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GENERALIZAREA UNEI FORMULE DE CVADRATURA
A LUI N. OBRESCHKOFF LA INTEGRALE DUBLE %)

DE

D. V. IONESCU
(Cluj)

Vom numi formule de cubaturd de tip N. Obreschkoff cu gradul de
exactitate 3 formulele de forma

@) SS fdzdy = aynf(@y, Y1) + @y f(21, Ya) + W f(@a, Y1) + G0 f(@2, ¥2) +

i,
+ by —— f (@1, Y1) + b12 o (fru Ya) + by —— o (095 ¥y) + bzz““‘f (22 Y2) +
Ow o ox

, 0 , 0 , 0 , 0
-+ bu—f (@1, ¥1) + blZ"ég'(wD Ya) -+ by _0;/f_ (@25 Y1) + by —{7 (@2 Yo) +

oy

2 02 2

0 0 0
+ ¢y xf (@1 Y1) + €12 J;(wv Ya) + €z (%vf (35 Y1) + 0228 I (@95 Y2) +

, 0% , 02 0
-+ e ——f (45 Y1) + C12 (“'17 Ya) + €y ¢l (%35 91) +
dxdy dxo dxoy

2

ad
+ cgz——% (3, 92) +

oaxo
0 ,, 0% ,, 0% 02
el (#1, Y1) + c12 f(wn Ya) + Coy —— / (@) Y1) + €32 —— f (9, ¥2) + R

+ cll
" oy2 oy? ay? oy

1) Lucrare prezentatii la Sesiunea stiintificd a Filialei din Cluj a Academiei R.P.R., din
1112 decembrie 1964.

8T, CERC. MAT., TOM 17 Nr, 6, p. 831—841, BUCURESTI, 1965,
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unde D este dreptunghiul cu virfurile de coordonate (@ ¥), i, k = 1,2
jar constantele @, by biy Cins e, C se aleg astfel ca restul R si fie
nul cind f este un polinom oarecare de variabilele « si ¥ de gradul al treilea,
dar si fie diferit de zero, cel putin pentru un polinom de gradul al
patrulea.

fntr-o lucrare precedentd [1], am stabilit formule de tipul 1, cu doud
noduri, virfurile opuse (&, ), (@ Yo) DM€ dreptunghiului D §i am deter-
minat restul acestor formule sub formi de integrald dubld, presupunind cé
functia f este continud pe dreptunghiul D,

(@) D:ay <4< oy <Y<V
impreund cu derivatele ei partiale in raport cu « si ¥, de ordinele
1, 2, 3, 4.

{0 aceastd lucrare vom pune in evidentd anumite formule de tipul 1,
cu trei noduri (£, Ys)y (25 Y1) (g Y2) $1 VO pune restul lor tot sub formé
de integrald dubli, f4cind asupra functiei f aceleasi ipoteze.

§ 1. PRELIMINARIL

1. Vom ajunge la formule de forma (1), procedind ca in luerarea [1].
Se considerd sistemul de ecuatii cu derivate partiale
0 91 0% s 0* 93

= Uy = == Gy,

0x30y 0x20y® 2 dxoy®

(3)
in care a, §i oy sint doi parametri, gi-1 vom integra cu condifiile la limit :

i@,_*._?_?_l_zo pentru X = Sl & = Ty

owx dy
2 2 2
(4) _‘?JEO..F#@_JP_L_{,.Q_‘EE_:O pentrum:a;lgia;:mz
0x? oxdy 0y? '
3 3 3 3
0%  _0°¢1 _Q.(_PE*_;._O...?Q:O pentru @ = @; §i & = Ty
da® 020y 0x0y? dy®
sl
005 +-9-‘P—4—: 0 pentru ¥ =¥ 81 Y = Y2
ox 0y
2 2 2
(5) 0%y %5 00 _ o pentray =19 51y =10

0 x> 0xdy oy>

03¢, 0%, 0% g 0%, ;
#_—+-fﬂ—a+———-—+—-=0pentru y=v Y=y
s 0220y o x0y? oy3 ' ’
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A
unde
9o (@, Y) = —(x — x)® (2 — @)
(6)
1
oy (@, Y) = o (y —u)® (¥ — Ys)
24
gau
0o (@, Y) = — (x — @y)? (@ — x,)?
(7)

1
o4 (@, y) = o (y — y1)* (Y — ¥2)*

. Qovnstantele w, §i oy se aleg astfel ca rezolvarea acestei probleme
1a limits s% fie posibild. '

