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NUMERICAL STABILITY OF THE SPLINE COLLOCATION
METHODS FOR VOLTERRA INTEGRAL EQUATIONS

IoaN Dancruth

1. INTRODUCTION

Recently, we have presented in [2] and [3] a method for the construction of an approx-
imation to the solution of nonlinear Volterra integral equation of the second kind. The
exact solution y of the integral equation is approximated by an element u of the polynomial
spline space -Sr(,ﬂd (Zn), whose elements are the spline functions of degree m + d in conti-
nuity class C%, ( m and d are two integers with m >1 and d > —1). This approximation
u 1s determined by collocation methods. The attainable order of global convergence and
local superconvergence of these methods is analyzed in detail. In this paper we will inves-
tigate the numerical stability of these methods in the case when the mesh sequence {IIy}
is uniform, for various values of m and d, and for various sets of collocation parameters.

The polynomial spline collocation method is described in the next section. In section 3
astability criteria is presented, which is given in terms of the eigenvalues of a characteristic
matrix. Using this result, some particular cases are discussed in section 4.

2. THE SPLINE COLLOCATION METHOD

We consider the nonlinear Volterra integral equation of the second kind:

y(t)=f@)+ /K (t,s,y(s))ds, tel = [0,77, (2.1)

vith the given functions f : I — Rand K : §x R — R with S := {t,s):0<s<t<TY,
: which are supposed to be sufficiently smooth so that the integral equation (2.1) would
have 5 unique solution y € C* () , with a € N .

-
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(N)

In order to describe this methodlet Iy : 0 =to <t1 < .. <ty =T (With tn =tn

aniform mesh for the given interval I, and set:

Jbe

a quasi-
oo = [to,tl];o'n = (tn,tn+1], n=12,..,N -1,
hp ==1tn41 —tn, h =maxpy) by, n=0,1,2,.., N —
Zn ={tn :n=1..,N—1},Zy = Zy U{T}.

L

Moreover, let Py denote the space of (real) polynomials of degree not exceeding k. We
then define, for given integers m and d with m > 1 and d > —1,

(Zn) = {u:u(?) ltee,=: Un (t) € Praga, n=0,..., N — 1,
(tn) (J)(tn) for j=0,1,..,d and t, € Zn},

= Uy
to be the space of polynomial splines of degree m+d, whose elements possess the knots Z
and are d times continually differentiable on I. If d = —1, then the elements of S,(,;_li (Zn)
may have jump discontinuity at the knots Zy.

d
Sy
()

Up—1

An element u € 59 Zn) hasforalln=0,..., N — 1, and for all ¢t € o,,, the followin
m-+d g

form (see [6]):

u(t) = u (t)—im(t—t )"+ia (t —t)*t" (2.2)
= Up = o n s 7,7 n . .

From (2.2) we see that an element u € Sﬁj}l_d {Zn) is well defined when we know the
coefficients {an ,},_17 for alln = 0,..., N — 1. In order to determine these coefficients we
where 0 < ¢; < ... < ¢y <1, and we

consider the set of collocation parameters {c; }j:m,
define the set of collocation points by:

N-1
X (N):= | Xn, with Xy := {tn; = tn+ cjhn, j=1,2,..,m}.

n=0

The approximate solution u € Sr(:-)i- 4 (Zn) will be determined imposing the condition

that u satisfies the Volterra integral equation (2.1) on X (N):

f@®) +/K (t,s,u(s))ds, for allt € X (N).
0

u ()

with0 < ey <es < ... <oy S

For every choice of the collocation parameters {¢; }, _17

and for all quasi-uniform mesh sequences {IIy} with sufficiently small h > 0, the abov

algorithm determines a unique approximate solution u € S,(vfid (Zn), (see [2] and [3]).

In this paper, we will analyze the numerical stability of the polynomial spline collocatio
method in the case in which the mesh sequences {IIx} are uniform, i.e. h, = h, for a

n=01.,N-1

(2.3)
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3. NUMERICAL STABILITY

In order té discuss numerical stabilj
! ability we st ‘or
to the integral equation: ywe study the behavior of the method as applied

.
:
g
%
%‘,
-

t

y(t):f(t)—}—A/y(s)ds, tel:=0,7,

0

(3.1)

bei . .

f\ lil(l)lg awconlstar'lt with negative real part, and f a smooth given function. This i

15 known 1n the literature as the basic test equation. This test equation W.as pro;qua:itlgn
osed by

n’%’ for j=1,...,m (see [4]).
Hencef 3 ; i
encetorward, we shall refer to polynomial spline collocation method in the space

d .
Sr(nj-d (Zn), simply as an (m, d) — method.

