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ABSTRACT
The paper deals with fractional optimization problems where
the objective function (ratio of two functions) is defined on a
Cartesian product of two real normed spaces X and Y. Within
this framework, we are interested to determine the so-called
partial minimizers, i.e. points in X × Y with the property that
any of its variablesminimizes the objective function, restricted
to this variable, with respect to the other one. While any
global minimizer is obviously a partial minimizer, the reverse
implication holds true only under additional assumptions (e.g.
separability properties of the involved functions). By exploit-
ing the particularities of the objective function, we deliver a
Dinkelbach type algorithm for computing partial minimizers
of fractional optimization problems. Further assumptions on
the involved spaces and functions, such as Lipschitz-type con-
tinuity, partial Fréchet differentiability, and coercivity, enable
us to establish the convergence of our algorithm to a partial
minimizer.
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1. Introduction and preliminaries

Fractional optimization problems occur in numerous practical applications
where the goal is to optimize a ratio-based performance metric (see, e.g. Shen
and Yu [1, 2], Elbenani and Ferland [3] and the references therein). Thus they
are important in many fields such as economy, industrial planning, medical
planning, social politics and other related domains. Moreover, fractional opti-
mization problems have a wide range of mathematical applications (see, e.g.
Frenk and Schaible [4], Göpfert et al. [5], Schaible [6–8]).Within operator theory,
for instance, the problem of eigenvalues and eigenvectors reduces to a fractional
minimization problem (see, e.g. Precup [9]). Problems of this type also occur in
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other domains ofmathematics, for example in graph theory and game theory (see
Stancu-Minasian [10], Stancu-Minasian and Tigan [11]).

Throughout the entire article, let us consider that (X, | · |X) and (Y , | · |Y) are
two real normed spaces, D1 ⊆ X, D2 ⊆ Y are nonempty sets and A,B : D1 ×
D2 → R are functions such that A is bounded from below and

0 < c ≤ B
(
x, y

) ≤ C for all
(
x, y

) ∈ D1 × D2.

The general fractional optimization problem we are interested in is given by

A
(
x, y

)

B
(
x, y

) −→ min
(x,y)∈D1×D2

. (P)

In problem (P), one is usually searching for points (x∗, y∗) ∈ D1 × D2 such that

A
(
x∗, y∗)

B
(
x∗, y∗) = min

(x,y)∈D1×D2

A
(
x, y

)

B
(
x, y

) ,

which means that (x∗, y∗) is a global minimizer. Within this paper, we switch our
focus on the problem of finding points (x∗, y∗) ∈ D1 × D2 with the property that

A(x∗, y∗)
B(x∗, y∗)

= min
x∈D1

A(·, y∗)
B(·, y∗)

, (1)

A(x∗, y∗)
B(x∗, y∗)

= min
y∈D2

A(x∗, · )

B(x∗, · )
. (2)

Points satisfying (1) and (2) are called partial minimizers for problem (P).

Remark 1.1: Obviously, any globalminimizer of the functional AB is also a partial
minimizer. However, the converse implication does not generally hold true, as
shown by the following example:

A
(
x, y

) = x2 + y2 − 3xy, B
(
x, y

) = x2 + y2 + 1 with D1 = D2 = [0, 1] .

It is easy to check that (0, 0) is a partial minimizer but not a global one, since
A(1, 1)/B(1, 1) = −1/3 < 0 = A(0, 0)/B(0, 0).

When dealing with fractional optimization problems, one famous method for
computing global minimizers is the Dinkelbach algorithm (see Dinkelbach [12]
and the references [13–18]).

In order to obtain partial minimizers, we use amodified version of the Dinkel-
bach algorithm, which relies on solving at each iteration step two parametric
problems of the following type

A(x, y) − λB(x, y) → min
x∈D1

, (Py(λ))

A(x, y) − λB(x, y) → min
y∈D2

, (Px(λ))

where λ ∈ R is a parameter. Our algorithmic procedure generates three
sequences (λk), (xk) and (yk), where xk is a solution of the problem (Pyk−1(λk−1)),
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yk is a solution of (Pxk(λk−1)) and

λk = A(xk, yk)
B(xk, yk)

.

