ASUPRA REPREZENTXRIT ECUATIILOR CU PATRU
VARIABILE PRIN NOMOGRAME COMPUSE
CU PUNCTE ALINIATE (IT)

DE

MARIA MIHOCG
(Cluj)

in lucrare se studiaza conditiile in care ecuatia cu patru variabile (1) se poate
~ 1eprezenta printr-o nemograma compusd din doud nomograme cu puncte aliniate
cu o scard comund avind trei scari regulate si una proiectivd rectilinii.

intr-o lucrare anterioard [2] s-a studiat reprezentarea ecuatiilor
cu patru variabile cu ajutorul nomogramelor compuse formate din doud
nomograme cu puncte aliniate cu scdri rectilinii regulate avind o scard
comun. )

In aceastd lucrare vom cerceta reprezentarea unor astfel de ecuatii
de formd completd cu ajutorul nomogramelor cu puncte aliniate cu scéri
rectilinii regulate si proiective, avind o scard ccmund.

Fie ecuatia cu patru variabile de forma:

Ay wyzu + A, wyz + A, ayu + Ay xzw + Ay yau +
(1) + Byay + Byaxz + B, vu + Byyz + Byyu + Byzu +
+ g + Oy + Cy2 + Cyu + Dy = 0.

Se cautd conditiile in care ecuatia (1) se poate reprezenta cu ajutorul
unei nomograme cu puncte aliniate cu trei sciri regulate si una proiectiva.

Dacs se aplicd ecuatiilor Soreau corespunzitoare acestel nomograme
o transformare afind, obtinem :

. 0 1 pw -+ € -0 1]
@) 0 wrta 1|—0; hz + 1 vz + k 1 _ o,
ey +d fy+g 1 v -+ m pu 7 1

f1zu+l ny -+ 1
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unde @, ¢, d, f, g, b, %, k, I, my n, p, v, p, v sint parametrii sciriloy

nemogramei. .
Pentru simplificarea calculelor se poate considera p = v = 1.
Dacd se dezvoltd determinantii din membrul sting al ecuatiilor (2)

§i se elimind necunoscuta w, se obtine ecuatia '
enayzu + cwye + ¢ (kn — p) ayu + [dn — (I — hp)] v2u +
+ Laon + F (L — hp)Jyeu + ¢ (k — 7) @y + [d — (m — hr)Jae -

+ [d(kn — p) — (kl — ip)] au + [ac + f (m — hr)]ye +
(3) A Lac (kn — p) + £ (K — ip)Jyu + [adn — (@ — g) (I — hp)]eu +

+ [d(k —7) — (km — ir)]e + [ac (k — ») + f(km — ir)ly +

+ [ad — (@ — g) (m — hr)]e+[ad (kn — p) — (a — g) (Kl — ip)Jut

+ [ad (k —r) — (@ — g) (km — ir)] = 0. '

Pentru gisirea conditiilor in care o ecuatie cu patru variabile se
boate reprezenta prin nomograme de tipul mentionat mai sus si a para-
metrilor nomogramei, se identifici coeficientii ecuatiilor (1) 81(3), fapt care
ne conduce la sistemul :

en = A4

¢ = 4;;

ac + f(m — hr) = By,

ac (kn — p) + (H — ip) = B,
adn — (a — g) (I — hp) = B,
d(k —7) — (km — ir) = C,,
ac(k —r) + flkm — ir) = Oy,
ad — (@ — g) (m — hr) = C,,

¢(kn — p) = 4,;

dn — (I — hp) = A,;
() aon 47— hp) = 4,5

c(k —r)= By,
ad (kn — p) — (a — g)(kl — ip)=0,,
d(kn — p) — (ki — ip) = By; ad(k — 1) — (a — g) (km — ir)= D,
Rezolvarea sistemului de conduce la urmétoarele cazuri :
1. 4,0, AyB, — A4,A; 0.

Introducem notatiile
Ay = (A4,0y — A B, — 4;3B; + A,B,)* — 4 (4B, — A, 4;)(4,0, — B,B,)
Ay = [44(24,ByB; — A,A,C; — A;A,B, — A, 4,B, + A2B)]? —

—4 A%(AOB3 — A4, (A4, — Ay By) (4,0, — B,B,).

