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Extension and approximation of
semi-Lipschitz functions on a
quasi-metric space

Costicd Mustdta*

Abstract

We show that every semi-Lipschitz real function defined on a sub-
set Y of a quasi-metric space (X, d) has at least an extension preser-
ving the smallest semi-Lipschitz constant. If X is a linear space and
the quasi-metric d is convex (starshaped), then one obtains extensions
preserving both the smallest semi-Lipschitz constant and convexity
(starshapedness) of a convex (starshaped) semi-Lipschitz function on
Y.

The connections with a special problem of best approximation in
the semilinear quasi-normed space S Lipg X are discussed.

1 Introduction

In the last years there has been a rising

interest in the study of quasi-metric
and quasi-uniform spaces (see [6], [9])

, a fact which allowed the extension of
some classic results to this context. A comment about results on this line

as well as on applications, can be found in (18], where the authors study

the quasi-normed semilinear space S Lipg X of real-valued semi-Lipschitz
functions defined on a quasi-metric space (X, d).
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hey use the elements of S Lipy X to characterize the elejments‘ of best
Tox?x;lation and the semi-Chebyshev subsets of the quasi-metric space
5 : 11], [13], [L6].
tending the results from [11], , . | ' .
5 g)o,ni}i(nziinggthis study of semi-Lipschitz functions, we present in this

. . ¢
er a theorem of extension with the preservation of the qilam n(;;rlli/[ z_

parzi Lipschitz functions defined on a subset Y of X, an analogue

seli=

e's result (see [1], [5], [10]) on the extension of Li;')schitz funct;ons].c .
Sha\x;Ve emphasize the connection between the extension of f|y, or i~
g Lipo X, and the elements of best approximation 9f fl bytile:ﬁgggs pl;loved

ihilator space Y+ in 8 Lipy X of t}?e set Y, siml ar to 1 o proved
ém{;] [12] and [17] in the case of metric spaces and Lipschitz func
mn 3

i d
We study also the possibility of the extension of convex (or starshaped)

i I. ] . - I ] f N ] E ] . ] . ]

were proved in [3] and [12].

Let X be a nonvoid set. A quasi-metric on X is a function d : XxX —
isfyi itions:
0,400) satisfying the condi
[ () d(z,y) =dy,z)=0=z=1y 7,0€X,
(ii) d(z,y) < d(z,2) +d(2,9), o,y,2 € X
or the conditions '
) d(ﬂs,y)=0<—==>f;c==dyE cc,z)/EX, x
i) d(z,y) < d(z,2) +d(zy), ©,y,2€ X ‘ §
'(IJ‘J}Ze e(ssecrylzial difference with respect to a @etnc on X_lsdt(hat; )a f?;azlu
metric does not satisfy the symmetry condition d(z,y) = d(y,
X. . . |
B ylfd takes the value +oo it is called an eztended quaisi—metm(;l 0)1; }\f, e
i i X induces a topology T O

Each extended quasi-metric d on el
has base the family of balls {B (z,7) : z € X, > 0} where B(z,r)={y
X :d(z,y) <r} . ) .

If (thél )quasi—metric d verifies (i) and (ii) then the topoé?g-ysg ;iatgd_
separated, and if d verifies (j) and (jj) then the topology 7 is T} - sep
(see [18], [9])- | | N
\SeeB[y 3}, c_[zu]CZs#metm'c space we mean a pair (X, d) where X is a set an
is a quasi-metric on X.
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2 ic space and f: X = Ra semz’—sz-
If X is a linear space and d a quasi-metric on X then the pair (X, d) ig orem 1.1. Let (X,d) a ZZ;:EZZZZ”;L f) e and {1 X 4 R asemi-Lip
called a linear quasi-metric space.
The conjugate of a quasi-metric d, denoted by d~! is defined by ¢-1 (z,y)
=d(y,z), 7,y € X.