Under some appropriate conditions on the fractional optimization problem, the
convergence of the sequences is ensured and we obtain that the point (x∗, y∗),
where x∗ and y∗ are the limits of (xk) and (yk), is a partial minimizer of A

B , while

the limit of (λk) equals the value
A(x∗, y∗)
B(x∗, y∗)

.

The paper is structured as follows: in Section 2 we show some relation-
ships between global minimizers and partial minimizers Proposition 2.1 and we
emphasize the particular case when A(x, y) and B(x, y) have separate variables,
showing that in this framework the partial minimum coincides with the global
minimum Proposition 2.2. In Section 3 we first present for comparison the orig-
inal Dinkelbach algorithm (Algorithm 3.1). Next we give our componentwise
version of the algorithm (Algorithm 3.2). The last Section 4 is devoted to the con-
vergence of Algorithm 3.2. The monotony and convergence of the sequence (λk)

are established by Theorem 4.1, while the convergence of the sequences (xk) and
(yk) is proved by Theorem 4.4. We conclude the paper by an illustrative example.

2. Relationships between global minimizers and partial minimizers

In what follows, we outline the connections between global minimizers, partial
minimizers, and critical points.

Proposition 2.1: Let X and Y be two real normed spaces and f : X × Y → R a
function. Then:

1◦ Any global minimizer of f is a partial minimizer, but the converse implication
is not generally true, even in the case when the function is convex.

2◦ If f is a C1 Fréchet differentiable function, then any partial minimizer is a
critical point.

3◦ If f is convex, then (x, y) is a global minimizer if and only if the origin belongs to
the subdifferential of f at (x, y), i.e. 0 ∈ ∂f (x, y). In particular, if f is convex and
C1 Fréchet differentiable, then any partial minimizer is a global minimizer.

Proof: The first part of assertion 1◦ is straightforward. In order to show the sec-
ondpart, one can simply take the function f : R

2 → R, f (x, y) = 2|x − y| − y. By
some quick computations using the definition, it can be deduced that f is con-
vex. Additionally, one can easily check that the point (0, 0) is a partial minimizer.
However, f does not have a global minimum, since it is not bounded from below
(f (x, x) = −x → −∞ as x → +∞).

For assertion 2◦, recall that for the product spaceX × Y , the Fréchet derivative
of f at the point (x, y) is in fact the couple of partial derivatives (fx(x, y), fy(x, y)).
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Assume now that (x∗, y∗) is a partial minimizer for f. Then we have that

f (x∗, y∗) ≤ f (x, y∗), for all x ∈ X

f (x∗, y∗) ≤ f (x∗, y), for all y ∈ Y .

Thus x∗ is a minimum point for the function f (·, y∗), whereas y∗ is a minimum
point for the function f (x∗, ·). Hence, from the infinite dimensional version of
Fermat’s theorem and taking into account that f is Fréchet differentiable, one has
that fx(x∗, y∗) = 0, fy(x∗, y∗) = 0. Therefore (x∗, y∗) is indeed a critical point of f.

The first part of assertion 3◦ is very popular in convex optimization (see,
e.g. [19, p. 91] for infinite dimensional spaces and [20, Theorem 3.2.10] for
the finite dimensional case). The last assertion is now a simple consequence
of 2◦. �

The next result comes as a sufficient condition under which the partial

minimizer points are global minimizers, for a fractional function
A
B
.

Proposition 2.2: If A,B : D1 × D2 → R have separate variables in the sense that

A
(
x, y

) = A1 (x) + A2
(
y
)
, B

(
x, y

) = B1 (x) + B2
(
y
)

then any partial minimizer is a global minimizer of the ratio A(x, y)/B(x, y).

Proof: Indeed, if (x∗, y∗) is a partial minimizer, we have that

A1(x∗) + A2(y∗)
B1(x∗) + B2(y∗)

≤ A1(x) + A2(y∗)
B1(x) + B2(y∗)

for all x ∈ D1 (3)

and
A1(x∗) + A2(y∗)
B1(x∗) + B2(y∗)

≤ A1(x∗) + A2(y)
B1(x∗) + B2(y)

for all y ∈ D2. (4)

After a few computations we have that relation (3) is equivalent to

A1(x∗)B1(x) + A1(x∗)B2(y∗) + A2(y∗)B1(x)

≤ A1(x)B1(x∗) + A1(x)B2(y∗) + A2(y∗)B1(x∗).

