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Abstract

Relationships between statistical properties of Eulerian velocity (in
a fixed reference frame) and Lagrangian velocity (i.e. the velocity of
marked molecules) are examined for the case of diffusion in velocity fields
described by random space functions. Assuming a constant diffusion co-
efficient and a divergence-free homogeneous Eulerian random field, we
give simple proofs of the statistical homogeneity of the Lagrangian ve-
locity field and of the equality between the Lagrangian and Eulerian
one-point marginal probability densities. Further, we analyze numerical
simulations using velocity fields generated with a classical randomiza-
tion method. The numerical Eulerian velocity is homogeneous within
a reasonably small confidence interval. Surprisingly, at early times the
Lagrangian mean velocity still depends on the starting point of the tra-
jectory and shows small oscillations which, however, are well beyond the
confidence interval for the Eulerian mean velocity. We demonstrate that
the lack of strict statistical homogeneity of the Lagrangian velocity in-
duces a dependence of the second moment of the ensemble averaged con-
centration on the initial concentration distribution. At large times, the
simulated Lagrangian mean velocity tends to the Eulerian mean velocity
and the second moment of the mean concentration loses the memory of
the initial conditions.

1 Introduction

We consider the diffusive transport of solute molecules in a spatially het-
erogeneous fluid flow. The flow velocity is modeled as a random space function
V(x).

0Paper presented at the Sixth Workshop on Mathematical Modelling of Environmental
and Life Sciences Problems, September 5-9, 2007, Constantza, Romania.



For a given realization V(x) of a time independent random velocity field
and a constant diffusion coefficient D, the trajectories of the local advection-
dispersion process starting at t = t0 from X0 are the solutions of the integral
Itô equation

Xl(t) = X0l +

∫ t

t0

Vl(X(t′))dt′ +

∫ t

t0

dWl(t
′), (1)

where l = 1, 2, 3 and Wl(t) =
∫ t

t0
dWl(t

′) is a stochastic integral which defines

a Wiener process with the properties 〈Wl〉D = 0, 〈Wl〉
2

D = 2D(t − t0).
The velocity V(x) described in a fixed reference frame is referred to

as “Eulerian velocity”, while the velocity sampled on the trajectory of the
molecule V(X(t)) is the “Lagrangian velocity”. The latter consists of obser-
vations of the random field V(x) at random locations X(t) which depend on
V(x) [Zirbel, 2001]. In this context, “ Lagrangian” only refers to statistics
of such observations and has nothing to do with the Lagrangian description,
as for instance that used in the case D = 0. The latter is based on a the
one-to-one change of coordinates between X(t) and X0, which does not ex-
ist in the case D > 0 because the trajectories of the Itô process (1) are not
differentiable.

In the following, the random Eulerian velocity V(x) will be stationary,
statistical homogeneous, i.e.

Prob{V(x1) ∈ B1 · · ·V(xn) ∈ Bn} = Prob{V(x1+L) ∈ B1, · · ·V(xn+L) ∈ Bn}

for arbitrary space translations L and Lebesgue-measurable sets B1, · · · ,Bn ∈
R

3, and incompressible, divV(x) = 0.
The transport in random velocity fields depends on diffusion (D), initial

distribution of molecules (X0), and velocity realization (V ). Various averages
to be used in the following will be labeled with the corresponding subscripts,
e.g. 〈·〉

D
, 〈·〉

X0
, 〈·〉

V
, 〈·〉

D,X0V
, a.s.o.

2 Lagrangian homogeneity

Since the trajectory (1) has an intricate nonlinear dependence on veloc-
ity, the probability distribution for Lagrangian velocity depends on the entire
infinite-dimensional probability distribution on the function space of all pos-
sible Eulerian velocity fields (see also [Monin and Yaglom, 1971]). Even when
this functional probability can be constructed (for instance in the non-diffusive
case D = 0), the functional integration can be carried out only in particular
simple cases for which the results can be obtained directly [Lumley, 1962a].
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Some information can be nevertheless obtained under the assumption that
the velocity realizations are analytical space functions. In the following, we
extend the argument of [Lumley, 1962b] to the case D > 0 and prove the sta-
tistical homogeneity of the Lagrangian velocity for analytical Eulerian velocity
realizations.

