ON THE RECURSIVITY OF THF FORMALIZED
LAY GUAGES

BY

T. RUS

In this paper a numeration notion for the words set of finite length of a free
semi-group, generated by a finite symbols set V is defined. The CF-languages
are studied as subsets of this free semi-group. It is proved that the set of the
equivalence classes which represent the words of a CF-language in the already
defined numeration is a recursive set.

At the end of the paper a parsing algorithm using numerical representation
of words for CF-languages, is given.

§ 1. NUMERATIONS

It is known [1] that the numbered notion of pairs and in general
of the n-tuples of natural numbers has led to a whole series of results
in the recursive function theory. The study of some object sets from the
point of view of their decidability seems to be easy with the help of some
equivalence notions between these and some natural number sets.

DEFINITION 1.1. We call the numeration of some objects set W a
mapping ¢ of some N, natural numbers set on the W set

(@b o: N, —> W

The number ne N, is called @-number of the object ¢(n)e W (or
the number, if ¢ is fixed).

The N, set is called the set of the numeration numbers. From
definition 1.1 it follows that every object of the W set has at least one
number in N,,. If every object in W has one and only one number n < e
then the numeration ¢ is called univocal. If N, is equal to the set N
of all natural numbers, then the numeration is called simple.

We shall denote the system of the W set together with its numera-
tion ¢ by (W, o).
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On the set N, we define a binary relation 6 in the following way -
(1.2) nim & o (n) = ¢ (m)

or in other words, two numbers n, m € N, will be found in the relati
if they represent the numbers (;f the game object of W. s
It is clear that 6 has the following properties :
g%n%n@wmz@m
) n Omand m 0 p& o(n) = o(m) = 4
Thus, 6 is transitive. el ettt
(iii) n 6 m& o(n) = o(m) and thus 0 = i
follows that 6 is symmetriépail.) M R ey
So the relation 6 is an equivalence relation in th
b i e N, set. If
denote the set of equivalence classes defined by 6 in N, b; Nolo th‘gg

@: N o> W
isa1—1 mapping.
DEFINITION 1.2. A general recursive function f(z) repr
) r) represents a homo-
111131‘11:)}?315? of %le system (W, ¢) on the system CWy, ) if f(o) is a
o azsg)on ence of the natural numbers set, and if from n, me N it
(1.3) 2(n) = @(m) = U(f(n)) = ¢(f(m))

From (1.3) it follows that the transformation

i g(n) — $(f(n))
11?1 (?r Il)lﬁlil;flgfzal mapping of the set W, on the set W,, which we call homo-

The function f is called the function of re i i
a1 he presentation of this h -
morphism. If we change condition (1.3) with condition (1.3%) b

(S | ?(n) = @o(m) & $(f(n) = $(f(m))
then we say that f represents an i i s
ey Vléz, £>. 1somorphism of the system (W, o)

Let ¢ and ¢ be two numerations of the same set W.

DEFINITION 1.3. We say that the numeration ® is reducible to the

?ﬁgzleration. Y(¢ < ¢) if the general recursive function flz) exists so

¢ (1) = b(f(n))

Numerations ¢ and ¢ will be called i i
o ¢ alled equivalents if they are redu-

DEFINITION 1.4. Numeration ¢ of set W is called unireducible to

the numeration ¢ of the same set if there is a general recursive function

f(x) which receives distinet values for the di ‘
and which reduces ¢ to . ¢ ditferent values of the argument

Numerations ¢ and ¢ are call iequivale i i
e othercfo ¢ called uniequivalents if they are uniredu-
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DEFINITION 1.5. Numeration ¢ of set W will be called the numeration
with effective infinite classes if there is a general recursive iunction
B (x, y) which has the properties :

(i) o(B(n, m) = o(n)

(ii) m = p = B(n, m) % B(n, p)

DEFINITION 1.6. Numeration ¢ of set W is called complete if in W
there is an object A which possesses the following properties: for each
partial recursive function F(x) a general recursive function G () is so that
for any ne N

9 (G(n)) = { o (F(n)) if F(n) is definite

A _if F(n) is not definite

In all the above definitions we have considered the simple numera-
tions, namely those numerations for which N, is N.

