%)—:r—(r"i) one obtains

.V—“ e
Hf = Lo fll < 5w (f; 1 m_(},%(_ﬁ) _

Using Lemma 9 and the relation (8) for p = 0 we can state the following
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Theorem 11 If f € C[0,1], z € [0,1] and 0 < § < (b — a) /2 the next estima-
tion

|7 @) = (220,0)| < {3+ ra(1-2) [0 (1- (597) + (5]} (0)
holds.

For @ =D and § = ﬁ this leads us to the inequality
If = Loorfll < & [9 + iﬁir;j—ll] ws (f; +)

while for Q = L= and § = L,/ & 1+mﬁ):r =1 we can write

Yo
= 27 L1 (A+ma)+r(r—1)
| = Lot < Hws (f77r7 e >
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