Definition 3.1. An (m, d) — method is said to be stable if
bounded, as n — co, h — 0 while hN remains fived.

all solutions {u (t,)} remain

It is i i i
convenient at this stage to mtroduce some more notations

0.1,..N—1: We write for n =

(r)
— T Up 1 (tn)
77” = 777’1,,7' =0 l o f— n—1 n r
(M,r)r 572 » Where 7, . ; s (3.2)
and
B = (ﬁn,r)f:m, where 3, | = an'rhd‘”. (3.3)

With this notation an element v € § (4)

L=ty + Th, € 0, the following form: +4(Zv) has for all n 0

N -1 and for any

d ™ '
Un (4 Tha) = g7 D Bart™ | for re (0,1]. (3.4)
r=d r==1 N "

Fr :

smoo(;ﬁlc(()&j')t.and (3.3) we obseljve that the set of coefficients Mn 1s determined by th

o nn i 0101;; andI the c;)efﬁ(:lents By are determined by collocation equations I\}//Ioree

. orn =0, the values of 7y are determined for ,

ms&lemvamves L the imitial pors e e ned by the values of the exact solution y and
ow, if we apply the collocation met] i

‘ . hod to test integral i

- . egral equation (3.

Presentation (3.4) we obtain the following collocation equav’?ion' (1) and e s the

m
1 _ )\hC] ('1_'_1. _ d /\hCJ .
5 (=B 00 = 5 (5 1) s 0+
n-—1 1 3_5
+;)hAfui(ti+Th)dT, (3:5)
1= 0

oM (n=0,.,N-1).
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the form of matrix V we see that for h small enough this matrix is non singular.
m

In the case when d > 0, from collocation equation (3.5) we obtain a relation betwee _ Fro on of B, between (3.6) and (3.7) yields:

nn and Bn Elirﬂinatl
VB =Wnn+r, n=0,1,. ,N-1, (3.6 ntr = Mnn + BV~ 1r,, with M := A+ BV™'W, (3.8)

where V is the m x m matrix, W is the m x (d + 1) matrix and r,, is the m-vector whog
elements are: i
.
vjp= (1= ) edir.
' d+r+1) 7

)\th’ fOl' r = 0 y ]: 1"")m1
wjyr B -_(1-“1_:'%) C;, fOl‘ T’:l),_,,d’ .7:]‘7?m7

Nn=0,..,N—2. Thus, the relations (3.8) and (3.6) imply that foralln =0,...,N—1
alln =0,

n-—1 .
T = Mn'?’]() -+ Z Mn—l—lBV—lr'ia
1=0
-1 )
B = VIW [ MPno+ 32 M= BYV=1ny| 4 V.
3=0

ivati i function f is a continuous function on I, it
cause the first derivative of the given
flets that there exists a positive constant L such that |f’ (t)] < L, for all ¢ € I and, for
168
]:jl n=0,..,N—1 we have:

ro.j = f(toj)— f(to),
and forn > 0

m m
; rally i= 32 gl < 30 [LA(L = em +¢5) +
= =1 .
Tn,j = f (tn,j) - f (tn——l,m) + Up_1 (tn—l,m) — Up—1 (tn) + )\h/un—-l (tn-—l + 7'/1) . j=1 J " (310)
Cm + lun-l (tn——l,m) - Un-1 (tﬂ)l + l)‘i h f 1“”"1 (t”'l + Th)l dT]
Cm
By direct differentiation of relations (3.4), for the smooth conditions we get a relatio i . _ . b .
between vector 1,41 and vectors nn and B, respectively: In the case in which ¢, = 1 relation (3.10) becomes:
m m
M1 = ANy -+ BB, forn=0,1,...,N — 2, (3.7 lIrally S RLY ¢j < ALy, with Ly i= Ly " ¢; < mlL, (3.11)
J=1 j=1
where A is the (d+ 1) x (d + 1) upper triangular matrix and B is the (d+ 1) x m matrix
whose elements are: _ and from relation (3.9) we obtain:
_ 0 Lifr<y _[d+r " WL BV“lu anIMH"'l'i
GeEAC) if sy =0 ) 17ally < 1M1 limoll; + hLa | v 2 M (3.12)
7 y by - 1=
- -1 — _1.
18ally < V=W, Almolly + B[V Lay =01 N =1
In order to prove the results concerning the numerical stability properties of the poly-
nomial spline collocation method we need the following lemmas (see [7]): Using Lemma 3.2, it results from (3.12) that:
Lemma 3.2. For any matriz P and any € > 0, there exists some subordinate norm such N it nel—i
that ||P]| < S(P) +¢, with S (P) := max{|A;| : A; are the eigenvalues of PY. If P is of | [Inall < (S (M))" |lmoll + ALy “BV “ i;) (S (M) ’ (3.13)

class M, then there exists a norm such that ||P)l = S (P). _ -1 — —
. 17l (P) 181l < [[V 1W” H’?n”“FhHV “ Ly, (n=0,...,N~-1).
By means of this lemma we can characterize the numerical stability in the terms of the
eigenvalues of suitable matrix. The following theorem represents a stability criteria for our
method.