§ 2. NUMERATION OF THE FREE SEMI-GROUP OF WORDS

Let V be a finite set of symbols which we call alphabet. We denote
by W the set of all the symbol strings of finite length from V. The ele-
ments of the W set will be called words. If we denote the operation of
concatenation of words by o then it is obvious that (W, o) is a free semi-
group generated by V. If we suppose that the empty word A whose length
I(A) is zero, I(A) = 0, belongs to W then the semi-group (W, o) is with
identity.

DEFINITION 2.1. We shall call a subset L & W primitive recursive,
recursive or recursively enumerable if the set of its corresponding numbers
in a definite numeration ¢ for W is primitive recursive, recursive or recursi-
vely enumerable.

From definition 2.1. follow the properties :

(i) Every finite set of words is primitive-recursive.

(ii) The reunion and the intersection of the finite number of the
primitive recursive set of words, recursive or recursively enumerable are
of the same type sets.

(iii) If a set of words L and its complement relative to W, W—L
are recursively enumerable then they are recursive.

DEFINITION 2.2. We say that in the alphabet V is given an n-places
function of words F if for any n-tuple of words (u;, &, ..., #,) in W corres-
ponds in a unique way a word F(x;, @5 ..., @,)E ‘

An n-places numeric function f is called the representation func-
tion of F in the numeration ¢ if

(2.1) F(p(m), ¢(my), ..., ¢(m,)) = o(f(my, myy .. ., m,))

for any m,, my, ..., m, in N
If function f is the representation function of the function F in
the numeration ¢ then the following equalities take place :

(2.2) F(xy, gy ..., 2,) = ¢(f((2y), I( @)y - - -y T(,)))
(2.3) fmy, my, ..., m,) = IU(F (¢ (my), @(my) ..., ¢ (m,))
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where by &t (x) we have denoted the number of the word # in the nume

ration o.

T 3 ; Ga .
he function F is called primitive recursive, general recursive or

partial recursive if its function of representation is the same
Let the alphabet 7 be decomposed so that
V= I;’IVU VT7 Ier l7T o @7 Vzv?é @7 V:,:/E (%)
plienetele: — A oo A}
’ N = pee s A biand W= day fan, Lo, 4.} W define &
ordered relation R,, 7 = 1, 2 in the sets VNL Ei;ldz’VT iI; th% follf)wcir?frmxfmgtr}
= ay :
a, B, AKX <J
(2.4) A, B 4,6i<]
DEFINITION 2.3. A word e W is i
) eS8 called a seg = @
Vi 00 Ly and i s R R e lgé;n?nt e

It follows immediately t i i ; ;
W o er(Vi,?. ely thatif « is a segment in W then either

We now consider the function 8: N — V defined as :

a, if n=p() and div (¢, 2) =0

o) A, ‘ if »=p(4) and div (4, 2) =1
3(p (7)) = 3(p (i + kl)) where ! = Card (V), if n = p(i + kl)
A in the other cases.

BYP (0), p (1), p(2), we have denot i

. s ed the prime numbers s
gelsvcflfghzlﬁgg Sg (; lt\; —: Tg tr(a_r)ls_forrlrlls the prime numbers seqﬁ%ﬁggcieﬂ

S0 that if p(¢) is the ith prime numbe diieii
then by 3§ the ’zth letter in V, corr Sl ol e
y T ds to it in the ord i

by R, in V,, and if ¢ is ev i sl ; R deunay
i 1}der . fined oy i;eIIlff.he sth 'letter in V7, corresponds to it in

If ¢ > Car (V) then a s i
: ymbol is chosen f 7 :
B T e e S

Remark. If p (i) is denoted b i

Leem ' y p, then we can write the lit
i88(10 (¢)) = 3(p (s + kl)) as well as thetequality &(p,) =3 n-ev ”equﬁlti
1i a segment in W we shall denote in the following by m&v)mi)t; right
imit and by v(z) its left limit. il i

LEMMA 1. For any word ze W t |
which are segments in W so that AR o the e Sl ARl
T = P1° P2°.--°0;
where o is the semi-group operation, the decomposition
== OO B 6 565 (o)
being unique.
Proof. Let x= W be a word and we suppose that we have

& = pomx

4

571
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where o is a segment. This decomposition is immediate because we consi-
der o as being composed only of the first letter which has different occur-
rences of A in the word z. We now consider the letter ai, which is the
beginning of the word x;. Then it occurs one of the following possibilities :

‘ (3;) © ( \o) Rla"'ﬂ (b) © ( 9) Elail

() o(p) Romiy,  (d) ©(p) Rotiy .

where by R we have denoted the negation of the relation K.