Obviously the function d* : X x X — [0, 00) defined by

he
ihitz function. Then ||fllx

_ constant for f- _ - | | N .
:‘ Proof. If f: X o Ris semi-Lipschitz, then f is <g- Increasing, and t én

700]. . -
f(z) = f{y) > 0 impliesd (z,y) > 0.

s — —1 .
d (m,y) = max {d (‘T7y) ,d ((L’, y)} 1Y € X Tt fOllOWS that

F@-FEIVO_f@—F0) o
Tixe inequalities f (z) — f (y) <0 and d (z,y) > 0 imply"

(f(@) = f@IVO _q
d(z,y)

is a metric on X.
Let (X,d) be a quasi-metric space. A function f : X — R is called
semi-Lipschitz provided there exists a constant K (f) > 0 such that

F@) = fly) <K (f)d(z,y), (1.1)

forall z,y € X,
The number K (f) > 0 in (1.1) is called a semi-Lipschitz constant for Consequently || fllx = 0.
For f (z) — f (y) < 0 it follows
1) = LW <y gy,
d{z,y)

and, evidently, for f ()~ (y) < Owe have f (2) =1 (4) <O < /llx d(@:0)

f
For a quasi-metric space (X, d), the real valued function f:X <5 Ris
said to be <; — increasing if

d(z,y) = 0 implies f (z) — f (y) <0, z,y € X (

o
')
pa—

Consequently we have
Flz)—f @) <Iiflixd(=zy)

or equivalently,

F (@) = f(y) > 0 implies d (z,y) > 0, z,y € X. (1.3)
for all z,y € X.
- ?\TOW lgfet K = K (f) > 0 be such that

f(x)‘f(y) SKd($ay): for a'u fﬂ,yEX-

By (1.1) it follows that every semi-Lipschitz function on (X, d) is <4 —
increasing and every real-valued function defined on a T} - separated quasi-
metric space (X, d) is <; — increasing.

The definition of a <; — increasing function f : X — R is consistent
for Ty - separated quasi-metric space (X, d) (see [18]).

For a semi-Lipschitz function f:X = R, where (X, d) is a quasi-metric
space, denote by || f||x the constant

Since the function f is <4 — increasing then
- Hz)=f if f(z)—fly)>0
V0 f(dz,l<K1 fly)>0
IOy B { ) O< Kifflz)—fy) <0

d(z,y)
ct to d(z,y) # 0 it follows || fll x é

Taking the supremum with respe

K(f)- -

R e AL P xb o
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The set of all real semi-Lipschitz function defined on the quasi-metric 2@+l d(my) = fllad(=zy) =
space (X,d) is denoted by: = f(2) ~ flly (d(z,y) —d(z,y)).

The inequality d (z,9) — d (z,y) < d(2,2) = d~! (z,2) implies
F@)+fllyd(@y) > F(2) = Iflly - d7" (z,2) (2.5)

showing that for every z € X the set {f(y)+ IIfHYd(:c., Y)Yy € Y} %s
bounded from above by f(z) — ||flly d~! (z,2), and the infimum (9) is

finite.
b) We show now that F (y) = f(y) for all y € Y.

Let y € Y. Then
Fy) < fy+Iflady,y) =71).

SLipX ={f:X - R|ifis <4- increasing, Ifllx <oo} (1.5)

2 Extensions of semi-Lipschitz functions

Let (X,d) be a quasi-metric space and Y C X » Y # ¢. Then (Y,d) is 5
quasi-metric space with the quasi-metric induced by d (denoted by d too).

If f:Y — R is semi-Lipschitz on Y denote by ||f |ly the smallest semi.
Lipschitz constant for f on Y (see (4)) and

SLipY ={f:Y = R| fis <q4- increasing, I flly < oo}. (2.1)

If f € SLipY, afunction F € S Lip X is called an eztension (preserving
the smallest semi-Lipschitz constant) if

Fly = f and ||F|x = ||flly - (2:2)

Denote by Ey (f) the set of all extensions of the function f€eSLipy,
ie.,

For any v € Y we have
F@) =@ <|flly-d(y,v)

so that
F@)+Iflly -dly,v) = f(y)

- ; — = and
EY(f)"'{FESszX'FIY—fand “F”X"‘“f”Y} (2.3) F(y):inf{f(’v)‘f'“f”yd(y,v)3")6Y}2-f(y)'

Theorem 2.1. Let (X,d) a quasi-metric space and Y a nonvoid subset of It follows F () = £ (1) .