In a similar way, we arrive to the fact that relation (4) is equivalent to

A1(x∗)B2(y) + A2(y∗)B1(x∗) + A2(y∗)B2(y∗)

≤ A1(x∗)B2(y∗) + A2(y)B1(x∗) + A2(y)B2(y∗).

By adding the last two relations and removing the similar terms, we obtain that

A1(x∗)B1(x) + A2(y∗)B1(x) + A1(x∗)B2(y) + A2(y∗)B2(y∗)

≤ A1(x)B1(x∗) + A1(x)B2(y∗) + A2(y)B1(x∗) + A2(y)B2(y∗)
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which leads to

A1(x∗) + A2(y∗)
B1(x∗) + B2(y∗)

≤ A1(x) + A2(y)
B1(x) + B2(y)

for all (x, y) ∈ D1 × D2.

�

3. Dinkelbach type algorithms

In this section we are going to state the componentwise Dinkelbach algorithm
for calculating partial minimizers of fractional optimization problems. We start

by recalling the original Dinkelbach algorithm applied to objective functions
A
B
,

depending of two variables, with the aim to have a better understanding of our
componentwise algorithm that follows.

Algorithm 3.1 (Dinkelbach’s algorithm): Step 0 (initialization)Take any point
(x0, y0) ∈ D1 × D2, calculate

λ0 :=
A

(
x0, y0

)

B
(
x0, y0

)

and set k = 1.
Step k (cycle step for k ≥ 1)Find a point (xk, yk) ∈ D1 × D2 such that

A
(
xk, yk

) − λk−1B
(
xk, yk

) = min
D1×D2

(
A − λk−1B

)
,

calculate

λk = A
(
xk, yk

)

B
(
xk, yk

)

and perform Step k + 1.

Remark 3.1: It is known that, under certain assumptions on the objective func-
tion, both sequences (xk) and (yk) generated by the Dinkelbach algorithm are
convergent to x∗ and y∗, and the point (x∗, y∗) is a global minimizer of A/B on
D1 × D2 (see Dinkelbach [12]).

We are going to give now our modified version of the Dinkelbach algorithm
for computing partial minimizers of fractional optimization problems.

Algorithm 3.2 (Componentwise Dinkelbach algorithm): Step 0 (initialization)
Take any point (x0, y0) ∈ D1 × D2, calculate

λ0 :=
A

(
x0, y0

)

B
(
x0, y0

)

and set k = 1.
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Step k (cycle step) Find a point xk ∈ D1 such that

min
x∈D1

[
A(·, yk−1) − λk−1B(·, yk−1)

] = A(xk, yk−1) − λk−1B(xk, yk−1), (5)

then find yk ∈ D2 such that

min
y∈D2

[A(xk, ·) − λk−1B(xk, ·)] = A(xk, yk) − λk−1B(xk, yk), (6)

next calculate

λk := A(xk, yk)
B(xk, yk)

(7)

and perform Step k + 1.

Remark 3.2: Our componentwise algorithm (Algorithm 3.1) for computing
partial minimizers of fractional optimization problems combines ideas of the
original Dinkelbach method Algorithm 3.1 and the so-called alternating direc-
tion method (see, e.g. Boţ and Csetnek [21], Boţ et al. [22], Boyd et al. [23],
Geissler et al. [24], Goldstein et al. [25], Kleinert and Schmidt [26]). However, one
has to notice that compared to the alternating directionmethod, in our approach
the objective functionA − λk−1B keeps on changing at every iteration due to the
sequence (λk).

In the particular case when partial minimizers coincide with global minimiz-
ers (see Section 2), the componentwise algorithm will give an alternative to the
original Dinkelbach procedure Algorithm 3.1 for computing global minimizers.

In view of Proposition 2.2, for the case when the functions A and B have sepa-
rate variables, our componentwise algorithm requires at each step k to separately
solve the minimization problems

A1 (.) − λk−1B1 (.) → min
D1

for obtaining xk

A2 (.) − λk−1B2 (.) → min
D2

for obtaining yk

instead of the global minimization problem

A − λk−1B → min
D1×D2

for obtaining
(
xk, yk

)

required by the original Dinkelbach algorithm.

