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Abstract: In this paper, we prove that, if in£ |f(x)| = m > 0, then the partial differential operator
xe

— fu, where f, f; € C(A,R),u € C}(A,X),i=1,...,n,] CRisan

oxi

D defined by D(u) = i fe2s
k=1

interval, A = [ x R"! and X is a Banach space, is Ulam stable with the Ulam constant K = %

Moreover, if ing |f(x)| = 0, we prove that D is not generally Ulam stable.
xe
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1. Introduction

Ulam stability is one of the main topics in the theory of functional equations. Generally,
a functional equation is called Ulam stable (or Hyers—Ulam stable) if for every approximate
solution of the equation, there exists a solution of the equation near it. The problem of
stability of functional equations was formulated by S. M. Ulam in a talk given at the
University of Wisconsin-Madison and concerns the equations of group homomorphism [1].
The first answer to Ulam’s problem was given by D. H. Hyers who proved that Cauchy’s
functional equation in Banach spaces is stable [2]. For this reason, the stability of a functional
equation is called Ulam stability or Hyers—Ulam stability. After Hyers’ result was published,
a lot of papers were dedicated to the study of Ulam stability, and the notion of Ulam stability
was extended in various directions (for more detail, see the books [3,4]). In recent years,
many papers have been published dedicated to the study of Ulam stability for differential
equations and differential operators. For example, the authors of [5] studies the Ulam
stability of a second order linear differential operator acting in a Banach space. They
obtained a characterization of its Ulam stability and the best Ulam constant. Similar results
were obtained by the authors of [6] for a first order linear differential equation with periodic
coefficients. For various kinds of operational equations, including partial and ordinary
differential equations, results regarding their Ulam stability are presented in [7]. Recent
results on the Ulam stability of partial differential equations of order one are given in [8,9].
The stability of a parabolic partial differential equation is presented in [10] and an explicit
form of the Ulam constant for the Laplace operator is obtained in [3] (see Section 3). It
seems that A. Prastaro and Th. M. Rassias published the first paper on the Ulam stability of
a partial differential equation [11]. The relation between a solution of a perturbed equation
and its exact solution is established by the Ulam stability of an equation or of an operator.
If small perturbations of the equation produce small perturbations of the solution, we say
that the equation is Ulam stable. Ulam stability of an operator means Ulam stability of its
associated equation. The goal of this paper is to present a result on the Ulam stability of
a linear and nonhomogeneous partial differential operator acting in Banach spaces and
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to obtain an explicit form of its Ulam constant. We improve and extend in this way some
results for partial differential equations with constant coefficients given in [8] and for partial
differential equations with nonconstant coefficients with two variables given in [9].

Let] = [a,b), a € R, b € R, A= 1xR"!, X be aBanach space over R and V be a
vector space over R.

Throughout this paper, by ||-|| we denote the norm of the Banach space X and by |-||,
the euclidian norm in R.

Definition 1. A function py : V — [0, 00| is called a gauge on V' if the following properties hold:
(i) py(x)=0&x=0;
(i) py(Ax) = |A|pv(x), Vx € V,VA € R, A #£0.

Let f, f1, f2,- .., fn : A — R be continuous functions and D : C!(A, X) — C(A, X) be
defined by

oy U 1
D(u) = kglkaXk fu, ue C'(A, X). (1)
Let ¢ € C(A, X) and define
9]l = supfllo(x)] : x € A}. @)

Then, | ¢||., is a gauge on C(A, X). Consider the same gauge on C!(A, X).

Definition 2. The operator D is called Ulam stable if there exists K > 0 such that, for every € > 0
and every u € C'(A, X) with the property
D)l <& )

oo

there exists ug € C'(A, X) such that D(ug) = 0 and
[ = uol[os < Ke. )

The number K is called an Ulam constant of D.