By the Itô formula the velocity on the trajectory (1) can be expressed as

Vl(X(t)) = Vl(X(t0)) +

3∑

m=1

{∫ t

t0

[
Vm(X(t′))∂xm

+ D∂2

xm

]
Vl(X(t′))dt′

+

∫ t

t0

∂xm
Vl(X(t′))dWl(t

′)

}
(2)

Strongly convergent Itô-Taylor expansions can be obtained by iterations of
(2) [Kloeden and Platen, 1995, Chap. 5]. Since the average (with respect to
D) of the multiple Itô integral vanishes if it contains at least one integration
with respect to the Wiener process [Kloeden and Platen, 1995, Lemma 5.7.1],
the average velocity for given realization of the velocity field and deterministic
initial position x0 = X(t0) is given by

〈Vl(X(t))〉D = Vl(x0) +
∞∑

n=1

[AnVl] (x0)(t − t0)
n, (3)

where A is an operator defined by A =
∑

3

m=1

[
Vm(X(t))∂xm

+ D∂2
xm

]
.

If the fields AnVl are statistically homogeneous, then the ensemble aver-
age Lagrangian velocity 〈〈Vl(X(t;x0, t0))〉D〉

V
is statistically homogeneous as

well (i.e. independent of x0).
For statistical homogeneous Eulerian fields V(x), the statistical homo-

geneity of AnVl can be shown by using the Fourier representation of the ve-
locity and the convolution theorem. But this does not yet imply the equality
of Lagrangian and Eulerian mean velocity. This can be proved under supple-
mentary conditions, which ensure the equality of the Lagrangian and Eulerian
one-point distributions (see next Section). However, for analytical forms of
Vl like those used in most of randomization methods, both the Lagrangian
stationarity and the equality of Lagrangian and Eulerian means can be shown
directly. Let us consider, the 1-dimensional problem and the velocity field
V(x) = U + v(x),

v(x) = a(k) sin(kx + ϕ), (4)

where U is a constant which represents the Eulerian mean velocity, k is a
Gaussian distributed random variable, a(k) is a random amplitude chosen
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under the restriction of incompressibility, and ϕ is a random phase uniformly
distributed in [0, 2π]. The Kraichnan generator used by simulations presented
in this paper is just a superposition of many periodic modes (4).

For the sake of simplicity, we analyze in the following only the 1-dimensional
case. The ensemble average velocity is obtained by averaging with respect to
the distribution of the random numbers k and ϕ: 〈v(x)〉V = 〈v(x)〉kϕ. The

latter average is given by 〈v(x)〉ϕ = 1

2π

∫
2π

0
a sin(kx + ϕ)dϕ = 0 for all x. The

first two coefficients of the series in (3) are obtained by successive applications
of the operator A=

[
v(X(t))∂x + D∂2

x

]
to (4),

Av =a2k sin(kx + ϕ) cos(kx + ϕ) − ak2 sin(kx + ϕ)

A2v =a3k2[sin(kx + ϕ) cos2(kx + ϕ) − sin3(kx + ϕ)]

− 5a2k sin(kx + ϕ) cos(kx + ϕ) + ak3 sin(kx + ϕ),

and both have the mean zero: 〈Av〉ϕ = 0, 〈A2v〉ϕ = 0. By mathematical induc-
tion, one shows that for all orders n the coefficients Anv are composed by terms
of the form sin(x+ϕ)α cos(x+ϕ)β , where the exponents α and β are either both
odd or α odd and β even. It follows that 〈Anv〉ϕ = 0 for all n. By inserting this
result in (3) we obtain: 〈〈V (X(t))〉D〉V = 〈〈〈V (X(t))〉D〉ϕ〉k = U = 〈V (x)〉V .
We note that this proof of the equality of Eulerian and Lagrangian mean ve-
locity did not use the incompressibility property, accounted for by the random
variable a(k).