Remark 3.3: We prescribe the implementation of Algorithm 3.2 along with
other well-known fractional programming techniques. Notably, Boţ and Cset-
nek [21] introducedmodifications of theDinkelbach algorithm for certain classes
of fractional programming problems. Instead of completely solving the scalar-
ized problems in each iteration, these modifications take only one iterative step
of a numerical method. This approach has been further developed in [22]. Fur-
thermore, Algorithm 3.2 could also be adapted following the approach presented
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in the paper Orzan and Precup [15]. This adaptation would involve replacing
the exact solutions of the minimization problems at each iterative step with
approximate solutions, introducing a predefined error tolerance in the process.

Remark 3.4: It is worth noticing that the most problematic step when applying
the algorithm is solving the minimization problems given by (5) and (6). Cer-
tainly, from an efficiency perspective, these problems should be easier to solve
than the original fractional problem. In many cases this can be guaranteed if we
consider the following frameworks:

• Convex-Concave Fractional Programs: Assume that D1, D2 are convex sets,
A is nonnegative and convex with respect to (w.r.t.) each variable and B is con-
cave w.r.t. each variable. Then the minimization problems at hand turn into
classical convex problems.

• Convex-Convex Fractional Programs: Consider that D1, D2 are convex sets,
A is nonnegative and convex w.r.t. each variable and B is also convex w.r.t.
each variable. Then the objective functions involved in theminimization prob-
lems mentioned above are differences of convex functions. Such problems are
known in the literature as DC optimization problems and can be solved by
using specific techniques (see, e.g. Hiriart-Urruty [27], Le Thi and Pham [28,
29], de Oliveira [30], Singer [31, Chapter 8], Toland [32]).

Our last Remark provides some conditions under which the structure of the
minimization problems involved in the algorithm is more simple to deal with.
The following Proposition states existence results for the solutions of prob-
lems (5) and (6). Some other conditions of generalized convexity type (see, e.g.
Breckner and Kassay [33]) might also be considered.

Proposition 3.1: The minimization problems given by (5) and (6) have solutions
if any of the following conditions is fulfilled:

(a) D1, D2 are compact sets, A is is lower semicontinuous (l.s.c.) in each variable
and B is continuous in each variable.

(b) D1 = X and D2 = Y are finite-dimensional normed spaces, A is l.s.c. in each
variable, coercive in x (i.e. lim|x|X→∞ A(x, y) = ∞ for every y ∈ Y), coercive
in y (i.e. lim|y|Y→∞ A(x, y) = ∞ for every x ∈ X) and B is continuous in each
variable.

(c) D1 = X, D2 = Y are reflexive Banach spaces, A is both l.s.c. and convex in
each variable, coercive in x, coercive in y and nonnegative, whereas B is both
upper semicontinuous and concave in each variable.
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Proof: For (a) the result follows by the classical Weierstrass theorem. (b) follows
easily by our assumptions, taking into account the compactness of the unit ball
and the Weierstrass theorem. (c) follows by Zălinescu [34, Theorem 2.5.1]. �

4. Convergence of the componentwise Dinkelbach algorithm

In this section, we present the results concerning the convergence of the
sequences (λk), (xk), (yk) given by our Algorithm 3.1.

Theorem 4.1: The sequence (λk) given by Algorithm 3.2 is nonincreasing and
convergent to a real number λ∗.

Proof: Let k ≥ 1. The inequality λk ≤ λk−1 is equivalent to
A(xk, yk)
B(xk, yk)

≤ λk−1

and since B is positive, to the inequality

A(xk, yk) − λk−1B(xk, yk) ≤ 0

that we have to prove. Using the definition of the point yk, we have

A(xk, yk) − λk−1B(xk, yk) ≤ A(xk, yk−1) − λk−1B(xk, yk−1).

By doing the same thing for xk we obtain

A(xk, yk−1) − λk−1B(xk, yk−1) ≤ A(xk−1, yk−1) − λk−1B(xk−1, yk−1) = 0.