X. Then for every f € SLipY the set Ey () is nonvoid.

Proof. Let f € SLipY and the constant Iflly be defined by (4).
Consider the function

F(z) = inf {F @) +flyd(z,9}, z€ X. (2.4)

c) We prove that | F|lx = ||flly - _
Since Fly = f, the definitions of | F|, and ||flly yield |Fllx > [Iflly -

Let 21,22 € X and £ > 0. Choosing y € Y such that
F(z1) 2 f(y) + | flly d(z1,9) — €

we obtain

F(z3) — F(z1) < f @)+ Iflly d(z2,9) — (f () + | flly - d(z1,9) —€)
=flly ld(z2,y) — d{z1,9)) +¢

a) We show first that F is well defined.
Let z €Y and z € X. For any y € Y we have

FW) +liflly d(@y) = £ (2) + 1 Flly d(,9) — (f (2) - £ (%)) 2




368 Costicd Mustita,

<|flly - d(z2, 1) +&.
Since € > 0 is arbitrary it follows
F(22) = F(z1) < |flly - d (22, 2:)

for any z1,z5 € X and 1Flx <IFlly -
d) The function F is <4- increasing.

Indeed, let be u,v € X and d(u,v) = 0. We have d(u,y) < d(u,v) 4

d(v,y) . Consequently
d(u,y) < d(v,y).
Then
F )+ Wl d(u,9) < £ ) + 17y d o,3).
It follows that
F(u) < F(v),
and consequently d (u,v) = 0 implies F (u) < F(v).

It follows that F € Fy (f) so that By (f) + &.

Remarks. 1Y Similarly, the function

G (2) =sup { (y) = I flly d7* (z,)} (2.6)
. yeY

is <4 — increasing, and G belongs to Ey (f) too.
2° The inequality

G (a) < F (), (2.7)
holds for every z € X. »
Indeed, taking the infimum with respect to z € ¥ and then the supre-

mum with respect to y € ¥ in (10) we find
Cl@)=sup {f W)= Iflly ™ (2,9} < inf {f () + |y d (,2)} = F ().
yey A z€Y

In fact, it holds the following theorem:

implying
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 Theorem 2.2. Let (X,d) be a quasi-metric space, Y a nonvoid subset of
x and f €SLipY.

Then for any H € By (f) we have
| G(z) < H(z) < Flz), zeX. (4.8)

Proof. Let H € Ey (f). For arbitrary ¢ € X and y € ¥ we have

H(z) - H(y) < |flly d(=,9)

H () < B (u) + Ifllyd(z,9) = f @) +1fly (z9).

Teking the imfimum with respect to y € ¥ we get

H(w)S;g_lf/{J W) + Il é(z,9)} = F (2)

The ineq‘ua]jty H(z) > G (z), z € X can be proved similazly. O

0 i i ‘ 0, 00) the
Exemple 2.3. 19 Let R be the real axis and d : R x R — [0,00) tk
od S G sl
quasi-mesric defined by

) j @Y, 1f$2y
d®2) =5 | §z<y

«

if { : ted it is called the
Then the quasi-metric space if (R,d) i= 7y - separated and it is calle
X M 18 .
Sorgenfrey line. (see [18]). L o o
Let V begiven by Y = [0.1] and f: ¥ = R f(y; = 2y. Tj’l n
Con ¥ and | /]y = 2. The xtension F defined by (2.4) is
serni-Lipachitz on ¥ and |i]ly = 2. The exteasion f

rd o . e s
{ 2 i <0,

ki ('L: = a 2.,” itx >0,

. P e ad T (5 2Y 3
and the extension G defined Ty (2.6) is

2z if ¢ <1,

Gl =1 pifz>1.
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Theorem 3.2. Let (X,d) be a quasi-metric linear space, d be conver, and

Y be a nonvoid convex subset of X. ' '
- a) If f € SLipY is convez on'Y then there ezisis a convez F € Ey (f);

b) If f € SLipY is concave (i.e. — f is convez) on Y then there exists
a concave G € Ey (f).