Tn case (a) we have p; = pa;, a segment and & = p;° #;. With
the word «, we act in the same way as with the word «;.

In case (b) a, represents the beginning of the other segment and
therefore @ = ;0 py© ¥, Where p, = a;,. With z, we act in the same
manner as , in case (a). Cases (¢) and (d) are treated in the same manner.

Applying the above procedure in a finite number of steps we arrive

at the decomposition of z in the form
v =T (P B o on =
where p;, pgy ---) 0 aT€ segments.

Supposing now that this ‘decomposition is not unique there would
be another decomposition of « in the form

L= e sl ol

different from the first, gy, gs ---, ¢, being. segments. Then it is clear

that the equality :
010 g0 -v-° P =@ °¢° - °4 takes place. !
Because py, Pz ---3 0 and ¢y, @z, ..., ¢, are segments it follows that
o = @j, o1y G = @i i and therefore p, and ¢, are at the same time
segments in W in relation to R, or R,.

It we now delete the letter a;, from the word it is obtained the word

2, so that
@y = PLOP2® - O Pk
& = pr°gz° - s
Repeating now the above procedure for an 7 number of steps, where
r=1(p) < l(gy) we find the following equalities :
o — 920...0 Pr
€, =q"°¢:°--°4

or

/ o (r+1)
@, 2°.--°0 =& O °gs°---°4;

Let b = w(g,) be the right limit of o,. Then it follows that bRya;,
or bR,a;,. Hence p, and p,are not the different segments. In an analogous
way we can prove that ¢, and ¢, are not the different segments if we suppose
that » = 1(qy) < !(py). This contradiction proves that the decomposition

LR O R0 aoo [

where ¢y, ©a ---, 0 aTe segments in W, is unique.

7 — 8, 5400




ot T. RUS : 5

Let neN be a natural number and its decomposition the
following : f AT it v

— M, 3
.n_poo 11._.pzk

where p,, py, ..., p, are the first k prime numbers and Ogy Ogy « ..y O, aATe
their exponents in the decomposition in the prime factors of the n
number with the condition o, = 0.

d We denote by w(p,, n) the smallest prime number which appears
in the decomposition of # on condition that its exponent is different from
zero. Then its exponent ¢(n) is given by the expression :

(2.5) i(n) = u,(Sg (ex (i, n) = 0)

where by ex(i, n) we have denoted the exponent of. p; in the decom-
position of x. . ,
It results that the equality !

(2.6) @(p, ) =w, (I=(m) —(p(i (W) +1)| = 0) has taken place,

We shall build the function ¢ : N — W which will represent a nume-
ration of the set W in the following way : ;

o(1) = A

n—+1 )

(2-7) (p(n + 1) = S(H(p, /n))EX (iln),on) (P( 4z
‘ R

It is clear that :
3((p,, m))e=tim.m ; N — Pextiom.m

THEOREM 1. For any word xe W there exists a number ne N so
that ¢(n) = .

Proof. It # = A it is obvious from the definition of ¢ that 1 is
this number, because ¢ (1) = A. -

Let us suppose that « < A and x is a segment. Then let
T = @i, @i, ...a; and ai, B, ai, R, ...qay, By ay andlet n = p; pi,..piy
be a natural number so that :

dive(e iy 2)i— 0 el O bl et g
Then from the definition of ¢ we have ¢
¢(n) = 3(pi,) o 8(pi) e ... 3(py)
Because 3(pi,) = 3(p () and because 3(p (i) = a;, we have
. <9(n) =t @

If # is a segment and if we have = @i, %, ... ay and a;, R, a;,
R, ... ay_, R, ai;, then we choose the number »n so that
T ="Pi; Dy, - Py 5 div (3, ,2) =1 8 — 8,2 50 ks 0, < dyid o< 0,

In this case we have ¢(n) = 4; -4 ... . 4. : b
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i iti form
Let 2 W be a word and its decomposition of the
@ = pyo pyo ... 0 p, Where py, pg -..; o, ~are segments. We denote by

Mgy Mgy - - ., N, the correspondent numbers of these segments, where
Ny = Pu Piz - - - Pis,
Ny = Po1 Paz - -+ P2

: n,, :pklpkz "'pksk

We consider the number

M = Ny Pory1 Pooi1 ++» P28+l o« Pyt -1 Pl =11 + + Prs+k—1)1

From the definition of ¢ it immediately follows that

@ (M) = p1° Pa° ... P

hich proves the theorem 1. . . . :
N V\If)e now define an equivalence relation 6 in N in the following

way : |
Let n,, n,e N be two natural numbers, an
of
Ny = PPy .- Py
el “n* al
SR

We shall say that n, is equivalent to n, and we denote this by ny ~ ny
i = (mod I),s — 1,2, ..., k where i the cardinal of the set V.
" TrmoREM 2. If n, me N and n ~ m then ¢(n) = ¢ (m).