3 Lagrangian and Eulerian velocity fields with the

same one-point statistics

Lumley [1962b] proved, in the purely advective case D = 0, that for an-
alytical velocity realizations V (x) of an incompressible homogeneous random
field the Lagrangian velocity is statistically homogeneous, has stationary time
autocorrelation and the same one-point marginal distribution as the Eulerian
field. Port and Stone [1976] supplied a different proof for these properties and
extended them to the case D > 0, by relaxing the analyticity requirement to
the continuity of the velocity and of its first spatial derivatives. The issue of
Lagrangian-Eulerian relationship was formulated in a unified framework and
complemented with new results, in terms of random mappings on the physical
space (which generalize incompressibility), by Zirbel [2001]. The state of the
art and applications in turbulence are presented in [Kramer and Majda, 2007].
In the following we shall use the general result for the case D = 0 stated by
Proposition 4.2 of [Kramer and Majda, 2007]:
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Suppose the Eulerian velocity field V (x, t) is incompressible, statistically
homogenous and stationary, and continuously differentiable. Then:

a. The Lagrangian velocity field V (X(x, t), t) is statistically homogenous
for any fixed t and statistically stationary for any fixed value of x.

b. The one-point probability distributions of the Eulerian and Lagrangian
velocity fields coincide.

Note that while the one-point probability distributions for the Eulerian
and Lagrangian velocity fields coincide, the multi-point probability distribu-
tions will generally differ [Lumley, 1962b; Zirbel, 2001; Kramer and Majda,
2007].

We show in the following how the above proposition can be used to prove
that the same conclusions hold for the case D > 0. The idea is to fix a
realization of the Wiener process and to define an Eulerian field which satisfies
the conditions of the proposition (P. R. Kramer, unpublished manuscript,
2007). Here we apply this principle to the simpler case of one-dimensional
diffusion in a time independent velocity field.

We consider the 1-dimensional integral form of the Itô equation (1) and
the deterministic initial condition X(0) = x0,

X(t) = x0 +

∫ t

0

V (X(t′))dt′ + W (t), (5)

for a fixed realization W (t) =
∫ t

0
dW (t′) of the Wiener process starting from

W (0) = 0, and we assume conditions for the existence and uniqueness of the
solution. We define the function Y (t) = X(t) − W (t), which according to (5)
verifies the equation

Y (t) = x0 +

∫ t

0

V (Y (t′) + W (t′))dt′. (6)

Inspired by (6), we define a new velocity field U(y, t) = V (y + W (t)), for
arbitrary y. The random field U is homogeneous and incompressible because
it inherits these properties of V . Furthermore, because it depends on time
only via the Wiener process with stationary increments W (t) = W (t)−W (0),
and V is statistically homogenous, U is also a stationary random field. Using
(6), we find that Y (t) verifies the equation for the trajectory of the new field
U ,

Y (t) = x0 +

∫ t

0

U(Y (t′), t′)dt′, (7)

with the initial condition Y (t = 0) = x0. For a fixed realization of the Wiener
process, U(Y (t), t) is the Lagrangian velocity observed at the point (Y (t), t)
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which is determined by the incompressible, statistically homogenous and sta-
tionary Eulerian field U(y, t). Then, the proposition for the case D = 0 applies
and the Lagrangian and Eulerian fields have the same one-point statistics. Us-
ing the definition of U , one obtains U(Y (t), t) = V (Y (t) + W (t)) = V (X(t)),
from where we conclude that the Lagrangian field V (X(t)) has the same one-
point statistics as the Eulerian field U(x0, t = 0) = V (x0), is homogeneous,
and is stationary.

Furthermore, the time-independence of the Eulerian field,the equality
of one-point Lagrangian and Eulerian probability distributions, and a Taylor
expansion in time, for the same fixed realization W (t) of the Wiener process in
(5), imply the stationarity of the Lagrangian auto-correlation 〈V (X(t))V (X(t)+
τ)〉V [see e.g., Lumley, 1962b, p. 21]. Since the coefficients of the Taylor ex-
pansion are Eulerian averages and the Eulerian random field is homogeneous,
the Lagrangian auto-correlation is also independent of initial position x0.