A function u € C!(A, X) satisfying (3) for some positive ¢ is called an approximate
solution of the equation D(u) = 0. Thus, we can reformulate the definition of D as follows:
the operator D is said to be Ulam stable if for every approximate solution u of the associated
equation D(u) = 0, there exists an element 1y € ker D (i.e., a solution of D(u) = 0) close to
u (i.e., satisfying (4)).

The Ulam stability of some linear operator acting in spaces endowed with gauges
has been studied in [3]. Since gauges are generalized norms or metrics, results on the
characterization and on the best Ulam constant of such operators extend the results on
Ulam stability given in normed spaces for linear operators (see [3], Sections 2 and 3). A
detailed presentation of Ulam stability for some operators relative to gauges is given in [12].
Here, the authors obtain Ulam stability characterization theorems and results regarding the
representation of the best Ulam constant. Concrete examples are obtained for differential
operators. Results related to the Ulam stability of partial differential operators are not
found in [12]. Our goal is to give such results in the present paper.

2. Main Result

The following result contains a representation of the solutions of the equation D(u) = g.
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Lemma 1. Let g € C(A) and suppose that f1 # 0on A. Let g = j[ck, 2 <k < n. Suppose that
1

the system
xh = go(t,x2, ..., xn)
: ,tel (5)

xp = gn(t, x2,..., %)

admits a global solution (@2, ..., @y) : I — R"™L. Then, u is a solution of the equation

Ju ou _

fl(x)ﬁ + . --+fn(x)E fx)u=g(x), x=(x1,...,x,) € A (6)

if and only if there exists a function F € C'(R"~1, X) such that

M(x1, . /xn) — e*L(X],Xzf(;Q(Xl),...,Xn7(/)7,(}(1))

([ s 51— 1)+ e gulo) 4 ),
a f1(s, 02 = @2(x1) + @2(5), -, Xn — @u(x1) + @u(s))

+F(x2 — @2(x1), .., xn — @n(x1))),
where x = (x1,...,%xy) € A, and

Y f(s, 22+ @a(s), - -+, Xn + @n(s))
L(xy,x0,...,%) = — ds.
(1, 22 *n) a f1(s, X2+ @2(5), ..., xn + @u(s)) s

Proof. Suppose that u satisfies (6) and consider the change of coordinates:

fh=x X1 =Hh

ty = x2 — ¢a(x1) X =ty + ¢2(t)
) R (8)
tn = xn — @u(x1) Xn =ty + @n(t)

Let
')/(t) = (t1,t2—|—§02(t1),...,tn + ¢n(t1))/ t= (i’1,...,i’n).

Define the function w by the relations

w(ty, by, ... tn) =u(ty, ba+ @2(t1), ... tn + @u(tr)) = u(y(t))

or
u(xq, ..., xp) = w(xy,x3 — @2(x1), ..., X0 — @n(x1)).
Then,
ou Jw Jdw , w
o o aTZQ"Z(fl) e E(Pn(tl)
ou  ow
aixk = aitk, k = 2,3,...,7’1.
Replacing this in (6), we obtain
ow ow p ow ow ow
AW (G =0 v = gh) G )+ G 4 Fr ) G~ F (D)
=8(v(1),
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AHO) G+ (R(0) = A1) (1)) G+ (1)~ A2 (1) o~ F (3 (1)

Now, taking account of (5), i.e.,

P =8k = fi 2<k<n,
fi’

it follows that

dw _ fiy(®) ~_ g(r(t)
o Alv(®) Alr()

Let the function L be defined by

t=(ty,...,tn) € [ xR, )

" f(s, b2t @a(s), - bt @u(s))

s, (t1,t2,...,t EIXR"*l.
o fi(s,ta+ @a(s), .. tn + @u(s)) (t1,t2 1)