Proof. From the definition of ¢ we have

i(n), n) o s
o(n) = S(u(p,, p))ex it m CP( w(p,, m)ex i m )

) 4 m
o(m) = S (n(p.: M) s )O(P( w (P, ) ex(itm): ) )

Because n ~ m it follows that
ex (¢ (n), n) = ex (i(m), m)
i (n) = i(m) (mod. I)
But according to the & definition
3(p (i(n))) = 3(p(¢(m)))

In this way the equality
Sllip,, n))etehm =3 (p: ny))= sty il take place.

Thus, in a finite number of sters we shall arrive at the equality
¢ (1) = 7(m)

which proves theorem 2.
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We. denote by N/~ the set of the equivalence classes of set N
according to the relation ~ or in other words the quotient set according
to the relation ~. : ;

Remark. If ¢(n) = ¢(m) then n ~m.

THEOREM 3. The function ¢ establishes a 1—1 correspondence of
the set N/~ on W set. :

For the demonstration of this theorem it is sufficient to show that ¢
is an injection and at the same time a surjection of N/~ on W. The first
part of this statement results immediately from theorem 2 and the
second part results from theorem 1 and from the unique representation
of a number » in the following way

n = pg‘llp;?‘: oo p‘;‘f
We now construeﬁ the inverse function of the function
¢: N/~ > W

which we denote by 9 and which attaches to one word xz< W the
smallest number from the equivalence class of N/~ with the property

@ (n) = .
We shall make the following notations :

O (as) = pi, = P (i;)
Ty (R (@) = piy+ L=p (G, +1)
T (3 (ai)) = pis+kl = p (5, + KI)

In consequence, for every k, 7, is a primitive recursive function.

Let xe W be a word and o = p;0 py°...0 p, its decomposition
according to lemma 1. Then we shall have

N (p) = N(ai,)- N(ai,) ... N (ay)
(@) = N (py) T1(I(py)) --- Ti1(N(py))

where
o, = i, @i, . . . aig, T2 (8 (p)) = T1 (8 (a,)) ..

It is easy to observe that the equalities :

T (90) a,—,‘,i))

(I (w) = @
N (¢ (n)) = n take place

In this way the functions ¢ and O are called the inverse functions
one to the other, according to the equivalenee relation ~ defined in N.

B

-
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¢ 3. NUMERATION OF A FORMALIZED ’LANGPA(JE DEFINITE IN W

ni [ t V= VNU -‘71‘7
semi-group generated by the se & i
14 ﬂ%et—W@bthh:&fg? %, #:g@, and let G be a grammar I W. It 18
b TR ) N { .
kﬁown [2] that
G = (W7 Vs Vm 2)

where ‘

g = {(“1,, B1) (‘“27 Ba)y -+ s (0tns B;z)}

w, BEW,i=1,2,...1 J

We shall considef the case of OF-grammars, t}‘la)jo 1% to say for
which the set € has the following property :

W = A Bie BFN =12 .00

l i ions d with

i i system of binary relations, ‘note i

(@) 0 Thi s‘)et % H;ﬂuduzeszl%azg %@)yand‘ defined in(gle Bf(;lloéz,vmg way : if
39 == J by 2l 0O L) 2 & :wa& 5 ie.

then #Qy @ © = B A, T, &Y 18, @2 & : o

e Exe shall gazf that Q, is a binary relation defined in W by (4., )

If 2Q.y then we shall denote this by Q..