These two inequalities imply the desired result. Thus (λk) is nonincreasing and
since it is also bounded from below, it converges to some λ∗. �

Theorem 4.2: Assume that D1,D2 are closed subsets of the normed spaces X and
Y, respectively, the operators A and B are continuous, and

xk → x∗, yk → y∗. (8)

Then the following assertions hold true:

(a) One has

λ∗ = A(x∗, y∗)
B(x∗, y∗)

.

(b) Denoting

mk,1 := A(xk, yk−1) − λk−1B(xk, yk−1),

mk,2 := A(xk, yk) − λk−1B(xk, yk),

one has

lim
k→∞

mk,1 = lim
k→∞

mk,2 = 0.
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(c) (x∗, y∗) is a partial minimizer on D1 × D2 of A(x, y)/B(x, y).

Proof: Conclusions (a) and (b) follow from (7). To prove (c) we start from

mk,1 ≤ A(x, yk−1) − λk−1B(x, yk−1)

for every x ∈ D1. By letting k go to infinity, we obtain that

0 ≤ A(x, y∗) − λ∗B(x, y∗)

which is equivalent to λ∗ ≤ A(x,y∗)
B(x,y∗) ( x ∈ D1). Similarly, for any y ∈ D2 one has

mk,2 ≤ A(xk, y) − λk−1B(xk, y),

whence since mk,2 → 0 we get

0 ≤ A(x∗, y) − λ∗B(x∗, y),

that is λ∗ ≤ A(x∗,y)
B(x∗,y) (y ∈ D2). Hence we conclude that (x∗, y∗) is a partial

minimizer. �

In our way to ensure that condition (8) takes place, we first proceed to guar-
antee the boundedness of one of the sequences (xk) and (yk). To this aim, we are
going to assume thatD1 = X,D2 = Y are entire normed spaces and the following
hypothesis holds true:

(H1) The functionalA(x, y) is coercive in x uniformly w.r.t. y, i.e. for anyM>0,
there is lM > 0 such that A(x, y) ≥ M for |x|X ≥ lM and all y ∈ Y .

Remark 4.1: One can easily prove that if functional A is coercive in x uniformly
w.r.t. y, then it is also coercive in x (as defined by (b) in Proposition 3.1). The
converse, however, is not generally true (take A(x, y) = x2 − y2 and consider the
points from the first bisector to reach the contradiction).

Proposition 4.3: Under assumption (H1), the sequence (xk) is bounded.

Proof: Since (λk) and the operator B are bounded, there existsM>0 such that

A(xk, yk) ≤ M for all k. (9)

Consequently, if we suppose that the sequence (xk) is unbounded, then by the
coercivity condition (H1), we can find some unbounded subsequence (xkp) of
(xk) and arrive to a contradiction with (9). �

In the following part of the section we proceed with the essential step of
ensuring the convergence of the sequences (xk), (yk), which will conclude the
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convergence of our Algorithm 3.2. In order to achieve this, we consider that X
and Y are Hilbert spaces, D1 = X, D2 = Y and A, B are C1 functionals with
their partial (Fréchet) derivatives (see, e.g. Precup [35]) satisfying some Lipschitz
continuity or monotonicity conditions related to their derivatives.

We denote by A′
x,A′

y,B′
x and B′

y the partial Fréchet derivatives of A and B, and
we assume that

(H2) The derivatives B′
x and B′

y are bounded on X × Y .

Now we define the operators

N11(x, y) := c1x − A′
x(x, y), N12(x, y) := c1y − A′

y(x, y),

N21(x, y) := c2x − B′
x(x, y), N22(x, y) := c2y − B′

y(x, y),

where

c1 ≥ max{1, λ0} + λ0c2 and c2 > 0. (10)

Furthermore we also assume that

(H3) There exist some positive constants aij, bij ∈ R, i, j ∈ {1, 2}, such that
∣∣N11(x, y) − N11(x̄, ȳ)

∣∣
X ≤ a11|x − x̄|X + a12|y − ȳ|Y ,

∣∣N12(x, y) − N12(x̄, ȳ)
∣∣
Y ≤ a21|x − x̄|X + a22|y − ȳ|Y ,

∣∣N21(x, y) − N21(x̄, ȳ)
∣∣
X ≤ b11|x − x̄|X + b12|y − ȳ|Y ,

∣∣N22(x, y) − N22(x̄, ȳ)
∣∣
Y ≤ b21|x − x̄|X + b22|y − ȳ|Y

for all x, x̄ ∈ X and y, ȳ ∈ Y .