(5)

unde h este un parametru arbitrar.
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g - A
e
11. Dacs A By — A4, 051 & >0, A, >
colutiile

“= 5(A,B; — AAy)
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0, sistemul (4) admite

A40s — 4,8, — ABy + AB VA, o — 4,

(AB; — AgB;) — (4oBy — AlA_S)a’; f A Ay — AoBs
MAAT: 003 : oBr — Ay
1 AB A

v

d =4,

—a — ;A;(_)_Oz - AlBsy
I=%7 4 B, — A4,

_AA .
':iLr+§£h+M¥ 4, 3(By — 4,0) +
A, A A, — AyB;

AyB; — A'IA?:, §0B3 ",_A;lg_%,
A4 — AgBy Ay
l :(AO r-}—ﬂAOB‘)_ﬁiﬁ) b+

B,
BTt A, a4,

Ay
AoBy = 2afs AlAS' (4, — Ao®),
A1A4 - AoBs

N o=
1

e AP Ads g 4 a) b
A1A4 - AOB3

p— A.JQ—B_,O._ﬂ##_——AlAz + :"_1,0, 7"

A A,

4,(24,BoBy—AgA 01— A, 4,By — 4,485 + A2 B+ VA,
= 243 (4,B; — 4,49

: — =0,

Ay(B, 03 — ByUs) — A (A3C3 — ByB;) + Ay(AsCy — By B;)
Ay(B,By — ByB3)— A (A,By — A4By) + Az(Ang A,By) ,
! _ g 0
Ay(B Dy — CoCs) — A (A,Dy — B;0o) + By(A0y, — ByBj) )

— = 0.
Ao(B101 — B,0y) — A,(4,C, — A,Cy) + By(A;B; AyBy)
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—  F

Aceste conditii coineid cu con
tiei (1), date de Goursat

1.2. Dacd A,B,
unde

ditiile de sepayare a variabilelor ecua-

?

Ay = AI[2B(4,0, — A,B)) + 4,(B,B, — 4,0, — BBy + 4,0, —
— AdoDy + A,0, + 4,0, — B,B,)2 — 447(4,Cy — A,B, —
— A, By 4 A By) [B3(A4,0, — A;By) — A, (A,B,0, — ByB,B, —
+ A4¢B\Dy + A,B,0, — 44,0y + A4,B,0,)],

sistemul (4) admite solutiile urméitoare :

a:_Bi%; ¢=A4,; d:Al B1B5 -—AS(]2 ,
4 A4B; — 4By — A,C, + A, B,
: AB, — A;B, — 4,0, y:2

4B, — 4,4,

(AoBy — 4,4,) (4,0, — B,By)
Ax(4yB) — 4,B;— 4,0, +A4,B;)

¢ =

4 (AoB, — 4,4,) (B0, — 4,D, — B0, + B,G,) |
{oby — 4344) (BCy — 4,D, —

B,y
10 .
(A4B, — A3By — 4,0, + 4,B,)r A1a+7w,
B
k= 7 0 )
" A,
= (A()B) - A1A3 )(A1Bs — A3B3) + (ﬂf 1+ Ao A B -—~A1A );,
A (4B, — A,B, — 4,0y + A,B,) A, PE ,
(M) m= (4oB;, — 4,4,)(4,C, — B,B,) s A
Ai( 4By — A,By — A4Cy+ 4,By) 4,
‘AOBO _A]_Ag 4‘10
=T 7
! A} 4,
— 24,By(4,0, — 4,B;)
Py = T

2A2(A002 — 4,8, — 4,8y + A.B,) )

_ AiBB,—4,0,—ByB,+ 4,0, — — 4Dy +4,0,44,0,—B,B,) ES 4
243 (4,0, —AB—AAB5+A3B3)

unde % ramine parametru arbitrar.
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Solutiile (7) au loc dac# coeficientil ecuatiei (1) verificd conditiile
AyBCy — B0y — AACy — ByBy) + Ay(4,0; — ByBg) = 0,
Ay(ByDy — 0yCy) — Ay(AyDg — BsCo) + Bo(450; — BiBs) = 0,
®) AB, — A,B, = 0,
4,0, — ByB, = 0.-
2. A =£0, A,B, — A, A, = 0, A,B, — A,B, 0.