From these relations it results that ||n,]|; and ||8x||; remain bounded for n — oo, h —
Oand Nh = T if and only if S (M) < 1. . _
If ¢,y # 1 then we will prove by induction that relations (3.12) and (3.13) holds if we

Theorem 3.3. An (m,d)— method is stable if and only of all eigenvalues of matriz M = change the constant Lywith a new finite constant Ly defined by:

A+ BV™IW are in the unit disk, and all etgenvalues with |p| = 1 belong to 1 x 1 Jordan

blOCk- L2 = maX{LZn o= 0) ,N - 1}, Wlth Lz}g = Ll and

: : SR : ‘ o 1— (M} + |\ My), forn>1 (3.14)
Proof. The aim of this proof consists in showing that the vectors n, and 8, defined by Lon: =LY (1=cm+c;)+m( em) (My n/ =5
(3.2) and (3.3) are uniformly bounded for all n as h — 0 and &N remains fixed. This ' =1
in turn implies, according to (3.4), that u(t,) are ded, as h — 0, n — oo while kN | _ .
i.l;nzﬁslﬁ;fs according to (3.4), that u(f,) are bounded, as n oo while | Where M, = max {Jun_1 ()] : { € u_1} and Ml = max{lu;_l (t)I € Tno1}.
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e # 1 (th—1,m # tn), we introduce the constant co := 0, and define ¢, o := t, + coh.
ITY 3

~1 —1 .
0 velati 3.9) become: no = no and fo = V™ 1Wno + V-1pg, respective) :
e e . all 7 € [0, 1], the approximation u € SV (Zn) may be written:

Because the matrices V=L W and the vector .rq are bou.nded for h — 0, i_t results that th
vector g is bounded too. Thus by the definition relat-lon (3.4) we obtain |ug (Th)] < %
and |up (Th)| < oo, for all 7 € [0, 1], hence, by (3.10) it results that ||ry|, < hla) wit
La;y < oo

Now we suppose that ||4;]]; < oo and ||n;]|, < cofor all j =0,1,...,n— 1. Under thi
assumption, by (3.4) it results that |u,_; (t)] < co and ’u%_l (t)l <ocoforallte€o, |
furthermore, by (3.10) it follows that ||r,||, < hL,,, with L3 < oco. Moreover, relatiop,
(3.7) and (3.6) imply ||7.]| < oo, and ]|8,]| < oo, respectively. Thus, using the boundeq
of rn, from (3.9) it results that the relations (3.12) and (3.13) hold with L; replaced by
Ly, foralln=0,1,..., N — 1; accordingly the theorem is fully demonstrated.

TheIL fOI

Up (tn + Th) = Z Li (1) tun (tnj), with ug (tho) == wn_1(tn), (4.7)
J=0

Lj(r) = H o),

i (e — i)

e the Lagrange fundamental polynomial associated with the collocation parameters
¢ ?0}-——'1’75' Now substituting u, (tn ;) in (4.7) with its values given by (4.4), for all
T N — 1, we obtain:

n=U 1

.0

4. APPLICATIONS m
Up (tn + 7h) = |14 (O (AR) + O (A2h?)) El Li (1) tn—1(tn) +
J:

In the following we will investigate some special cases.

(4.8)

I. d = 0. In this case the approximation space is S,(,g) (Zn). An element u ¢ S,Si)) (Zy)

+(14+O(AR) > Lj(r)ry,;, forTel0,1].
has for all n =0, ..., N — 1,the form: J=0

S i 3 L; =: @ < oo for all r € [0,1], then for 7 = 1, equations (4.8) imply
tn (ta +7h) = tp_1 (tn) + D fp7", for 7 € (0, 1], (4.1) Because ]; ILj ()] =: @ [0,1]

r=1

that forall n =0, ..., N — 1, we have:
[tn (tag1)] < (140 (AR) +0 (A?h%)" "y (0) +
+Q 3 (140 (AR +0 (A2h2)" ™ (1+ 0 (AR)) [l
i=0