We denote

c11 := a11 + b11, c12 := a12 + b12, c21 := a21 + b21, c22 := a22 + b22,

a := c12c21
(1 − c11)(1 − c22)

and we assume that

(H4) c11 < 1, c22 < 1 and a<1.

We now present a sufficient condition for the convergence of the sequences
(xk) and (yk), reminiscent of Banach’s fixed point theorem.

Theorem 4.4: Under the assumptions (H1)–(H4), the sequences (xk) and (yk) are
convergent.
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Proof: By the definition of xk and Fermat’s theorem we have that

A′
x(xk, yk−1) − λk−1B′

x(xk, yk−1) = 0

hence

A′
x(xk, yk−1) − λ∗B′

x(xk, yk−1) + αk = 0 (11)

where αk = (λ∗ − λk−1)B′
x(xk, yk−1). In a similar manner we obtain for yk that

A′
y(xk, yk) − λ∗B′

y(xk, yk) + βk = 0 (12)

where βk = (λ∗ − λk−1)B′
y(xk, yk). We note that in virtue of (H2), the sequences

(αk) and (βk) are convergent to zero. From relation (11) we obtain that

c1xk − N11(xk, yk−1) − λ∗c2xk + λ∗N21(xk, yk−1) + αk = 0

which is equivalent to

(c1 − λ∗c2)xk = N11(xk, yk−1) − λ∗N21(xk, yk−1) − αk. (13)

Taking k+ p in the role of k in formula (13) we infer that

(c1 − λ∗c2)xk+p = N11(xk+p, yk+p−1) − λ∗N21(xk+p, yk+p−1) − αk+p. (14)

From the hypothesis (H3) and by combining relations (13) and (14), we have that

|c1 − λ∗c2|
∣∣xk+p − xk

∣∣
X ≤ a11|xk+p − xk|X + a12|yk+p−1 − yk−1|Y

+ λ∗b11|xk+p − xk|X + λ∗b12|yk+p−1 − yk−1|Y
+ |αk+p − αk|X .

Since c1 > λ0c2, λ0 ≥ λ∗ and c2 > 0, one has c1 > λ∗c2 and so

|xk+p − xk|X ≤ a11
c1 − λ∗c2

|xk+p − xk|X + a12
c1 − λ∗c2

|yk+p−1 − yk−1|Y

+ λ∗b11
c1 − λ∗c2

|xk+p − xk|X + λ∗b12
c1 − λ∗c2

|yk+p−1 − yk−1|Y

+ 1
c1 − λ∗c2

|αk+p − αk|X .

Taking into account the assumptions imposed on c1 and c2 in (10), we obtain
that c1 ≥ max{1, λ0} + λ0c2 ≥ (1 + c2)λ0, which leads to λ∗

c1−λ∗c2 ≤ λ0
c1−λ0c2 ,

and consequently we infer that λ∗
c1−λ∗c2 ≤ 1. In addition, since c1 ≥ 1 + λ0c2 ≥
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1 + λ∗c2, it follows that 1
c1−λ∗c2 ≤ 1. Hence

|xk+p − xk|X ≤ (a11 + b11)|xk+p − xk|X + (a12 + b12)|yk+p−1 − yk−1|Y
+ |αk+p − αk|X . (15)

By making use of relation (12), it can be deduced in a similar manner that

|c1 − λ∗c2|
∣∣yk+p − yk

∣∣
Y ≤ a21|xk+p − xk|X + a22|yk+p − yk|Y

+ λ∗b21|xk+p − xk|X + λ∗b22|yk+p − yk|Y
+ |βk+p − βk|Y ,

and based on (10), we obtain that
∣∣yk+p − yk

∣∣
Y ≤ (a21 + b21)|xk+p − xk|X + (a22 + b22)|yk+p − yk|Y

+ |βk+p − βk|Y . (16)

Consequently, relations (15) and (16) become

(1 − c11)
∣∣xk+p − xk

∣∣
X ≤ c12|yk+p−1 − yk−1|Y + |αk+p − αk|X ,

(1 − c22)
∣∣yk+p − yk

∣∣
Y ≤ c21|xk+p − xk|X + |βk+p − βk|Y .