2.1. Dacd A,B, — AB, 50 81 A, > 0,
unde

Ay = (‘A-103 - Azoﬂ + BzBa’— B4)2‘”4(A1B2"A2B1)(B303“B402)7
5 = 2

solutiile sistemului (4) sint:

4,0, — A0, + BBy — BBy & VAzx; ¢ = A,
h2= 2(A;B, — A,B,)
— A, B
(B,By — A,B,) — (4;B, — 4,B;)a f = 4,B,
@ =4, ’ A,B, — A,B,
' A,By — A,B,
4,0y — 4,0,
9= 4,B, — A,B,
— A
. (A,B, — A,B,) (4B, — 4, 4,)a + (A, B, 001)] +
e By AoBy — Ayd,) — Ay(A,B, — A,By)
A (BB, — 4,0y) ,
+

A()(BOBS - A].Cl) + AI(AI‘BIi - AZBB)

Ay(BoBy — 4,05)
B E(BeBa - A101) + A1(A1B4 - AzBa)

v

Ay 4B, — A,B

By — 4,0) +
A ABa—AB

[ =

ByAyB, — Agdy) — Ao AyBy — 4,8y
T TA(ByBs — A4,0)) + Ay(4,B, —4,B;)
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m="2E— 2R (By — Aya) +

(A B - AlAZ) (A'lol — BOB‘S)

T A4, (BoB; — 4,0,) + A(A,B, — 4,B;)]
. Ao(BoBs -A101)+ A (A B —A B)

(4oBy — 4,4,) (4,0, — ByB,)
T AA(ByBy — 4,0,) + A(4:B, — A,By)]

cu h parametru arbitrar.
Existenta solutiilor (9) este asigurati de conditiile

A1(32D0 - 0003) - Az(B1Do - 0002) -+ BO(B103 - Bzcz) = 0

’

AI(BZOI - B4Co) - A2(B101 - B:sOo) + BO(B1B4 - Bng) = 0;

(10)
AgB, — A4, = 0,
AyC, — A, B, = 0.
2.2. Dacd A,B; — A, B, = 0, solutiile sistemului (4) sint urméitoa-
rele : ‘
a = fj’:; ¢ = Ag; d — Ay(B,U, — B,05) ,
4, BzBa - B1B4 - A103 +‘A202
f—o. g— BeBa— By — 4,0y + A0,
' ’ 4By — 4,B,
_ A(ABy — 4,B))(A4,0; — B,By)
(AoBy — A1 4,)
. (A103 . AODO - Azoz - Aaol +A400+B0B5+BlB4_B2B3) _—
(4,05 — 4,0, + BB, — B,B;)*
- (4;By — A,By) (4,0, — A,By) .
(AdoBy — A1 4,)
(11) R (4,B,C3 — A1A,Dy — A,B,C; + 4,B;0y+B,B,B,—B,B,B;) +

(—A-103 - Azoz —{-—- B1B4 — B2B3)2'
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A ByCy — AAyDg— AgByCy + A:B3Co + BoBiBi— BOB?h
A A0y — A Dy— AyCa— AyCi+ AsCot BoBs + Bibs B,B,)

ABCq — A,4,Dy — A,B,0y + A:Bs0o + BoBuBa — B,BBs
3
A (A,Cy—AgDo— Ay0y— A0y + 4ulo + B,B,+ BB, — ByBy)

k=

| Ag(440s — BBy) (4,8, — 4B
= A%B,B, — B,B, — 4,0 + 4505

(AB—AA)W)MBjM
(4.0, — A Dy — 405 — AgC; + 440, + BoBs + BuBa— B

(A102 - B1B3) (AIBZ - A2BI)
A,(ByBg — BB, — 4,05 + 4,02)

m =

(A,By — AAy) (ADy — BoCs + Bili — B,C,)

—hy

_ B.B.