An alternative proof of these results, using random mappings, is outlined
in [Zirbel, 2001, Remark 6.7]. A proof which is not based on a fixed Wiener
process uses a “spatially correlated noise” described by a martingale jointly ho-
mogeneous with V , which replaces the Wiener process W in (5) [Zirbel, 2001,
Section 7]. The diffusion in random velocity field (5) is then retrieved as a limit
case, when the noise correlation length goes to zero. Another idea is followed
by Brouwers [2002], who derives a Fokker-Planck equation for the probability
density of the particle position by applying a rigorous asymptotic analysis for
small velocity fluctuations to a kinematic equation of form (7). This approach
leads to general relations for the ensemble averaged Lagrangian functions, in a
second order approximation. In particular, the leading term of the mean La-
grangian velocity is the mean Eulerian velocity, and for incompressible flows
and spatially constant diffusion coefficients (e.g. in the case of homogeneous
turbulence) it was shown that the mean values of the Lagrangian and Eulerian
velocity coincide up to the third order in velocity fluctuations [Brouwers, 2002,
equation (46)].

Even though the model of transport in a random velocity field and a fixed
realization of the Wiener process used to derive the results presented above is
not physically satisfying for the motion of all solute particles [Zirbel, 2001, p.
824], it proves to be useful in investigations on homogeneity of the transition
probability of the transport process, viewed as a random quantity depending
on velocity realization, as well as in analyses of the solute dispersion. This
will be illustrated in the next sections.
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4 Ensemble average transition probability

The density of the transition probability p(x, t|x0, 0) for the Itô process
(5) is the solution of the Fokker-Planck equation

∂tp(x, t|x0, 0) + ∂x (V (x)p(x, t|x0, 0)) = D∂2

xp(x, t|x0, 0), (8)

with the initial condition p(x, 0|x0, 0) = δ(x−x0) (i.e. it is a Green’s function).
In terms of trajectories described by (5), the transition probability is

given by
p(x, t|x0, 0;V (·)) = 〈δ[x − X(t)]〉D , (9)

where the “argument” V (·) is used to show the dependence of p on the random
velocity field. Equation (5) can also be written as

X̃(t) = X(t) − x0 =

∫ t

0

V (X(t′))dt′ + W (t) =

∫ t

0

V (X̃(t′) + x0)dt′ + W (t),

(10)
and the initial condition X(t = 0) = x0 implies X̃(t = 0) = 0. With X(t) =
X̃(t) + x0 in (9), one obtains for the transition probability

p(x, t|x0, 0;V (·)) =
〈
δ[(x − x0) − X̃(t)]

〉
D

= p(x− x0, t|0, 0;V (·+ x0)), (11)

which is the solution of the Fokker-Planck equation corresponding to the Itô
equation (10),

∂tp(x − x0, t|0, 0) + ∂x (V (x)p(x − x0, t|0, 0)) = D∂2

xp(x − x0, t|0, 0), (12)

for the initial condition p(x − x0, 0|0, 0) = δ(x − x0).
Based on relations (11) one can be conclude that for translation-invariant

statistics of the Eulerian velocity the ensemble average transition probability
is translation-invariant as well

〈p(x, t|x0, 0;V (·))〉V = 〈p(x − x0, t|0, 0;V (· + x0))〉V = p(x − x0, t). (13)

Arguments based on (13) and (12) implicitly assume that the translation in-
variance of the velocity implies the translation invariance of an arbitrary func-
tion of velocity. In general this statement is true for an arbitrary function of
a single variable p(V ) [see e.g. Yaglom, A. M., Correlation theory, Springer,
1987, p.51]. It is also true for a Gaussian p which depends only on the con-
stant mean velocity, on t, and on x − x0. The construction of the average
transition probability (13) is still formal. It shows indeed that p depends on
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x − x0 but, because the functional dependence on velocity is not known, we
cannot conclude that p depends on space variables only via x − x0.

To proceed, let us consider the Fourier transform of p (i.e. the character-
istic function) expressed as a series of moments µk =

〈
X(t)k

〉
D

,

φ(s) =

∫
∞

−∞

eisxp(x)dx =
∑∞

k=0

(is)k

k!
µk. (14)

The transition probability p(x) is uniquely specified by its characteristic func-
tion φ(s). Because of the linearity of the expansion (14), the ensemble average
p is also determined by φ̄ and µk. The ensemble average moments µk com-
puted from Itô equation (1) depend on velocity statistics only through k-order
moments of the Lagrangian velocity, evaluated on trajectories starting from
the same initial position x0,

∫ t

0

· · ·

∫ t

0

〈V (X(t1)) · · ·V (X(tk))〉V dt1 · · ·dtk.