Proof. Let f € S LipY be convex on the convex set Y. Consider the func-
tion F : X — R defined by

F(z) = inf {f @) +flly - d(=zy)}, z € X. (32)

Observe that F'(z) > G (z) for all z € R and F,G are lower semicop.
tinuous.

In fact, every real semi-Lipschitz function is lower semicontinuous,
2° An interesting quasi-metric space is the Khalimsky line, i.e. the set
Z of integers endowed with the quasi-metric

Oifz =y,
d(zy) = Oifz=2nandy=2n+lory=2n-1nez,
1, otherwise

et Then F is well defined and F € Ey (f) (Theorem 2). . .
Since Y is convex and the quasi-metric d is convex (in the sense o

Definition 1) we have

Flazi+(1—a)z) < flayi+ (1 =) y2) + | flly -
| cd(azy + (1 — o) z9,0y1 + (1 — @) y2)
<af () +(1—o)f(y2) +
+ 1y lad (z1,51) + (1 — @) d(22,52)] =
= a[f (y1) + Iflly d(z1,31)] +
+(1—a)[f (y2) + 1 — @) d(z2,92)],

3 Extension of convex semi - Lipschitz functions

Let X be a linear space and d a quasi-metric on X. If ¥ is a nonvoid subset
of X, by Theorem 2, for every f € § LipY the set of extensions Fy f)
preserving the smallest semi-Lipschitz constant ||f ly is nonvoid.

The following problem arises naturally: which other properties of the
function f (beside the semi-Lipschitz constant) are preserved by at least
one of its extensions?

In the following it is shown that two such properties are convexity and
starshapedness.

Let (X, d) be a linear quasi-metric space and Y a nonvoid convex subset
of X (Le. (V)ur,uz €Y, (V) €[0,1], auy + (1 — ajug €Y).

for all 71,72 € X, y1,92 € Y and ¢ € [0,1}. _
Taking the infimum with respect to yi,y2 € Y we obtain

F(azi+ (1 —a)zz) < aF (z1) + (1 — ) F (22) (33)
Definition 3.1. If Y is a nonvoid conver of X, where (X,d) is a linear
quasi-metric space, the quasi-metric d is called conver on Y if it satisfies
the inequality:

for all 21,75 € X and all « € [0, 1], showing that the function F' in By (f),

defined by (3.2), is convex.
© b) If f € S LipY is concave on Y, let G : X — R be defined by

d(awy + (1~ a) @y, 0 + (1 - ) o) < a-d(z1,u1) + (1 - a) - d (3,95

( i) (3.4)
3.

G(z) =sup {f () = Iflly - d(y,2)}, z€X
yey

Jor all z1 29, y1,y2 €Y and all o € [0,1].

If d is convez on X and the set Y is convex, then d is convex on Y. Then G is well defined and G € By (f) (Theorem 2).
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Remark 3.5. If (X,d) is a quasi-meiric linear space with conver quasi-

For any z1,z5 € X, »¥2 €Y and « € [0, 1] we have . .
Y Y1, Y2 [0,1] metric, then d is starshaped because the inequality

Glari+ (1~ a)zy) > flayi+ (1 -a)ys) —
=17 lly d{eys + (1 — @) yo, ay + (1 — @) z5)
Zaf (1) +(1—a) f (y2) - |
= flly e d(y1, 21) + (1 — @) d (y2, 22)]
=a[f (1) = Iflly d (y1,21)] +
+ (1 =) [f (y2) = I flly d (v2, 22)]

Taking the supremum with respect to y1,y2 € Y we get

dlaz+ (1 —a)b), ay+ (1 —0a)f < ad(z,y) + (1 —a)d(6,0)
eld
- d(az,ay) < ad(z,y)

raoliz,y€ X and o € [0,1]. o '
4 Now we shall prove the extension result for starshaped semi-Lipschitz

functions.