Dacd o, ¥)y 0s(2, ), 0s(@; Y) este o solutie a sistemului (3) cu
conditiile (4), (5) §i (6) sau cu conditiile (4), (5) si (7), se obtine foi"n)mla,
de cubaturi i '
© (] ey = — o 00 o v~ it vl ) -

A2 (wg, Ya)f gy W) — Ay Y1) floy, 31) +

d
A (5, 92) a—f (23, 43) + AL (3 92) 2L (@0 92) —
0% 0y
0
— A} (23 9) —éi (@3, ) — A1 (@ 42) L (2 90) —
x 0y
0
— A} (@, 1) ;}(w v — A1 (@9, 1) - (s 4) +
@ Jy

0
+ A (@ ) gf— (@0 92) + AD (2, 92) ?;— (@ %) —

&

0% 0%
40
Af (95 Y5) Py (®a; y5) — AT (@ Ya) _8—.’19 a“y“

(wzv .7/2) -
o2f H2
— A3 (%35 ¥2) ‘agz‘ (@95 Y2) + Af (24 Ys) 670]; (1, Y2) +

0% : 0%
dady (24, ¥s) + A3 (24, Y2) oy

+.A2 (@15 ¥2) (@1, Y2) +
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-+ A (2, y1) f (mza Y1) + AT (@ yl) f ( 2 Y1)

02 02
A8 (2, y8) DL (wyy50) — A8 (21, 1) —-——f (@, 1) —
oy? 0 x?

2

— A8 (ay, 90) L f S, ) — Al %)—‘—3—;-2(% y) + R,

unde restul R este dat de formula

(9) R = Po 07 + % i) + ¢ o + @3~ el +
¥} oxt

dxioy dx?oy? dxdy®
4
+ @4 0% )dm dy
oy*

iar

(10) Az, ¥) = oum, ¥), ANz, y) = @ul@, ), AL(x,y) = @3(2y Y)

9 0 0 ]
(11) Alz, y) =% %9, ANz, y) = P2 Ps
ow Oy aw Oy
2 2 2
(12) Ag(m,y)za o %0y | 0%

da®  OJwly oy*

Deoarece in lucrarea [1] am dat metoda de integrare a sistemului (3)
cu conditiile (4), (5) i (6) sau (4), (5) si (7), in aceastd lucrare dim numai
rezultatele obtinute.

fntr-o lucrare ulterioars, vom relua formulele de tip Obreschkoff,
cu gradul de exactitate 4.

§ 2. PRIMA FORMULA DE TIP OBRESCHKOFF

2. O solutie a sistemului de ecuatii cu derivate partiale (3) cu
conditiile la limitd (4), () si (6) este

o7y y) = °‘6 (@ — @)%y — y) “E Wy — 1) (& — @)% —

1+ 4oy

o (@ — @) (@ — @) (v — m),

1+ 2(ey -+ o) (

3 Yo — Y1) (@ —

Pol@, y) = . 22 (5 — w)y — ) —
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142
@18) — e —w) — T )@ —a) -+
1 4 1 4 .
P gy — o — g + T (= a0

o5( 7, y) = %— (2 — @) (y — yp)° —1—";— (@ — @) (Y — )® —

1 4
L, e — @) 0 — ),
24
parametril o; §i o, fiind astfel incit
(14) ‘ 1420 + ay=0.

Aplicind formula (8) §i exprimind parametrul «, cu ajutorul lui o
din relatia (14), sintem condum la formula de cubaturd :

o 02
SS fdzdy = L _242 L (2 — 2)(Y2 — Y1) [(wz — x)? “0"”1‘2‘ (@35 ¥2) +
+ (Ys — 91)2 Loy Yo ] — @) (Y2 — Y1) [(wz -
52
— e I () + 0 — w0 2 (@ J2>] A (o, — g, -

2

—?/1)2[ 8f (@, ?/2)‘|‘—_J‘c‘( 2 Y1) — 2

Loy Ys)| —
dwdy dady (@ Jz)]

)
45) 0 s — w5 (a we) gl (o )|
— Ly — @) (g — w2 [af (s ¥2) + i ( y2>]
8 oy
+ % (@ — @) (Vs — 1) (2o, ¥3) + f(@ny ¥) + Flany )] + B,

1nde restul R este dat de formula (9), cu functiile (6) si (13). Formula (15)
este de forma

A+ o B=20

§i ea trebuind si fie valabild oricare ar fi parametrul o, conduce la for-
amulele