If we denote by wu,4; the vector with m—elements Unt1 = (Up (tn +¢j h))le_n‘{’
from equation (4.1) we obtain:

(4.9)

=(1,1,.... 1) u,_ - rn=0,..,N— . .
et = b Dt () 4 26 for Do =1 Like in proof of Theorem 3.3, we may prove by induction that for all n= 0,..,.N—1,
with the matrix £ defined by £ := (CJT) =T Irall; < hLg < 0o, with Ly defined by formula (3.14) ,and thus from (4.9) it results:

- Fr=1,m ~

In this case the collocation equation becomes: [u (tng1)] < |y (0)] 4+ QLyT for alln =0,1,..., N — 1, (4.10)

Vhn = Wit (tn) 4 1o forall n =0, N -1, (4.3) Thus, from relations (4.6) and (4.10) it results the following stability theorem.

Theorem 4.1. An (m,0) — method s stable for all m > 1 and for-every choice of the
collocation parameters {c;}

with the matrix W defined by W .= (/\hcj)fzm,

Because V = E'+ O (h) and W = O (Ah), the elimination of g, between (4.2) and (4.3)
yields:

j=1m.

II. m = 1. This choice of m corresponds to a classical spline function, i.e. u €

Un41 = [(1, .‘.,1)T + O()\h) + 0 (,\2/12);[ Un 1 (tn) + (I+ O()\h))'l‘n (44) : S((ii)l (Zx), d > 0. We denote by My the matrix M with A = 0, and by MO and p the
| cigenvalues of My and M respectively. It then follows that:
If cpy = 1, then the point th_1,m = tn_1 +cmh = t, € Zn, and by equation (4.4) it |

results: p=p’+0(h),

U(tngr) = (140 (Ah) + 0 (A2h2) " u_y (0) + ; , o .
,g +1) ( (AR) (n_l. )) 1(0) (4.5) If ¢y € (0, 1] is the collocation parameter then, for all d > 0, using the binomial expansion
* ‘5:0 (I+0(hn)+0 (A2h%))" 7 (1 4+ 0 (Ah)) - Ti,m . | we find the trace: d+1
= . 1 1
Since u_y (0) = y(0) = f(0), from (4.5) and (3.11), for n — oo (A\O,Nh=T) it | Tr(Mo) =d+2+ s - (1 + a> (4.11)

follows: _ | .
[u(tns1)| < [F(O)|+ LT < o0, for alln =0,.., N — 1. , (4.6) Concerning the stability of the spline collocation method we have the following result.
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4.2. An(1,d)—method is stable if and only if one from the following conditig,,
orem 4.2. )

vi?)te;': g and ci € (0, 1];

(i) d = L andcy = 1.

e (0 1), and thus the assertion of this theorem follows from Theorem 4.1.
au ci ’ )

d 1 In the end of this section we analyze the numerical stability of the spline
V. d =

l[ t, e = p 1 — Ly 1§19}

0 erve 1 e h d h S’S?’l ), f T > . In hl ase,

M e ODSs a m O mn e space or m S case, wher o l() a,
PT‘OOf: FI'OII] the fOIIll Of Illa;‘ rix W t t t h d

for all d > 0 and c¢; € (0,1]. Because the matrix My is
(d+1), it results that in the case d = 0 , 1% =1 is the si
an (1,0) — method is stable for all ¢; € (0,1]

: : . a,tiOIl
1 is an eigenvalue of this Maty; ollo¢

a square matrix with dimjy, m .
ngle eigenvalue of My, and thy _ B, for 7 €0,1], and n=0,1,...,N — L. (4.13)
-If d = 1 then the second eigenvalue of tn (tn + Thn) = ; " ’
9 =
o _ 12 _ . o . _ _ '
8 e =1 1 = ~1fora € (0,1), and its absolute velue s Lif and only if o 1] the coefficients of the approximation u € 55,7_12 are determined by the collocation
d > 2, from relation (4.11) we obtain: ' Thus all the ¢
S ‘tions: T = d
O oo = (f (eoho) . S (emho))”,  forn =0, and,
— — oo = 0760} 5 -+ _
0o <Tr (M) < (d+1), for d> 2 and c1 € (0,1], ViBn =1, .., Dup—1(tn) +rn forn=12,..,N-1,
0 0 = : R .
and 15 + 413 S —4 fOI. =2 Sln(():e o where the matrix V, and the vector r, are like mIlel;iio(I)l)(?.eG)
;hat dther; ex1s(tls ?51 cigenvalue 1.5 whos By use of the notations introduced in the case (d=0), ie.
or d > 2 an (1,

i btain:
m)E— d E:= (). —, from equation (4.13) we o
Ci € (Oy 1] Untl fped (un (tn + th))jzl,m , an ( J)j,r._l,m

