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by
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In the fixed point theory there are several theorems where
the condition imposed to the fu.nctioﬁ for which the existence of
the fixed poj:nt is proved is to be a contraction or to be quasi-
bounded, In this paper we try to give an answer to aAproblem PIro=
i:osed by I.A.Rus {27, that is under what circumsiences a genera-
1ized contraction is quasibounded and bas the quasinorn If| < 1.

Defipition 1. A function 'f t Ri——» R ,is g strict compari-
son function if
(1) (res) ==‘;tf(r) & uf(s)
(i1) ‘(reBR,y,r>0)=( T(r,r.r,r,r) <r)
(iiy) r -T(r,r.r,r.r)—s 4e0, when r —>+ o
(iv) : is continuous. _

Definition 2. Let (X,d) be a metric space. A function f 3
:b x-».i is called @ —contraction if there is a strict comparison
function 'f : Ri-—p R, such that :

é(fﬁx).f(y)?.é T (aCx,¥) s 8(x,£(x)),d(y, Ky)),a(x,£(3)),
Ay, £(x)))y ¥ 1,7 € X6 :

Definition 3. Let (X, l.!) be & linear normed space.A function
£ 3 X=X is called guasibounded if there are &, b >0 such that

{£(x)| « alxl + b, ¥ xeX. The ouasinorm of £, demoted by !fl,
is by definition |£} = inf {a ¢ R, | 120l ¢ alx| + D, ¥x e x}.

Definition 4. Let (X,l.|) be a linear normed space and £
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¢ X-» X a guasibounded function. The function £ is called rorm-
contractive if |f] 2 1.

In the following (X, [.!) will be a linear normed space, The
different types of contractions that will appear are to bs foun=
ded in the papexr of B.E.Rhoades[l].

Proposition 1, The generalized contractions £ : X -» X which

satisfy cne of the following conditions are normcontractive

(1) zx)-2(7))| 2 alz-y|+ blx-f(x)| +ely-£(y)| +
+ dlz-(3)} + ely-£@ 1, Yx,7 ¢ X,
where 0 ca,b,¢,4,e;3 a+becrdre < 1 (Hardy, Rogers),

(2) for any x,7, € X, at least on@ of the following rela~
tions is satisfied

(1) le@-tm] & x=y|

(11)  [f(-£(3)| ¢ bl-t()| + |y-£(7)])

(111)  [£@-2@D( ¢ e(|x-£(F)}| + |3-£( )
where o0 ¢acl, 0 ¢byc<1/2 (Zamfirescu),

Proot.

Let £ sstisfy (1). Then for y=o we obtain

[£(x)] < |£(o)+ | £(x)-£(0)| < |
+ cl£(o)| + dlxl + alzCo)l + elf(x)| end finally

e ¢ (x| » 1:°*dlr<o)(, ¥ xeX,
If we permute x and y in (1) we have
2] ¢ 32281 + 22 {2(0)(, ¥xex,
Fron asbec+d+e £ 1 we obtain (a+2b+dee < 1 or at2c+diesl),

a+b+d
that is (m <1 or f—'_-’_—%% <1 ) Consequently, £l < 1,

When £ satisfies (2) we obtain :
\£(0)| + a.max { !x—f(o)l b lf(x)ls ¥ x ¢ X, bence

[2(x)] <
2] < alx] + max {14a, {251 Je(o)| = ajx| + o £¢o)}

4xexendthenlf\éa<1.

[£Co)l + alx| + bix| + bje(x)| +

i33

In the case of the condi‘cicn (3) we have similarly

l2| ¢ max |a, 5 19“"3"" + max { 1, ¥, %"%k(“)l'

It follows that |£} < max {a, o T )< Lo

Remark 1. In the case that im (1) some of the numbers &, b,
¢, 4, € are null, we obtain some well-known generalized contrac—
tions (Bapach, Kannan, Reich, Bus, Chatterjea, ®irid), all of
them being then nomcnntractivea . ‘

The following type of contractions is due To Blanchini

(+) 2=zl ¢ a.max{ x-2()| 5 | 7-£C1 Y s -@/xgy e 1,
whers o-ea< 1, ) '

Birié has  introduced anmother type of contractions

() 2(0-2] ¢ a.vaz { [x-y], L@, 17-2G),
L=\, \7-2@1), ¥ xye X,
where 0 ¢ & < le '

In these cases we pi-ove that the contractions are. nozﬁcon—
tractive only if o ¢ a < 1/2.

Proposition 2. The generalized contractions that satisfy
the condition (4) or (5) with o £ a < 1/2 are normcontractive.

Broof.

Lef £ satisfy (4). For y=c we obtain from (4)

1£(x) ] ¢ o5 ixl + ma.x‘{r{;, '1+a‘5. [2(e)| = 2=(x| +
+ l—ialf(o)‘ , ¥z ex,
hence {f] < TE'E <1 for a < 1/2,

When £ satisfies (5) we have

[f(x)l I——lx‘ + 1—-|f(o)’ ’ ¥xeX,
so |2l ¢ &= <1 for a < 1/2

Remark 2, There are generalized contractions satisfying {4)
or (5) with 1/2 £
following example shows. s ol ol

Example 1. Let £ ¢+ R— R given by £f(x) = { T~
. 0, for x ¢ ©

a <1 which are not normcontractive, as the
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k e[1, +=). £ verifies the conditi.ons (4) and (5) with a = &/
/(k+l) 2172, but |2l = k 2 1. The case a = 1/2 1s obtained for
= 1- : ‘ o g

In conclusion, even if many generalized contractidns are
mmcontractive, there are some which have not this property;

there are also pormcontractive mappings which are not’ generalized

contractions.
0, X 4O
Example 2. Let £ ¢ R— R given by £(x) = kx, 0 ¢ X < 8
g 8- ka, x> a

where a > o and k » 1, which is clearly normcontractive. We
suppose that there is a strict cpmparison' function \r with respect
to which fisa % -contraction.
Let x=0 and y=a. We have
= l2(x)-fplegCa, o, ka-a, ke, a) & ¢(ka, veey , ka) < ks,

contradicti.on. It follows that £ is not a generalized cont:action.

REFERENCES
le B.E.Rhoades, A comparison of warious definitions of con- '

tractive mappings, Trans. Amer. Math. Soc. 226 (1977), 257-29%0

2. I.A,Rus, Probleme actuale in analiza neli.niai;é, Lucrdrile
Seminarului T.Angheluts, Inst. Polit. Cluj-Napoca 1983.

—