(16) A= 0,
(17) B =0.
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Formula (16) este formula de cubaturd :

SSDfdmd?/ = *41:(«’”2 — ;) (Y2 — Y1) [2f(@y, ¥5) + flay, yz) + f(y, 1)1 —

18)  — L(a, — @) (s — va) [—Qf—wz, va) + T () ]-—
8 ox Jx

of

0
dy (@) ¥2) + -(?;yf‘ (@, ?/2)] +

——%(9&2 — ) (Y5 — ?/1)2[

1 92
-+ ”54‘(432 — Z3) (Yo — Y1) [(x2 — y)? 5;](; (g Yy) + (y5 —
02 1 82
- %)2@{ (2, :z/2>] e (@ — B (g — ) [6—00-% () ¥3) +
o o2f
i — 9
-+ dwiy (3, ¥1) dwdy (@, ¥2)] + R
in care , .
a4 o4 a4f o%f 04f
R = bl A ZJlazd
SSD(%M* + o Sty + @2 P + 93 PP + @40,@/4) xdy
(19)
cu
(@, 9) = (& — @)% — )
Qol®, Y ) = o1 1 2y
(@ 9) = — - (5 — ) (@ —
P\, Y) = o1 2 )7 \® ) (Y — Y1)y
1 ‘ 1
(20)  gp(z,y) = — " (@ — @)Xy — yq)? +—8- (Y2 — y1) (@ — @)%y — y1p
1 1 '
+ '8_('”2 — @) (@ — &)y — y)? + — (Y, — )2 (v — 2,)% +
48
b (g — ) (y — )
i 48 2 1 1/
L ,
e3(2y Y) = — —— (Yo — ¥1)* (& — @) (¥ — %),

24

1
04(@, y) = Z{ (¥ — y)%y — ¥2)-
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3. Formula (17) este

2

(@—at1) (Ya—10) | (25 — 202 2T (s ) + (wa— 1)* 2L (a3, 92) | —
dx? oy?

1

12
(21)

1 92

_’_15(9)2 — @) (Y2 — Y1) [(wz — 2)? a—wj;“(wzy Yo) + (Yo —

02 1 02
- ?/1)25?/2 (g, ?/2)] — (@ — #)? (Y — Y1)* [5% (@35 Ys) +

ozf a%f
— (x -2 (x =R
+ dady (295 Y1) dady (25, .”/2)] 1

unde

* 84f * a4f 3 04f )
(22) ! SSD(% dawddy i o x20y? s dxdy3 Y

in care

9 (2,9) = % (@ — @) (g — 1) ——l}éwz ) (@ — z)® —

— o= @) (o — ) (g — 1),
. 1 1
(23) oy (@, y) = — 5‘ (#—z)® (y — y1)? + Z(yz—%) (v — @)Xy — y1) +

+ -;i—(wz ) (@ — @) (1 — ) +1i2(y2 ) (& — )

1
+ = (@ — @) (¥ — ¥1)?
12(2 12 (y ¥1)%

Ly — )ty — ) —

?3 (2, ¥) =~2— ( — @) (y — yp)% — P

1
s (Y2 — ¥V (2 — 1) (y — ¥1)-
Formula (21) este deosebit de interesantd §i va fi studiatd aminuntit

intr-o lucrare ulterioari.
4. Se pot obtine diferite formule de cubaturid, ficind combinatii

liniare intre formulele (18) gi (21).
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De exemplu, dacd intre formulele (18) si (21) se elimind termenul

. 62f 82
(22— a)* 2Ly, ) 4 -—y1>25y—{<w2, ”s)

e obtine formula de cubaturs

, 1
SS fAody = = (23 — @) (Ys — 1) [2f (w3, Y2) + F(@ 92) + flarg, 10)] —

1
{24 —— — of 9
(24) - (@ — @) — yy) [5%, v + L (a, @,1)]_
1 _ of 9
© (@ — @) (s — g2 [;y— (20 92) + ;;yf— (@1 @,2)] +
1
+ o (22 — @) (y, — ?/1)[(5”2 — @;)? 5{{2‘ (@9 Y1) +
o2 1 92
e 2
+ (¥ Y1) oy (4, ?/2)]“4?8‘ (g — )% (y5 — ¥1)? [8.700 (%1, Y2) +
0% *f
+ . — —
Hady (%9y Y1) zamﬁy (g, ?/2)] + R
4n care
25) R= SS ( 00 4 ¢ 0F il oF
D ¥o gt Tt 030y T e 0x2oy? T e 0wdy3
o4
__},_
P4 6@/4) do dy,
unde
1 3
@0€m7 Y) 22_4: (2 — )3 (v — X)),
ol ) = — = (0 — @) (y — ) + L s
r 1 1 o4 Yy — y1)(@ — @)% +
1 2
+ 2—4 (y — @)% (0 — @) (y — Y1)y
(26) a3, 1) = — S (yy — g (@ — @) — L (@, — ay)? :
48 2 1 1 ag )2 (¥ — ¥1)%