(4.14)

Mo)=pd 4+ pd+ .. + ﬂ((;ﬁl <~ (d+1) it results
e value is smaller that —1, .. I/J.D] > 1. Thus

— method is unstable for every choice of the collocation parametey

III m = 2 In (]IIS case we ﬁ]]d f t fruad jrovend — 415
Ol e e f t[ l un+] ——Eﬂn ,fOl'TL 0,.--,N ) ( )
' ’ 1 g h tra»C [e) ]]la,tlix MQ 1€ re ation:

Tr(Mo) =d+3+ (1+cz)d;&cf(—ccrcl;+(1—c1)—-
2 2=C3 y
_(Qde)™ (ermer=1)H(1-cy) (4.12)
it (eamcy) '
where 0 < ¢; < ¢ < I are the collocation
the following theorem.

and the elimination of 8, between (4.14) and (4.15) yields:

a1 =L+ 0 R) (1, s )T tps (t2) + (I + O (h)) .
1 i 1 'easoNing we may prove
parameters. Using the above relation we obtain The above relation is likewise relation (4.4). Thus by the same rea; g

the following result concerning numerical stability of the (m, —1) — method:
Theorem 4.3. (i) 4n (2,0)

—method is stable for every choice of the collocation param-
eters.

Th 4.4, Ifd = —1, then the polynomial spline collocation method is stable for every
eorem 4.4. = -1,

3 choice of the collocation parameters {Cj}j:fn‘{'
(ii) An (2,1) — method is stable if and only if ¢; + ¢y > 2.

(iii) If 3 = 1, then an (2, d) — method is unstable for all d > 2.

Proof. Assertion (i) follows from Theorem 4.1 or from the fact that Iy

5. NUMERICAL EXAMPLE
of the matrix My for all m > 1 and d > 0. To prove the assertion

= 1 is an eigenvalue
(ii), it is enough to

. o |
We give below the results of applying various (3, d) — methods to the following integra
observe that, for d = 1, the second eigenvalue of My is p) = €162 — 2(c1 + c3) + 3,

linear equation of the second kind:

and
C1C2 ¢
the stability condition Jugl < 1 1s equivalent with the condition ey +cy > —2— y(t) = (1+1)e — /et—sy (s)ds, for t € [0,1],
If d=2 and cy = 1, then one of the eigenvalues of My is: 5
1 . ¢
0 =t [ 4.2 A 4 __94.3 2 ) . t) = et :
2= 55 ( dei +4ei 4+ 14 /1268 24c¢i +4c¢ 4 8¢y + 1) ; which has the e}.(aCt solution y (1) tons: ¢ = |y (t) —u ()], es = Iy (ts) — u (t3)],
' | I the following we use the notations: 1 ted solution and #; = ih € Zy
: oxi utio ;= :
here we have uJ > 1 for every choice of the collocation parameter ¢ € (0,1). Thus . en = Jy(1) —u(1)], where u € 53' is the approximated so !
assertion (iii) holds for d = 2. If d > 2, then for ¢y = 1 the formula (4.12) becomes: Thus, for N = 10 (h = 0.1) we obtain: . 2 2 e — 1 then we have:
; a) if the collocation parameters are c1 = 3, ¢2 = 57 and ¢z =
d+1 1\ d+2 e1=02x 1078 e5 =08 x 1072, ey =0.2x 10~ 7for d=0; _
C1 2 + 1+ E‘; - 2 ei _ 01 % 10-——8’ es = 01 % 10“8’ ey = 0]_5 X 193 fOI' d——:217
Tr(Mo) =d+4+ 1—¢ >d+4, e1 =0.1x107% e5s =0.2x107% ey =0.2x 1077 for d = 2;
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b)if the collocation parameters are the Radau IT — points, i.e. ¢q = g___;/_é’ ¢y = VB

10 10
o en we have:
anc; CS:‘i 1(7 ;}8”10, es =0.1x1078 eny =03x10"8ford = 0;
ei =01x107% es=01x107% ey =0.2x 1076 ford =1,
e1=01x1078 e5=0.2x 1074, exy = 11.2109 for d = 2.
From this numerical example we observe that the (3,d) — method is stable for d = 0
and it is unstable for d = 2. The case d = 1 will be analyzed in a future paper.
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