L(ty,ta, .., ty) = —

Then, multiplying Equation (9) by e"(*1#2--+#1)  we obtain

d L(ty byt gltito+@a(t), - tn+ @n(t1)) 16yt tn)
2 (w(ty, ta, ..., ) - ezt ) = eL(titarain)
atl( (h1, 12 2 ) fi(t, o+ @a(t), - b+ @n(t1))

which leads to
) - eL(tbatn) — hig(s,ty+@a(s), ... .ty + Gﬂn(s))eus’tz""’t")
a fi(s,ta 4+ @2(s), ..., tn + @u(s))

where F is an arbitrary function of class Cl. Then,

L(t1,to,eertn) 18(s,ta + @a(s), .-, tn + Gon(s))eL(s’tz""’t”)
w(i’l,tz,...,tn) ( fl s, t2+(p2( ) .,tn+§0n(5)> dS+F(t2,...,i’n) (10)

Replacing t1,t3, ..., t, from (8) into (10), the relation (7) is obtained.

Now, let u be given by (7), and we must prove that u is a solution of (1). Taking account
of the change of coordinates (8), it is sufficient to prove that w given by (10) satisfies (9). A
simple calculation shows that w is a solution of (9). O

w(tl,tz, NN

ds+ F(ty, ... tn),

The main result of this paper is given in the next theorem.

Theorem 1. Let € > 0 be a given number, f1 # 0 on A and suppose that:

(i) The system (5) admits a global solution (¢a,..., @) : [ — R"™L;
(i) infyeq|f(x)] =m > 0.
Then, for every u € C(A, X) satisfying ||D(u)||, < e, there exists a solution ug of D(u) = 0
with the property
(11)

Moreover, if L(b,x2,...,Xxy) = limy, _,, L(x) = —oo, ¥(x2,...,%n) € R"1, then uy is
uniquely determined.

Proof. Since f; is continuous on the connected set A and f; # 0, it follows that f1(x) > 0
or fi(x) < 0 for every x € A. We may suppose in what follows that fj(x) > 0 for every
x € A, without loss of generality.
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Existence. Let u be a solution of (3) and put

W) fpux) = s(x)

Xk

n
Y flx)
k=1
for every x = (xq,...,x,) € A. Then, according to Lemma 1, we have

u(xq,..., %)
— o~ Lx1x2—@2(x1)0 X0 —@u (x1))

. /x1 eL(s,xz*q)z(x1),‘..,xn*90n(x1))g(5, Xy — q)z(xl) + q)z(s), cee, X — q)n(xl) —+ qpn (S)) ds
a f1(s, 02 = @2(x1) + @2(5), -, X0 — @u(x1) + @a(s))

+F(x2 — @2(x1), ..., Xn — @n(x1)))

where F € C}(R"1, X).
We consider the function u( defined by

Up (xl/ e, xn) :e_L(xllxz_(PZ(xl)l"'fxﬂ_(P" (xl))

fi(s,x2 = @a(x1) + @2(s), - - ., Xn — @u(x1) + @n(s))
+F(x2 — @2(x1), ..., Xn — @n(x1)))

| (/ bt gals) e ())g (5,53 — (1) + (5] 30— 9u31) + 0(5)

for every x = (x1,...,x,) € A. Since ug is given by an integral on the noncompact interval
[a,]), first we have to prove that the function 1 is well defined, i.e., the improper integral
is convergent.

We test the convergence of the integral

ds,

/bEL(SIXZ_%(X”MX"_(P"(xl))g(sf X — 92(x1) + 92(8), - - -, Xn — Pu(x1) + Pu(s))
a fi(s,x2 — @a(x1) + 92(8), -+, X0 — @u(x1) + @u(s))

where x = (x1,...,x,) € A or, according to (8), the convergence of the following integral

b b+ 92(5), ) bn + @ (s))
oL(sttn) 88182+ @2(8), o tn + @u(8)) 1 "
/ AT O T 0) 12)
We have
oL(st2nt) 8(81E2 4 2(8), o b + @(s)) dSH
fi(sito+@2(s), ..., tn + @u(s))

eL(S,t2,.‘.,tn)