G (azy + (1 - o) 29) > oG (1) + (1 — ) G () (3.5)

for all 21,22 € X and « € [0, 1], showing that the function G from Ey (f
defined by (3.4), is concave. O

Theorem 3.6. Let (X,d) be a quasi-metric linear space with starshaped
quasi-metric d and let Z be a starshaped subs.et of X. ' t
Then every starshaped function ¢ € S LipZ admits at least one star-
shaped eztension ® € Ez (¢).

Definition 3.3. Let X be a real linear space and 6 € Z C X where ¢ . the starshaped sct 7 ¢ X. The
denotes the null element of X. The set Z is called starshaped if Proof. Let ¢ € S LipZ be starshaped on the s p

function

Ve, a€0,1], V)z€ Z, az € Z. (3.6) ® (z) = inf {p(2) + lollzd(z,2)}, = € X, (3.9)
Obviously tha.t any conve’x subset of X which contains @ is starshaped, belongs to Ez (¢) (Theorem 2). .
and the converse is not true in general.

We shall show that @ is also starshaped on X. To this end let z €

A function f : Z — R, where Z is a starshaped subset of a linear space X,z € Z and a € [0,1]. We have

X, is called starshaped if

& (az) < ¢ (az) + llollz d(az, 02) <
<ap(z)+allellzd(z,2) =
=afp(2) +livllz - d(z,2)]-

flaz) < af (2). (3.7)

forallz€ Z and o € [0,1]. A convex function f 1Y > R, defined on a
convex subset ¥ of X containing 6 and such that f(6) <0 is starshaped

but there are starshaped functions on Y which are not convex. Taking the infimum with respect to z € Z we get

Definition 3.4. Let (X, d) be a quasi-metric linear space. The quasi-metric

d is called starshaped on X if the inequality ® (az) < a® (z)

d(az,ay) < ad (z,y) (3.8)

| for all z € X and all a € [0,1], showing that the function & defined by
holds for all z,y € X and o € [0,1].

i J
(3.9) is a starshaped extension of .
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4 Extension of bounded starshaped semj - Lips.
chitz functions. “

Let (X,d) be a quasi-metric linear space with the quasi-metric 4 star.
shaped, let Y be a starshaped subset of X and let f € SLipyY = {he
SLipY,h(6) = 0}. We consider the following problem. If the SUp-norm g
f, denoted by || || ., is finite, find F € SLippX={He SLipX,H (6) = 0}
such that
Fly = £, IFlx = Ifly and ||F| = ||f]|, - (4.1
Observe that if Y is a subspace of X and f € SLipyY is starshapeg
then it is possible that f be unbounded on Y.
More exactly we have:

Lemma 4.1. Let (X,d) be a linear quasi-metric space, Y a subspace of X
and f € SLipgY be starshaped. If there exists z4 € Y such that flzo) >0
then f is unbounded on Y.

Proof. For every z € Y,z # 6 the function A : (0,00) — R defined by
h(t)=f()/tis non-increasing. Indeed, if 0 < ; < t, then
th ot (¢
hit) =L h2) _ CEACY), b f(tg) _ [ (taz)
1 131 (2] 21 2
In particular, for ¢ > 1 and z¢ € Y with f(z0) >0 wehave 0 < f (zg) <
ﬁ—?—”—‘ﬁ so that, f(tzo) > ¢ f (zo) for every ¢t > 1, which shows that f is
unbounded on Y. ‘ g

= h(tg).

The following theorem answers positively the question of the extension
of bounded starshaped semi-Lipschitz functions, vanishing at 6.

Theorem 4.2. Let (X, d) be a linear quasi-metric space and Y a starshaped
subset of X. Suppose that the quasi-metric d is starshaped on X.