If z, ye W and if there is a sequence of words %o, 1y -+ -3 s so that
. 9

Ty = X
mzl—Qii wi'Tlai:O"l’ 7p_1

(3.1) o, —

then we say that y is a derivation of # and we denote this by

x‘:——oy, sz"]:—i() jS

where @ = pf[l Q; is the usual product of the relations which intervene
B 7 - :
i=0

in (3.1). T

A CF-language is defined as :
L = {we W(V.)| G4) (4, V,) & (4= 2}

Let L be a CF-language. We shall study ghistli?l%ugggiirggg‘?he point

of view of its recursivity in the sense define damr e >

i i induce
For this we shall first see What the in ‘ )
and w}io. y. From the definition of @, we have 1 thig case ,

the greatest subset soO that we have

x = ¥, A %,

= 130 By
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TgeorREM 4. If L is a OF-languag M gﬂe\ L1 :

We denote by 9 (4,) and by & (B,) the numbers of A, respectively B,

i t the W
. ‘ . ivalence classes which represen
in the numeration ¢ defined in § 2. Then the equalities : the equiva

mHmetIDT vl 8 e s guage in W. Then by the definition

I (@) = & (ay) Ty (ST (A,)) T, (9T () B g 7, & A=, 9)
(3.2) N (y) = 9 () Ty (SL(B)) T, (9 () L= {oeW(V.)|E4) (AeVa & L

are obvious, where s is the number of segments by which 8, is formed. Thus, if <L then R (x) =P pir .-+ pE
In this way if @}—, y then ; (i 2) = 0, 5 LRI, k

dIV 1’.5'7 — ) — 9 .o

Ty (9(B) T,.q (S () :

(3.3) 8 (y) = o (x)

T (9U(4,)) Ty (5 () We now consider the function
We shall show now that the reciprocal statement occurs. If be- (n) it :Vl‘_' ex (i, n) div (3, 2)
tween two numbers S () and & (y) the relation (3.3) takes place then these : (3.5) X =0

are the corresponding numbers in the numeration ¢ to two words, , ye W

sive function and
8o that x|—q; v.

is a primitive recur e W (V)

We can immediately see that 1 (n) D iy o lzben 5

For this we shall proceed in the following way : if ¢(n)e L then 7 () = ‘(7)‘7 ?ftl)lerwme Y ’ :
(B T, 1 (9 (,)) or 1y (n) F 0 if e (n) & (Vo) sursive function o (n, m) With the
) l = - We shall now construct a Té
: T, (L (4))- To(9(,)) following propel‘ty s / ‘ i d
I(y) _ Ty (3(B)) T, 1(9 () . S(A,) if A, eV, exists s0 that ¢(n)e L an

I () T, (9 (4,)) Ty (9 (,)) A o), Q= ﬁ'Qi

e : ; (1 (3.6) o(n, M=
F(y) = Ry Ty (S (B)) T, (T (5)) o otherwise
N (2) = kT (8 (4,))- Ty (9 (a,)) 1 in the following Way: let the recursive
| : n :
Applying now the function ¢ to the numbers 9 (y) and () we shal For this bwe shall procee
have function be : et <igm
2 (S (y) = B2 . (div (n, UB)) = V)it Such‘:‘z;)ems’l* N
; i i n, = Car ’
‘ : . inite all over the N
Tl—q; Y- : T and 7y, (n) is definite a :
i 4 i i B Because the set . i flnltgr;)irxlrz’ functi)(c)zn. We shall make the following
Remark. Both in the above proof and in relation (3.3) we have used it follows that yg(n) 18 @ TeC
the hypothesis that x, is a segment and also that k, is the smallets number notation :
of the equivalence class to which it belongs. a8 if p, ~p, a0d &=B; 8= min (¢, J)
We now consider the general case # = 2, 4,2, y = 2,8, x, the 5 k(p?, P%) = DLl i PR
words x,, @, being any word. Then, according to lemma 1 @ (3-8) bis Pi 0 othe
T3 = P1°P2°...0°p, Let m, m, be the numbers so that
and thus : e e
. n = 7:11 i: 000 597
A (2) = T(p1) Ty (N (pg)) - ..o Tp1(8(p,)) : &
In this case we have U 4 RN 2
. S : N (: o
(3.4) () = 8 (a) T BN Ty r1s (L () ot 5. k. TE £he TR0LOTE Brys By necs Do

T, (3 (4,)) T 1 (5 (y)) : ‘
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in decomposition of N exist so that