<
= fils, a4+ @a(s), ..t + P
L(S,fz,...,tn)

)y 186 2+ @2(s), o tut oa(s)]

e
e O TN U R

el (St2tn) . f(s,ta+@a(s),. .., tn + @n(s))
f(s,to+@2(s), ... tn+@n(s)) fi(s,t2+ @2(s), ..., tn + @n(s))

& a _L _
< . (S,tz,...,tn) . n 1‘
< —as(e ), (s,t2,...,ty) EI xR
Since
be 9 L(s tayot € €
< 9 ([ ,—L(staitn) — S (12 plbtrtn)) « &
/a m&s(e )ds m(l ¢ )_m'

it follows, in view of the comparison test, that the integral (12) is absolutely convergent;
therefore, the function ug is well defined. On the other hand, u is a solution of (1) being of
form (7).
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We have:
[[u(x) — o (x) |

b
e*£@nh*¢ﬁm)mﬂn*¢MXH)/"._euan*¢ﬂXHan4¢n&ﬂ)
X1

. g(S,Xz — (pz(Xl) + (Pz(s),- <o Xn — (Pn(xl) + gon(s)) dS’
f1(s,x20 — @2(x1) + @2(5), - -+, Xn — @u(x1) + @n(s))

b eel(sx2—@2(x1),.xn— @ (x1))

< o~ Llxux2—g2(x1) - Xn—n(x1)) ds
- v f1(s, %0 — @2(x1) + @2(8), ..., X0 — @n(x1) + @u(s))

< efL(x1/x27¢2(x1)/m/xnigon (x1)) b geL(S/x27¢2(xl)/“'/xnfgon (xl))

- v f1(8, %2 — @2(x1) + @2(8), ..., Xn — @u(x1) + @n(s))

) f(S, tr + (Pz(S),.. St + (pn(s)) s
f(s,t2+@2(s), .., tn + @u(s))

< £ o Lxuxa—a(x1) s Xn—u(x1) / fs, 2+ @a(s), .- tn + @ns )) Lexa=ga(x)rin—gulx)
Tom ﬁsw—m@ﬂ+mﬁ Xn = Pn(x1) + @n(s))
< £ o Lxma—@a(x1) e in— (Pn(xl))/ 0 (_EL(S X (P2(X1),~~~,Xn*§0n(xl))>ds
—m v 05
— & o Lxixa—@a(x1)eXn—u(x1)) (EL(xlfxr(Pz(xl)n--/xn*fﬁn(xl)) — eL(b/xr(Pz(xl)/~-~/xn*¢n(x1)))
m
_ £ (1 _ eL(b,xzf(pz(xl),...,xn7(pn(xl))7L(x1,x27q)2(x1),...,xn7qon(xl))) < i/ V(x1,...,%n) € A,
m ~m
SO c
_ < =
= ooy < &
The existence is proved.
Uniqueness.
Suppose that L(b, x5, ..., x,) = —oo and for a solution u of (3) there exists two solutions

uy, up of D(u) =0, uy # up with the property (11). Then, uy, k = 1,2, are given by

ug(x1, ..., Xn)
— eiL(x1/x27(P2(xl )/“'/xﬂf(p”(xl))

[ fe = 9a(01) + @2(5), - X = Pal(1) + @u(s))eH B 92l0) i)
a fi(s,x2 — @2(x1) + @2(), .-, Xn — @n(x1) + @n(s))

+Fk(x2 - (PZ(xl)/"-/xi’l - (P}’l<x1>))/ k= 1/2/ Fl # F2

We have

ds

g (21, - .. xn) —ua(xq, ..., xn)||
= lug(xq, ..., xn) —u(xy, ..., xn)|| + Ju(x1, ..o, xn) —ua(x1, ..., %) ||