Let f € SLipyY be bounded and starshaped. In order to exist F €
S Lipy X bounded and starshaped such that

Fly =L IFlx = Iflly ond [Fllo = £l
it is necessary and sufficient that fW<0foralyey.
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- proof. Sufficiency. Suppose that f (y) < 0 for ally € Y. Then the function

H(z) = inf [f )+ /1y d(z.9)],2 € X

Theo-
;s starshaped and Hly = f and |H|| x = lllly - (see Theorem 2 and Theo
reni 10)

Consider the function

z) i z) <0
-F(w)z{H() f H(z) < (4.2)

0 if H(z)>0

Since Fly = Hly = f, |Hlx = Iflly and [[Hl|x = | Fllx it follows

that | F|lx = ||flly- Therefore F € Ey (f).

Let z € X. If H (z) <0 then
H(az) <aH(z) L0

for any « € [0,1] so that

F(az) = H (oz) < oH (z) = aF (z).
If H (¢) > 0 then F (z) = 0. Let a € (0,1). If H (az) > 0 then
F(az) =0=aF (z).
If H (az) < 0 then F (az) = H (az) and
F(az) = H (az) <0 = oF (z).

. : hich
1t follows that the function F' defined by .(4.2) is an extension of f whic
is starshaped and has the same semi-Lipschitz constant as f

Since

sup{|F ()] : 5 € X} > sup{|F ()] : y € Y} = [Iflloo

it follows Fllu > Il
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Let z € X. For any y € Y we have ~f for all z € X. (see inequality (2.8) and the formulae (2.4) and (2.6)).

Denoting d (z,Y) = inf {d (z,y) : y € Y} and d™} (:v, Y)=
_inf{d(y,z):y€Y},z € X, and using the inequalities

sup f (y) = [ 7lly 47" (z,Y) 2 sup[f (1) — [|flly - d(y,2)]
yey yeY

yiggf (y) +flly d(z,Y) < ylg}f, [f @) + 1 flly d(=z, )],

FW <@ +IIfly d=,vy)

which implies

Int £ (9) < nf (£ () + 1 flly d (2, )) = H (@).

If H (z) <0 then gom (5.1) it follows
inf f(y) <H(z) = F ().
yey

: -1 1 — inf f )) (5.2)
Since f(y) <0 for all y € Y we have I flloo = —inf f (Y) so that d@¥)+d7 @¥) < Ll (supf ) JEY Y '

yey

~ Mo £ F(2) = |Ifllg = —F (2). i | flly > 0.

If || flly = 0, by (5.1) it follows that f (y) = constant on Y. -
Evidently, for every nonveid subset Y of X and every constant function
con Y it follows that card By (¢) = 1. Indeed

If A (z)> 0 then
Il 20 =F(z).

Using the fact that F (z) <0, forall z € X , and the above inequalities

= inf {c+0-d(x,y)} =c¢
we obtain F (z) g}eY{c (z,u)}

1flloo > sup (—F (z)) = 1 F] o - G(z)=sup{c—-0-d(y,z)} =¢
TeX yeY

It follows that ||F|| = |||, -
2 hat care = 1.
Necessity. Suppose there exists y € Y such that f(y) > 0. By Lemma by (2.3) so that card By (c) o
11 f has no bounded starshaped extensions to X. 1 Definition 5.1. The nonvoid subset Y of ihe guasi-metric spoce (X ) G j 48
called bidense if for every =z € X and every € > 0 the exists y € ¥ such tiat

5 Uniqueness of the extension of semi-Lipschitz d(z,y) <e and d(y,2) <e.

functions on quasi-metric space Lemma 5.2, If ¥ is a bidense subset of (X, d) then every f € 5 LipY has

a unique extension F € SLip X (ie. card By (f) =1,
Let (X,d) be a quasi-metric space and Y a nonvoid subset of X. By

Theorem 2 it follows that for every f € SLipY the set Ey(f)c SLipX
is nonvoid, and by inequality (2.8) it follows that card Ey (f)y=1iff