SR

.

r\\ y_,‘
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1

24(w2 — ) (y —y)® +

@3(50,?/)-———%2(90—‘931)(9—?/1)34-
+ A — )t (0 — @) (v — )
243/2 Y1 1) Y Y1),

1 .
2@ Y) = (¥ — 1)* (¥ — ¥2)-
Formula (24) se poate deduce din formula (15), in care se exprimé

parametrul o; cu ajutorul parametrului «, din relatia (14) si apoi se face
oy = 0.

§ 3 A DOUA FORMULA DE TIP OBRESCHKOFF

5. O solutie a sistemului de ecuatii cu derivate partiale (3) cu
conditiile (4), (5) si (7) este

0@y ) =—i2— [2( — #)* (¥ — 41) — 2 (@ — @)@ — @)y —

— ) — (Yo — Y1) (x — 2)%]

@) e, ) =2Ha — 0 — 1) - °—‘——}~ (Y — ) (@ — @)? (y —

1
(Y2 —

2 —_—
- %3‘— (2 — @) (0 — &) (y — 32)* + =22

20, — 1

2, — X2 (y — Yy)?
o1 (@, 02 (Y Y1)

- ?/1)2 (@ — x1)2 +
5@, Y) = {—‘2— 202 — @) (¥ — y2)® — 20y — 91)® (@ — @) (¥ —

— ) — (@ — @) (¥ — ¥1)°]

parametrii o, §i o, fiind legati tot prin relatia (14).
Tinind seama de relatia (14) si aplicind formula (8), vom avea
formula de cubaturd

SS fdedy = %(wz — 1) (s — ) [F(, ¥a) + [ (@ 9] +
(o= = [2 (o) (w0 =
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0 1 6
—3 5]; (@2, ?/1)] + ﬁ(wz — %) (Ys — ?/1)2[2 Eyf (@, ¥5) —

) 0 «
3 % (215 95) +5§ (9] + 23 (0 — @) (e~ )| o =

12
02 0? d
@) = wPTL oy + 0~ 0P e v)| = o
. 82 82
— ) s = 0 [ (0 — T ) s — S ()]

1
v 1@ — ey — ) [<2 oy — 1) =2 () + (2o —
dxdy

24

02 02
—1) am];y (@ ¥2) — 4 (1 + @) axafy (s, y2>]+ R,

unde restul este dat de formula (9), cu functii la limitd (7) §i (27). Formula
(28) este de forma

A" 4 oy B' =0
§i ea trebuind si fie valabild oricare ar fi parametrul «;, vom avea
(29) A =0,
(30) B = 0.

Formula (29) este formula de cubaturd

o1 ({7 deay = S U v +F @ mi +

1 0 a
+ E(wz — )Y, — Y1) [2 0—£ (295 Yo) + Evf— (21, Y2) —

0
— 3 Bf; (x4, ?/1)} + il-z“(m‘z — @) (Y2 — y1)2[2 ‘g‘;f;"(wza Ya) —

of 0 1
- 3—67 (24, ¥2) + ”é{!—‘(wzy Y1) ]—“1_2 (g — @) (yg —

% o 0%
x -+ @ + 4
a0y (2, Y1) dady (1, ¥2) iy

— g [ (5 yz>] R

in care

o o' 0%
32 R =
(32) (S, (20 5k + gy T ) ey
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€l

oy ) = (@ — @)? (@ — )

24
1 1
@o %) y) = — '2‘1(50 — @)%y — y)? + Z (Yo — 1) (@ — )2 (Y — Y1) +
(33) ) (@) () — )t — (e — ) (2 — @)% —
4 24
1

— = (g — @)% (y — ¥)?
24
— 1 2 2
eal@, y) = — (¥ — ¥)* (¥ — ¥2)*
24
Formula (30) este identicd cu formula (21).
Primitd la redactie la 28 ianuarje 1965
Institutul de calcul
al Academiei R.P.R. — Filiala Clyj
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