Itô-Taylor expansions, similar to those used in Section 2, and the equality of
the one-point probability distributions of Lagrangian and Eulerian velocity
fields, proved in Section 3, can be used to show that these moments of the
Lagrangian velocity are independent of x0. Finally, by (14) it follows p does
not change under translations of its space variables.

In a similar way, it is possible to prove the translation invariance of the
joint Lagrangian probability in the position-velocity state space pL, i. e. the
probability that X̃(t) takes the value x−x0 and V (X̃(t)+x0) takes the value
v, provided that at t = 0 they had the values 0 and v0 = V (x0), respectively,

pL(x − x0, v, t|0, v0, 0) =
〈
δ[(x − x0) − X̃(t)]δ[v − V (X̃(t) + x0)]

〉
V

, (15)

defined for a fixed realization of the Wiener process.
We note that the statistical homogeneity of the velocity random field

alone is not sufficient to infer the translation invariance of the averaged tran-
sition probabilities (9) and (15) from the equality of one-point probability
distributions of Lagrangian and Eulerian velocity fields. As shown in Section
3, smoothness conditions, necessary to ensure the existence of a unique so-
lution of Itô or Fokker-Planck equation, and incompressibility of the velocity
field have to be assumed as well.

5 Solute dispersion

In terms of trajectories Xl, l = 1, 2, 3, the second moment sll of the actual
concentration is given by the dispersion (or the mean-square displacement) of
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the solute molecules
sll = 〈[Xl − 〈Xl〉DX0

]2〉
DX0

. (16)

Equivalent forms of the actual dispersion sll are obtained if we add and sub-
tract in (16) the ensemble averaged center of mass 〈Xl〉DX0V

:

sll = σll − rll, (17)

σll = 〈[Xl − 〈Xl〉DX0V
]2〉

DX0
,

rll = [〈Xl〉DX0
− 〈Xl〉DX0V

]2.

With X̃l = Xl −X0l (displacement relative to the initial position X0l), we get

sll = Sll(0) + x̃ll + mll − rll (18)

x̃ll = 〈[X̃l − 〈X̃l〉DX0V
]2〉

DX0
,

mll = 2〈[X0l − 〈X0l〉X0
]X̃l〉DX0

.

The term Sll(0) = 〈[X0l − 〈X0l〉X0
]2〉

X0
in (18) is the deterministic initial

second moment.
The ensemble average dispersion Sll = 〈sll〉V

has the same form,

Sll = Sll(0) + X̃ll + Mll − Rll = Σll − Rll, (19)

where X̃ll = 〈x̃ll〉V
, Mll = 〈mll〉V

. The term Rll = 〈rll〉V
is the variance of the

center of mass and Σll = 〈σll〉V
= Sll(0) + X̃ll + Mll is the dispersion of the

ensemble averaged concentration.
Since numerical results [Suciu et al., 2006a] indicate that, for finite in-

tegral scale of the random velocity field, X̃ll is independent of the shape and
dimensions of the source, we call it a memory-free moment. We call mll and
Mll memory terms. They quantify “memory effects” of initial conditions on
the dispersion of the actual and ensemble averaged concentration. For point
and line sources transverse to the l-axis X0l = 〈X0l〉X0

, mll = Mll = 0 (see
(18)) and there are no memory effects.

With 〈[X̃l − 〈X̃l〉DV
]2〉

DV
= 〈[Xl − 〈Xl〉DV

]2〉
DV

= Xll, the one-particle
displacement’s variance defined by averaging for a fixed initial position X0, we
obtain X̃ll = 〈Xll〉X0

+ Qll, where Qll = 〈[〈X̃l〉DV
− 〈X̃l〉DX0V

]2〉
X0

, and (19)
takes the form

Sll = Sll(0) + 〈Xll〉X0
− Rll + Mll + Qll. (20)

Relations (20) and (19) are equivalent under the only assumption that the
order of averaging commutes (allowed if the trajectory Xl is continuous as a
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function of X0). Equation (20) takes the simpler form