A

Proof. Suppose that there exists f € 5 LipY such that card Iy (f} > L.
Then by (2.8) it follows that there exists zg € X such that

sup[f () — Ifly d (y,@)] = inf [F () + | Flly d (z,y)] (5.1) F (z0) = inf {f (y) + Hfﬂyd(ag,-y)] =sup[f (1) - [Iflly - d@,z0)] +a=
yeY yeyYy
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=G (r) +«

where a > (.
By the bidensity of Y, for every € > 0 there exists ¢/ ¢ such ¢,
d(20,4') < e and d (y, o) < . Consequently al

TW) 01l &> £ @)+ 1£lly d (z0,y) > SR W) + 11 £ lly d (2o, y);
=F(20) =G (z0) +a = sup @) = 1flly - d(y,a0)) 4,

2L W) = fllyd(y,z0) +a> f @) = 1£flly - e+a.
It follows that

FW)+1tlye> £ (&) = 1£lly - + a

and then
2-0flly-e> e,

for every e > 0. This is a contradiction, 0

Theorem 5.3. et (X,d) be a quasi-metric space, where d satisfies the
conditions (5) and (j7) and let Y # X e q subset of X containing at leqst
one cluster point. If each Junction f € SLipY has a unique extension then
Y is bidense.

Proof. Let yo € Y be a cluster point of the set ¥ and let meEY\ {y} n=
1,2, ... be such that hlim d(Yn,70) = 0.
—00

Claim: There exists Zo € X such that d(zo,y0) > 0 and d (%o, yn) >
0,n=1,23, .

Indeed, if contrary, then for every z € X, d(z,y0) = 0 or d(z,y,) =0
for alln e N,

By condition (), in the first Case T = yp € Y and in the second one
Z=yn €Y. It follows Y = X » & contradiction. )

Consider the function f:X — R defined by

f(fL‘) = d(%yo) ‘d($0,90)7 zeX.

i 1
Let (X, d) be a quasi-metric space, zo € X a fixed point and le
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We have

f (yo) = d (%0, y0) — d(20,90) = —d (%0, Yo) < 0
f (Wn) = d (Yn, o) — d (0, %0) > —d (20, %0)

n=1,2 Define the sequence of functions ¢, : f (X) — [0,1] by
or a =1,2,... .

1 if ¢ < f(vo)
fyn) =t t€[f (), f (yn)]
n () = Flu) — f (00
L4 Of(yn) f (yo) t> f )

= tisf
The functions ¥, = @po f: X = R, n=1,2,..., satisly

n (f (o)) —n (f (gn)) VO _ 1 = o0,
[yl > LU o)
o g;l::.inequality (5.2)

1-0 .o

d,Y) +d7 @ Y) < g

i i i i ect to the quasi - metric
for n — oo, showing that Y is dense in X,with resp <

d and with respect to d~!, as well.

6 Extensions and best approximations

S Lipy X = {f € SLipX : f (z0) = 0} (6.1)

. . ishi
be the set of all real-valued semi-Lipschitz functions defined on X, vanishing
i d

) x[?;et V be a nonvoid set and Rt = [0, 00). Suppose that on V is define

an operation VXV oV
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such that (V,+)is an Abelian semigroup, i.e. the operation + satisfieg the

conditions

D E+y)+z=2+(y+2)

)e+y=y+z

(iii) 0 + z = z (0 is the neutral element of semigroup (V, +))
for all z,y,2 € V, and an operation

R XV SV

having the properties
(i) a-(b-z)=(a-b) =, a,beR; zcV
(1) (a+b)-z=(a-z)+ (b z), a,beR: zeV
(49 a-(z+y)=a-z+a-y, a€ERT; z,yecV
(lv) 1.-z=g, leRt;zeV

The system (V,+,-,R") is called a semilinear space.

The opposite element (if exists) of £ € V is denoted by —z.

A functional ||-||;, : V[0, 00) defined on a semilinear space (V, +, -, Rt)
is called a quasi-norm on V if it satisfies the conditions:

(1) z,~z € V and ||z||,, = l—zll,y, =0 &=z =0

() llazlly = a||z)ly, c e R,z € V

(@) flz +ylly < llzlly + lully, 2,y € V.