Dr.~ Dj, <L,
<

Pr, ~. P, 4G < 1y < g,

Prs ~ Dis = < U5
with the exponents o, o, ,.. -, o different from zer

we denote by K (n, m) the function defined by the equality

s b S n

(3.9) K (n,m) = [1 Ic(pm'l, P;)qq) [ﬁ]
9 p’rllp”— "‘prss

It is clear that

K(hv, e {p where n = pmy;, m ~ m, if such a P exists
0 otherwise
We put by definition K (0, 0) = 0, 0(n, 0) = n.
We now define the function O(n, 1) in the following way :
(3.10)  O(n, 1) = K (& (¢ (n))-58 (% (1)) O (Ay, (), Sg (1(n)) I (B, m))

Thus, if x,(n) = 0 then O (n, 1) = 0. The function @
by the equality :

(3.11)

(n, m) will be defined

O(n, m) = 0(0(n, m —1), 1)
We now consider the function

(3.12) (1) = p, (C(n, m)e{0, p,, p,, ..., p,})
where by {p,, p,, -
Because O(n, m)
that ¢ (n) is

-y Py,} We denoted ¢-numbers of the symbols from 7.
is a recursive function and Vy is a finite set it is clear
a recursive function. Then the following equality is clear :

IdN(4,) it A,eV, exists so that A |=, ¢ (n)

d)

0 (n, (Lﬁ(%)) &5 ‘ and Q = H szo (ny m—1i))

0 otherwise

This function represents exactly the function (3.6) for the case m — ¢ (n).

The characteristic function of the set 9N (L)/~ in this way is given
by the equality

(3.13) x(n) = Sg(Sg (11 (1)) -Sg (O (n, $(n))))
which is a recursive function.
Thus the set 9 (L)/~ is a recursive set.

Result. The word set of a COF-language is recursive in the definite

sense. Thus, every OF-language is a decidable subset in the free semi-
group in which this language is defined.

o if the exponents
g [agiaass B,, are different from zero, and FEsGs < b st G Chep
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T Rty s B

; vistic function y(n) of the set
struction of the characteristic : i
S (L)r/]jmliellaeugn;;ﬁ;grtant applications in the construction of parsing
Tl - programming languages. :
algml%glsning Sonfider the following algorithm for the parsing of a
rmali language. : , ¥ 0
fmma(liz)e%etang bz, a COF-language and let x be a word, xe W(V,)
11 define the number & () o
g)e IsnhatJhe second step of the algorithm the values of the function
o (8 (x), i) fori=1,2, ... are cqmp11ted. el
In a finite number of steps we shall find.

(a) o (9 (x), m) =0 = meL
(b) o (9 (), m) = p (2k) = relL
and
_A)cl———_Q T, Q — I;IIQX;(O'(&I(‘T)J”‘“)
where : ‘
A e W Vo {4150 A 5 i A g ugedi)
For instance, we have:
V= {A7 B}’ Ve= {37 0, 1}
24 = {(A7 AB), (A,8), (B, BB), (B, 0), (B7 1)}
The prime numbers sequence which we consider is:
p(1) =2, p2) =3, p(3) =5, p(4) =T, p(B) =11,
and S0 on.

Then we have :
NA)=3 (B)=7T
g(s) =2, (0)=35, (1)=11

because AR,B and sR,0R 1
For our grammar we have :

1l (4, AB) SU(Ad) =3 SYAB) =3—1
2 (4, s) G =k ) =

al (B, BB) 8U(B)=7 & (BB)=T1

4. (B, 0) &U(B) =7 90O) =25

5 (B,1) (B =1 (1) =11

We now consider the word = = s 01 and we want to parse this word.
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According to the above algorithm we have :
' “ M (s01) = 2.5.11
{x (2.5.11) = 2, 8g (12(2 5.11)) = 1
¢(2.5.11,1) = K(2.5.11.3.2) — 3.5.11
{X (3.6.11) = 4, 8g (x2(3.511)) =1 | ;
¢(2.5.11,2) = 6(3.5.11,1) = K(3.5.11.7,5) — 3.7.11
{ e Bl — 1 o so iy (31 11)) =l
2.5.11,3) = 6(3.7.11,1) = K(3.7.11.3,3.7) = 3.11
{72 (3.11) = 5; Bg(xs(3411)) =
0(2.5.11,4) = 6(3.11,1) = K(3.11.7,11) = 3.7
{ 2(3.7) =1, sg(%,(3,7)) = 1
(2.5.11,5) = 0(3.7,1) = K(3.7.3, 3.7) = 3
N (4). ‘
Hence we have
Ao ABl|—¢, Al |- AB1}— 0, A01 ¢, 501, s01l e L(G)
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