2¢
< =, V(xq,...,x4) € A,
m
which is equivalent to

e L1223 = on D) | By (20 — o (21), .., 0 — @a(x1)) — Ba(x2 — @2(x1), -, Xn — @ (x1)) |

(13)
< %, V(x1,..., %) € A.
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Since u; # up, it follows that there exists (X,...,%y) € R"1 such that
Fl(fz,. ..,fn) 7& Fz(fz,. ..,.’/fn). For

the relation (13) becomes

= = _ _ _ _ 2
E_L(xl’xz””’x”) ||F1 (XQ, .. .,Xn) — Fz(XZ, .. ,xn) || < %, Vx, € L (14)

2e
Now, letting x; — b in (14), it follows oo < ot a contradiction. Uniqueness is
proven. [J

A consequence of the stability result given in Theorem 1 is presented in the next
corollary.

Corollary 1. Let F = (fa, ..., fn) : A — R""1, f1 # 0 on A. Suppose that there exists two
continuous functions a, f : I — [0, 400) such that

IE(E ), < (a(®)[x]l, + B(E))|fr(t, %) (15)

for every (t,x) € I x R" L and inf,c 4|f(x)| = m, m > 0. Then, the operator D given by (1) is
Ulam stable with the Ulam constant L =

1
e

Proof. Let G = (g2,...,8u), Sk = ﬁ, 2 <k < n. Then, by (15) we obtain
1

IG(Ex)[l, < a(®)llx]l, + B(t), (£ x) € A,

and taking account of Theorem 2.4.5 ([13], see also [14]), we conclude that system (5) admits
a global solution ¢ : I — R"~1. Now, the conclusion of the corollary is a consequence of
Theorem 1. [

Remark 1. The conclusion of Corollary 1 holds true if on the right hand side of relation (15) f1 is
replaced by fy, 1 < p < n, with f, # 0on A.

Example 1. Let ay,...,a, € R, a1 #0, A = [0,+00) x R"™!, f : A — R be a continuous
function with infyeca|f(x)| = m, m > 0. Then, the operator with constant coefficients D :
CY(A,X) = C(A,X)

dv

0= Lo S

is Ulam stable with the Ulam constant L = %

fu, ueCl(AX)

Proof. Clearly the system (5) associated with the operator D has a global solution ¢ :
[0, +00) — R"~1, 50 the conclusion follows according to Theorem 1. []

Example 2. Let A=1xR, fi,fo,f € C(A,R)and D : C1(A,X) — C(A,X),

u Ju
D(u) :fla +f2E — fu.
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If( ing A|f(x1,x2)| = m,m > 0 and there exists two continuous functions o, : I —
X1,X2)€
[0, 00) such that
fa(x1,x2)
=L <w(xy)|x2] + B(x2), 16
i) (x1) |x2| + B(x2) (16)
for all (x1,x7) € A, then D is Ulam stable with the Ulam constant L = L.

Proof. The condition (16) leads to the existence of a global solution of the system (5), which
in this case is the equation
_ f 2 (xll xZ)

/
Xn = .
27 fi(xy,x)

The conclusion follows in view of Corollary 1. O

3. A Nonstability Result
We show in what follows that if the condition inIfLl |f(x)| = m, m > 01is not satisfied,
xe

then the operator D defined by (1) is not generally Ulam stable. In this respect, we have the
following nonstability result for the case f = 0.

Theorem 2. Let [ = [a,00), A = I X R*™ 1 > 2. Suppose that the system (5) admits a
solution (@a,...,¢u) : I = R""Land there exists p € {1,...,n} such that f, # 0 on A and

sup|fy(x)| < +co. Then, the operator D : C1(A, X) — C(A, X)
xX€A

—~ n
By = 3 2% weckax)
k=1 0xk
is not Ulam stable.