The pair (V, ||-|l1,) is called a quasi-normed semilinear space (see [18]
and [9]).

It is immediate that the functional defined by (1.4) is a quasi-norm on
S Lipg X, i.e., the pair (S Lipy X, || ‘|lx) is a quasi-normed semilinear space
([18]).

Y C X and zg € Y then one considers the semi-Lipschitz func-
tions on Y which vanish at zg and the quasi-normed semilinear space
(S Lipg Y, |||ly), where llly is defined like in (1.4) with ¥ instead of X.

By Theorem 2, for every f € § Lipy Y, the set of extensions Ey (f) C

S Lipg X is nonvoid. This set is also convex, because if Fy, F, € Ey (f) and
a € (0,1) then

(@Fi+(l-a)R)|y=af+(1—a)f=f

(S L'ip() X: HHX) .

Lo ., . 1
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nd
ek + (1 —a) Bl <allRlx+(1-aq) Hlf’zlix =
=alfly + (=) [ fly = Ifly-

On the other hand
Flly =llaf + @ —a) fly = laFily + (1 - o) Byl
< laFy + (1 —a) Pl x
showing that |JaFy + (1 —a) Pl x = || flly-

[‘}fOIOWS that ’f.ll 126 )( ) 1. o i
e (0 ll) and Ely (f) is convex in the qu351-normed semilinear space
a ) 3

, 4h
Let (X,d) be a quasi-metric space, Zo € X be fixed, and Y C X wi

1o € Y. Denote by
v+ ={ge SLipyX : gly =0}, (6.2)

p: 8 Lipg X x 8 Lipe X — [0, oo

the (extended) quasi-metric defined by

(f—9) (@)= (F—9) @) VO

= sup
P (f’ g) z,yeX d (3"1 y)

d(z.y)#0

The following problem of best approximation (PBA) in the quasi-meiric
tension.
is closely related to the problem of ext )
’ 1bZS’B A ?,For f € 8 LipeX find a function gy € Y+ such that

w7 \ 2
p(f,90) =iﬁf{p(f,y):QEYL}=p(f,ﬁ‘ L)‘ (6.3)
For f € S Lipg X demnote by
P () = {an e ¥ p (i) = o (£:Y5) }, (6.4)
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th
e set of all elements of best approximation of f by elements of Y+

quasi-metric p. in thé

If card Py (f) > 1 then Y+ i
= is called f— - .
1, then Y is called [~ Chebyshevian. = proziminal and if caxg Py (f )

p-X’

thenf~FePYl (f) and

p(f, YL) =|flrlly, (6.5)
b 3 .
) Let f € S Lipg X and go € Py (f). If f —g0 € S Lipg X then f—ge

Ey (fly).

Proof. a) Let be f € SLi
PoX. Then fly € SLi
2 Y 1poY and, b
, the set By (f [v) # ¢. If there exists F € By (fhf) such th;’t '-]l;heo;em
’ —LhE

SLipg X, then f — F eyl and for every g € Y we have

Iflvlly =1F =) vy = sup =9 @) =(F-9)@)vo

< sup (f=9) (@) -(f-9) () Vo
TyeX d(z,y) =p(f,9).

d(z,y)#0
Taking the infimum with respect to g € Y+ one gets

Ifivlly <o (£,74).
On the other hand,

zyeX d(z,y)
d(z,y)#0

C
b)OIIljiin‘)l:ntly 0 y( {, Yi) = |7 lvlly and Y is f— proximinal.
go € such that go € Pyy (f). If f — 9o € S Lipy X then

(f=90) Iy = fly,

= [|Fllx = Iflvlly -
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and by a) one obtains

Iflvlly = o (£Y) =
_ (f(f=90) (@) —(f—90) () VO _
T owex : d(z,y) : =7 = gollx-
d{z,y)#0

It follows that f — go € By (fly).
The Theorem is proved.
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