Sll = Sll(0) + Xll − Rll (21)

if and only if the relative one particle mean displacement 〈X̃l〉DV
and the

one-particle displacements variance Xll do not depend on X0. Now we show
that these conditions can be satisfied, as a consequence of results presented
in Sections 2 and 3, if we suppose that the Eulerian velocity field V (x, t)
is incompressible, statistically homogenous and stationary, and continuously
differentiable. Using the Itô equation (1) and performing the ensemble average
(with respect to V ), one obtains the explicit forms of the terms in (20):

Xll(t, t0) = 2D(t − t0) (22)

+

∫ t

t0

∫ t

t0

[〈
Vl(X(t′))Vl(X(t′′))

〉
DV

−
〈
Vl(X(t′))

〉
DV

〈
Vl(X(t′′))

〉
DV

]
dt′dt′′

+ 2

〈
Wl(t)

∫ t

t0

Vl(X(t′))dt′
〉

DV

,

Rll(t, t0) =

∫ t

t0

∫ t

t0

[〈〈
Vl(X(t′))

〉
DX0

〈
Vl(X(t′′))

〉
DX0

〉
V

(23)

−
〈
Vl(X(t′))

〉
DX0V

〈
Vl(X(t′′))

〉
DX0V

]
dt′dt′′

Mll(t, t0) = 2

∫ t

t0

〈
[X0l − 〈X0l〉X0

]
〈
Vl(X(t′))

〉
DV

〉
X0

dt′, (24)

Qll(t, t0) =

∫ t

t0

∫ t

t0

[〈〈
Vl(X(t′))

〉
DV

〈
Vl(X(t′′))

〉
DV

〉
X0

(25)

−
〈〈

Vl(X(t′))
〉
DV

〉
X0

〈〈
Vl(X(t′′))

〉
DV

〉
X0

]
dt′dt′′.

The results of Section 3 imply that the second term of (22) is independent of
X0 and depends only on (t− t0). The third term in (22) vanishes because the
averages over D and V permute, the mean Lagrangian velocity is constant,
and the mean of the Wiener process is zero. The terms defined by (24) and
(25) also vanish, because the Lagrangian mean velocity is constant. Thus,
X̃ll = Xll is memory-free and (19) and (20) reduce to the simple relation (21).
Note that the results of Sections 2 and 3 do not lead to the cancelation of the
center of mass fluctuations (23), because the product of averages with respect
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to X0 involve the 2-point spatial Lagrangian statistics. However, homoge-
neous fields with finite correlation range are ergodic and for widespread initial
concentration distributions the space averages with respect to X0 tends to the
average with respect to V and (23) approaches zero.

But in practice a velocity field with special properties, as assumed in
Section 3, is often an idealization. This is the case of numerical simulations
of transport in statistically homogeneous velocity fields as well [Suciu and
Vamoş, 2007]. A numerical illustration for non-vanishing Mll shall be given in
the next section.

6 Numerical simulations

In the following we present some results based on simulation data presented
in [Suciu et al., 2006a] and in the manuscript 2007WR006740 submitted to
Water Resources Research (where mean and fluctuations of memory terms for
different initial conditions are presented in more detail).

We considered an isotropic two-dimensional aquifer system, with log-
hydraulic conductivity with variance 0.1, and exponentially decaying corre-
lation with correlation length λ = 1 m. Incompressible velocity fields were
approximated numerically by Gaussian fields. This was achieved with the
Kraichnan method, using 6400 periodic modes (4), as in example presented in
Section 2. The mean flow velocity was U = 1 m/d. The local dispersion was
described as an isotropic diffusion process with a constant coefficient D = 0.01
m2/d (Péclet number Pe = Uλ/D = 100). Ensembles of 256 realizations of
transport were simulated with the “global random walk” algorithm [Vamoş et
al., 2003], by tracking simultaneously in every velocity realization 1010 parti-
cles that were initially uniformly distributed in rectangular domains L1λ×L2λ
or released from the origin of the computational grid. It was shown that this
numerical approach reproduces the self-averaging behavior of dispersion in
Gaussian fields [Eberhard et al., 2007].