T A0, — A Dy — 4,0, — AgCy + A0y + BoBs + BiBy — BaBY
4 (4B, — Ay (A,Cy — Ag0y — BBy — BaBy)
n=t S P R 0y AyDy— A C— 4Oy + A Cot BByt BiB \—B.B)

(4,B, — A;Ay) (43D, — Bols + Bily — Bily) -
Y= AT ALC, — AgDy — A0y — AgCy -+ AyOo + BoBs + BiBu — N

minind arbitrar. ]
pamngglltlll'uhexﬁgtenta solutiilor (11) trebuie indeplinite conditiile urmé

toare :
A,(ByDy — 0y0s) — Ag(BiDy — CoCa) + By(B,Cs — By03) = 0,
A,C, — ByB; =0,
(12) AB; — 4,4, =0,
A0y — AyB; = 0.
3. A, 50, AB, — A d; =0 si 4B, — A,B, = 0.
3.1. Dacad 4,0, — BOB?; == 0, avem solutiile

As = (A1D0 — Booz + Bsoo - B1O1)2 - 4(A1Oo - BOBI) (BSDO"CLOz)y
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Se noteazi cu:

Ay 5 = 4,Dy — ByOy + B3Cy — B.C, + VZ;

4,0, — BoB) o= A
de A (B30y — B,Cy) — (4,0, — ByB)) a f= ByB; — 4,0,
— 41 ? - H
ByB; — A,C, 4,0y — ByB,
g=a _ A Dy — B002'
4,0y — BB, |
(13) @ = 4,(4,0,—B,B,)) [4,B, — 4,0, + (4oBy — 4, 4,) a] é—?‘h .
- ’
(AoBo - A1A2) (A].Ol - BoBs) Ao
L = 4, ] — By(4,Cy — 4,B,) — Ao(4,0, — BOBI)E,
A4, BB, — A,C,
m — A100 - BOBI(BB ——Ala) -+ A1A2 - AoBoh; 7 = :‘_13’;
BBy — A,C, A4, A,

p=0; p—Ads — 4By
’ A4,

h raminind parametru arbitrar.
Solutiile (

4,0, — A202 = 0; AgBy — A1A4 =0,
(14)

A,B, — A,B, = 0; 4,0, — A,B, = 0.

3.2. Dacd A,C; — BB, = 0, sistemul (4) admite urmstoarele
solutii :

R B Dy — OCy)
A, 4:Dy — ByC, + B,C, — B,C,

f=0: g = AlDo - 3002 -+ 3101 “ BSOO,
’ ByB, — 4,0,

P = A(ByB, — A,0,) [(4eCy — 4,B)) & — (4D — 4,0,)] A,
(A1A2 - AoBo) (Alpo - BOOZ + BIOI - Baoo) Ao

(15) k= 11;2; 1 — Ay(BoB, 0y — BiC; — 4,0,0, + B,B,0,)
v A4, Dy — By, + B0, — B,0,),

12

13) au loc dacd sint indeplimite urmitoraele patrn conditii :
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9 .

B,B,C, — BiC, — A,C,C, + B,B,C, " A4, — AoBoh
m ==

7

AIDO - B002 + Blol - B300 ,AOAI
w—Ao. oo,y —Ards — 4By
= r=0 A

Existenta solutiilor (15) este asiguratd de conditiile (14).
4. A =0, rezulth Ay = A, = 4, = B, = 0.

4.1. Dacd A,B; — A,B; # 0, solutiile sistemului {4) sint :

ByB; — 4,0y, _ 4. g Bf+ B
a:m_, - 2
AgB, — A,B, f
ACs — BBy, . By By, — BC, (T Cof + 01) .
= AgB; — A4B1"v ] f (Bf + By)r B,f + B,
Cof + 04
k=r 4 ———>»
Blf+ B3 .
(16) B
_ Ay [ Asf + 4, ( Cof + 0y H)_ 5 ]h
f | Bf+ By \Bf+ By B,f -+ B,
B, . PP fi13f+ 4, .
m:v;—-#?h, 7 Bf 4 B,
_ (Aof+A) (Cof +C) _ Bof + By | Asf A
B (B,f + B,)? B,f + By,  Bif + By
— N +V A .
"2 T 3(4,B, — 4,B) (B + By
unde