Proof. Without loss of generality, we may suppose that p = 1 and let sup|fi(x)| = A, A #
0. Suppose that D is Ulam stable with the Ulam constant L. > 0. Lete > 0Oand u € C!(A, X)
be a solution of the equation D(u) = €6, 6 € X, ||0|| = 1. Then, according to Lemma 1, u
has the form

M €0
ulx) = /a fi(s, 20 — @a(x1) + @2(5), .-, Xn — @u(x1) + @u(s))
+ F(xg — @2(x1), -+, Xn — @u(x1)),

ds

where F € CHR" 1, X), x = (x1,..., %) € A.
Since H[ND(u) H = ¢, it follows, in view of the stability of D, that there exists ug € ker D
such that ®
|l — up|o < Le. (17)

Now, taking into account again Lemma 1, we obtain

ug(x) = G(x2 — @2(x1), ..., Xn — @u(x1)), x = (x1,...,%4) € A,

for some G € C}(R"1, X).
Letz(x) = u(x) —w(x), x € Aand let x; = @r(x1), 2 <k < n.
Then,

2(x1, @2(x1), ..., @n(x1)) = /axl - q)z(s)ff ds + F(0,...,0) — G(0,...,0),

~ o 9n(s))
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and

llz(x1, @2(x1), ..., @n(x1)) — F(O,...,0) + G(0,...,0)||

3
ds >

:/a 105, 92(8), - pu(s))| —

> (31— a),¥x1 € [o,00).

Therefore, denoting F(0,...,0) — G(0,...,0) = h, h € X, we obtain

12(x1, @2(x1), -, u(x1)) | = [[2(x1, @2(x1), -, @u(x1)) = Hl| = |[1]

> —(x1 —a) — ||h]],Vx1 € [a,00).

£
A
Hence,
lim [|z(x1, 2(x1), .-, @u(x1))|| = 400,
X1—00

a contradiction to (17). The theorem is proven. O

Example 3. Let aj,az,...,a, € R, (ay,...,a,) # (0,...,0), [ = [a,00),A =1 x R""1, and
D:CY A, X) — C(A,X)

n
D) = 3 a2, w e cl(a, x).
k=1 = OX
Then, D is not Ulam stable.

Proof. Suppose a1 # 0 without loss of generality. Then, system (5) admits in this case a
global solution and the operator D is not Ulam stable according to Theorem 2. [

4. An Application

One of the best-known forms for the study of production functions in economics is
the Cobb—Douglas production function (see [15]). C.W. Cobb, a mathematician, and P.H.
Douglas, an economist, obtained a function which provides a relation between labor, capital
and the production function. Cobb proposed a relation of the form

Q= AL*KP (18)

where Q is the production function, L is the labor, K is the capital and A, «,  are some
positive constants. Note that Q is a homogeneous function of degree « + f, so it satisfies
Euler’s partial differential equation

Lg—% +1<2% — (a1 P)Q. (19)

Over time, Cobb-Douglas production functions have receivedappreciation and crit-

icism from many scientists (see [16]). That is why we think that the consideration of the

notion of an approximate production function is justified. We call an approximate produc-

tion function a function which approximately satisfies Equation (19) in the sense defined in

this paper. In this respect, the study of the Ulam stability of Equation (19) is important. We
have the following result.

Theorem 3. Let ¢ > 0 and suppose that an approximate production function Q(L, K) satisfies the

relation 20 20
= L K= — <
L=F + K52 (a+B)Q| <
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for all L,K > 0. Then, there exists a production function Q(L,K), i.e., Q satisfies Equation (19),

such that .

a+p’

‘Q(LrK) *Q(L, K)’ S
forall L,K > 0.

Proof. The proof follows as a simple consequence of Theorem 1. [

We conclude that the Cobb-Douglas equation is Ulam stable, so small perturbations
of it produce small perturbations of the production function.

Some other practical applications of Ulam stability for the partial differential operator
D can be obtained for some processes governed by first order semilinear partial differential
equations, such as conservation laws, traffic flow, linear transport equations, etc.
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