Figures 1 and 2 show that the mean velocity varies with the initial posi-
tion X0 of the simulated advection-dispersion processes. The differences be-
tween 〈Vl(X(t;X0))〉DV , l = 1, 2, are mainly significant at less than 100 dimen-
sionless times. In the pre-asymptotic regime, the average of 〈Vl〉DV over X0

(solid line in Figures 1 and 2) is still different from the estimated Eulerian mean
velocity components V1 = 1.00214 ± 0.00033 m/d, V2 = −0.00051 ± 0.00021
m/d [Suciu et al., 2006a, Table B1]. A comparison of the curves presented in
Figure 2 indicate that the term Q22, which according to (25) depends on the
spatial variance of the ensemble mean velocity, is about two orders of mag-
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nitude smaller than the local dispersion 2Dt, with D = 0.01. Therefore, we
can approximate X̃ll = Xll + Qll ≈ Xll, which was shown in Section 5 to be
independent of initial conditions if the velocity field is statistically homoge-
neous. This explains why the term X̃ll derived from simulations is practically
independent of initial conditions [see e.g. Suciu et al., 2006a, Figure 11].

With X̃ll = Σll − Sll(0) + Mll = Σll − Sll(0) estimated numerically for a
point source, for which according to (18) the memory term Mll vanish, we use
(19) to derive Mll for slab sources oriented along the l-axis. The results for
longitudinal and transverse mean memory terms presented in Figures 3 and
4 indicate that the mean memory terms increase with the source dimension.
This is at variance with the theoretical result in Section 5 which shows that
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mean memory terms should vanish for homogeneous, incompressible and con-
tinuously differentiable velocity fields. Figures 1 and 2 help us to explain the
numerical result. Indeed, the significant variations of the Lagrangian velocity
with the initial position at early times, multiplied by [X0l − 〈X0l〉X0

] in (24),
can be the source of the large mean memory terms shown in Figures 3 and 4.

7 Conclusions

We provided simple proofs that for smooth, homogeneous, stationary, and
incompressible random velocity fields, the mean Lagrangian and Eulerian ve-
locities and their one-point statistics are the same. Under these conditions,
it can be shown that the ensemble average Green function of the transport
problem is translation-invariant.

Numerical simulations based on the Kraichnan method, which fulfils the
above requirements for the random velocity field, also indicate the equality
of the mean Lagrangian and Eulerian velocities within an acceptable range of
errors (see Figures 1, 2). Similar results were previously obtained by Gleeson
[2002]. But the small differences between the Lagrangian and Eulerian mean
velocities produce memory effects shown by the solute dispersion in the case
of large asymmetric sources (Figures 3, 4). Such mean memory effects seem
to be inherent in numerical simulations, where the equality of Lagrangian and
Eulerian mean velocity is always an approximation [Suciu and Vamoş, 2007].
These findings have also implications for practical applications of stochastic
modeling to real life systems, for which the velocity field does not fulfill strictly
the restrictions assumed in Sections 2-4.

Since the numbers of particles and velocity realizations were large enough
to ensure reliable simulations [Suciu et al., 2006a; Eberhard et al., 2007], the
mean memory terms can be a consequence of the overshooting errors in the
numerical integration of trajectories [Suciu et al., 2006b]. It should be also
noted that exponentially correlated fields, as considered in our simulation, are
not differentiable in the mean-square sense and there is no guarantee that the
sample velocities are differentiable [Yaglom, 1987, p. 67]. Since the sample dif-
ferentiability is a prerequisite for the divergence-free condition to make sense,
there is also no guarantee that Lagrangian and Eulerian one-point statistics
coincide. The larger the number of harmonics in the Kraichnan routine, the
closer the behavior of the numerically generated velocity field is to that of a
Gaussian field with exponential correlation. It was shown that for a coarser
approximation, with 640 harmonics instead of 6400 used in simulations pre-
sented here, the mean memory were negligible small [Suciu et al., 2007].

13



Another important remark is that in the limit of large times the La-
grangian velocity loses the memory of initial state (Figures 1, 2) and the mean
memory effect is averaged out (Figure 3, 4). This behavior is consistent with
theoretical and numerical results on the convergence for t −→ ∞ of Lagrangian
observations made in velocity fields with finite correlation lengths to up-scaled
Eulerian quantities [Suciu et al., 2006a].
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