N = (43B; — 4,B)) (0pf + C)) — (B,Cy — ByCy) (4af + Ay +
+ (BB, — B,B;) (B.f + By),
Ag = N?® — 4(43B; — A,By) (B0 — ByCy) [(Oof + Oy (Asf + 4y) —
— (Bif + By) (Baf + By,

iar parametrii f 8i 2 rdmin arbitrari.
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_ 0, avem solutiile

Conditiile
¥ care asi 5 ey eqs
sigurd compatibilitatea sistemului {4) sint
n
4.2.2. Dacd BBy — B,B;

44(B,C
(17 #5505 — B,Cy) — A
) EBD 4 A(B,Cy — B,0,) + By(B;B, — ByB;) =0
(BDy — 0,Cy) — ’ , A
) o — 010y) — By(ByDy — C,C,) + Oy(B405 — B,C __BsDy = 0,0, i _ B+ B,
2. Dach 4,B, — A,B, — s — Bila) =0 Byl — BiCy ’ s
421. B.B B = 0, avem urmitoarele subeazuri :
: - BiB, — BB, = 0. ' By — Ol
n ae .
est caz avem SOlutxiﬂe: (20) Blcl BBCO
B,C, —
a =28t = BiOy . B, — AL : B
BzB __B4I}2; ¢=0; d:wlf+B3 @:~J§MW&L,+J}M
2 1494 P . f[(BlB4 - A400)j + (B3B4 — A4Cl‘)] A4
B.C, — ‘
q = Mv
B2B3—-B11§3~f’ _—:»Ei7 l_-_.—,é},’ m ::?3 &@L:MM h’
154 Ay f AyBS + B,)
i = (4,0, — BB :
B .
f 4,0, — sB;) (Bif + Bs) o Ay (B,Bs — A,00) f + BB, — A,G |
Co — ByBy) [+ 4,0, — ByByl n="2; p=0; I e W ‘
. A oA B, Ay (Byf + B,)
18 B,C, — ) .
(18) + A,0, — A‘l(v‘) B,0, , unde f st R rdmin para-metri arbitrari.
0 30, + BB, — BBy Conditiile care asigurd existenta solutiilor (20) gint
k — B400 . B C
A _ —2v1 _A ¢, — B B, = 0
QCO Aaol + B1B4 ~_ BZBB » (21) 42 35 ?
! =ﬂ+(A4 B.C B B103"B202:0-
i "\B, 1Co — B,G, B
s A0y — A0, + BB, — — of -+ By n Cazurile in care avem doud sau trel sediri proiective s€ trateazd in
1B, — BB B ’
w— B (B.C. — B : s 1f + Bs mod cu totul analog.
=24 11 ¢ AC — :
f Bq(A4C 4 014 [((j ‘fOB BzBa)f -+ (A401 — B3B4)] B Primita la redactie 1a 20 octombrie 1969
- 0T 4V B, — B
A T 2B3) (Blf -+ Ba) ’ Institutul de caleul al Filiatei din Cluj
no= 4, p = A4 B.C a Academiel Repubticil Socialiste Romdnia
R S vy Wi ) Bt
3 Co — 4,0, + BB, — B,B, — B f n B4 »
r — (B0 — B ! 8
lBlA Y aCq) [(4,0y — ByBy)f + (4,0, — ByB . )
o 4,0; — 4,0, + BB, — BBy ( Blf 2Bl | SUR LA REPRESENTATION DES BQUATIONS A QUATRE
unde f si k sint param 2By) (Buf =+ Bq) VARIABLES PAR DES NOMOGRAMMES COMPOSES A POINTS
Solufiile (18) an loo deeg ALIGNES. 11
" s oc dacd sint indeplinite conditiile urmitoare :
(19) 2 Byl =0, ' (RESUME)
Dans ce travail on recherche dans quelles conditions yéquation (1) peut Stre représentée
amine composé constitué par deux nomogrammes a points alignés & trois
, qui poss‘edent une échelle commune.

4 Paide d’un nomogr

BI(B4D
o — C;03) — By(B,D
o BsDy — C1C,) + Cy(B3Cg — B,05) = 0. ‘
. échelles rectilignes ré

guliéres et une échelle projective