Hence, due to (H4), we arrive to
∣∣xk+p − xk

∣∣
X ≤ c12

1 − c11
|yk+p−1 − yk−1|Y + 1

1 − c11
|αk+p − αk|X (17)

and
∣∣yk+p − yk

∣∣
Y ≤ c21

1 − c22
|xk+p − xk|X + 1

1 − c22
|βk+p − βk|Y . (18)

Using relation (18) with k−1 in the role of k, we obtain that

∣∣yk+p−1 − yk−1
∣
∣
Y ≤ c21

1 − c22
|xk+p−1 − xk−1|X + 1

1 − c22
|βk+p−1 − βk−1|Y .

(19)
By combining relations (17) and (19) we are led to
∣∣xk+p − xk

∣∣
X ≤ c12c21

(1 − c11)(1 − c22)
|xk+p−1 − xk−1|X

+ c12
(1 − c11)(1 − c22)

|βk+p−1 − βk−1|Y + 1
1 − c11

|αk+p − αk|X .

Consequently, denoting

γk,p := |xk+p − xk|X ,

bk,p := c12
(1 − c11)(1 − c22)

|βk+p−1 − βk−1|Y + 1
1 − c11

|αk+p − αk|X ,



OPTIMIZATION 3335

one can rewrite the last inequality as

γk,p ≤ aγk−1,p + bk,p.

Bymaking use of [36, Lemma 3.2] and assumption (H4), we obtain that γk,p → 0
as k → ∞ uniformly in p, hence (xk) is a Cauchy sequence, therefore convergent.
Taking into account relation (18), we obtain that (yk) is also convergent and the
conclusion follows. �

Remark 4.2: Taking into account Theorem 4.2, under the assumptions of
Theorem 4.4, if x∗ and y∗ are the limits of the sequences (xk) and (yk) given by
the componentwise Dinkelbach algorithm, then (x∗, y∗) is a partial minimizer
for A(x, y)/B(x, y).

We are now going to put our results to the test by providing a simple example.

Example 4.5: Let X = Y = R, θ1, θ2 > 0 and A,B : R
2 → R given by

A(x, y) = (x + 1)2 + y2 − 1 and B(x, y) = 1 + θ1
x2

1 + x2
+ θ2

y2

1 + y2
.

One can easily check that A and B satisfy condition (b) from Proposition 3.1,
hence the existence of the sequences (xk) and (yk) is ensured. We start with λ0 =
A(0,0)
B(0,0) = 0. Assumptions (H1), (H2) can be verified real quick. After some simple
computations, we have that

N11(x, y) = (c1 − 2)x − 2, N12(x, y) = (c1 − 2)y,

N21(x, y) = c2x − θ1
2x

(1 + x2)2
, N22(x, y) = c2y − θ2

2y
(1 + y2)2

,

where the constants c1, c2 must satisfy c1 ≥ 1 and c2 > 0. Thus we have
∣∣N11(x, y) − N11(x̄, ȳ)

∣∣ ≤ |c1 − 2||x − x̄|,
∣∣N12(x, y) − N12(x̄, ȳ)

∣∣ ≤ |c1 − 2||y − ȳ|,
∣∣N21(x, y) − N21(x̄, ȳ)

∣∣ ≤ (c2 + 2θ1)|x − x̄|,
∣∣N22(x, y) − N22(x̄, ȳ)

∣∣ ≤ (c2 + 2θ2)|y − ȳ|
for all x, x̄, y, ȳ ∈ R, hence assumption (H3) is also valid. Consequently we have
that

c11 = |c1 − 2| + c2 + 2θ1, c12 = 0, c21 = 0,

c22 = |c1 − 2| + c2 + 2θ2, a = 0.

If we choose c1 = 2, c2 = θ1 = θ2 = 1
4 , then (H4) is also satisfied and according

toRemark 4.2 there exists (x∗, y∗)which is a partialminimizer forA(x, y)/B(x, y).
Notice that the functions A and Bmentioned above have separate variables and,
as a consequence, we obtain, via Proposition 2.2, that the point (x∗, y∗) is also a
global minimizer.
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