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The main result of this Paper is a theorem which generaliges the
results in the book of V,A,Trenogin /2/ on continuation method (ini-
tiated by S,N.,Bernstein in 1904) applieé to linear operators and
also a theorem of F,.E.,Browder /1/ on Lipschitz mappings,., The basic
idea is to obtain the bijectivity of the linear operator (Lipschitz

mapping) T‘ , knowing that T, is bijective and imposing a condition

on the segment I, = (l-s)"l‘, + 8T, or on a more general function

which replaces this segment, .

THEOREH. Let (X,d) be a metric space, (Y, [/ ) a Banach space

and T g [o,l] —> Lip(X,Y¥) a_continuous function for which we de-.

note T(s) 5o weila 1) & for dabh % ¥ (0,17 there exists

e, > o such that
(1) d(u,v) < el T,u - T, vl for each u,v in X

and To is surjective, then TL is sﬁrjective too,

Remark 1, The mappings considered in the theoren satisfying the
condition (1), the surjectivity means in fact bijectivity, In the

linear space Lip(X,Y)of the Lipschitz mappings L : X —> Y one con-

siders the seminorm
' Nin-1vil
IILH BHP e W I,uﬁv.

Lip(x,:) % a(u,v) .
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The continuity of T in the theorem means that s_—» s implies

L]
z(s,) - 2(s)l

—> o for each convergent seguence (s )
Lip(x,!) n’nelN °

Remark 2, In the hypotheses of the theorem, one nay consider
in the condition (1) the same constant for each 8, without loss of
generality, So in the theorei we may 1mpqse
(2) there exists c>o such that d(u,v) ¢ ¢ Tyu - T,vl for each

s in fd,l] and u,v in X, .

This -fact will be proved in a similar manner as Browder Proved
it in the case when T, a« (1-8)T, 4 8T, .

Let s in [o,l] be given and c, the smallest constant for which
(1) takes place, We prove that s} ¢; is a upper semicontinuous
function, hence upper Lounded,

Let s be arbitrary but fixed in [o,l] and t 6[0,1]. We have

a(u,v) ¢ 4l Tsﬁ - TSVH = csETtl “Lv-Tansln-~Lve

+ T{v" el ﬂT*n - I{vﬂ + °5H (Ts'T-t u - 63 -5 Ivfls
gcsﬂ’r{u-i‘{vfk 4c5ﬂ'rs-1‘£ﬁ cd(u,v),

LpX,Y)
It follows from the cont&muity of Tthat for t inm [o,l) such
that {s-tl is sufficiently small we have e I TS_T*”L:,.(K,Y)( 1l..Bor

such t in {0,1] we obtain

‘(1 = °5"T5'T+'_L,-r(x,r))d(“") & ﬂT{n - z‘l_vﬂ . and

=
d(u,v) ¢ e {1~ o1 T’-T*uh'{.(&,”) 7w - T{vﬂ i :
But £ is the smellest constant for which such arelation kolds,

so we odbtain

; 1
e € (1 —egl T"-TtnLirCX,Y))

and the upper semicontinuity of Ev>c follows,

The proof of the theoren.' The Remark 2 allows us to make the

proof using condition (2) instead of (1),

ed ¢ ““T;Tt‘

b

Let Ha{ s ele,1] 1T, is surjectiva} « Of course H 1s nonvoid (o eH)
and HE[o,1), We prove that H is both open and clozedin [o,1],which
means that H.[o,ﬂ ,

lé shall use the faet that (2) implies

3) &1l ,T'lz)f clly-sll for each s in H, y,s in Y
g y
and also :

(4) N4

oo sup{d(r;ly,‘r;lz)/ﬂy-zﬂ 1Y, 5 G!,yﬁz}s ¢ for each

Lip(Y,X)
s in H,
a) H is open in [o_.l].

Let t be given in H, We have l(z -1,) 77l

Lip(!,!)£ h Tl

Lip(X,Y)

&1 for | s=t| sufficiently small,

LAn(Y X )5, Lip(X,Y)

Henee(TB-Tt) T;l is & contraction , so 1,4('.[“-1‘*.) T:l - T, T;l is
surjective, It follows the surjectivity of 'r‘ for )s-tl sﬁtficiently
small, hence H is open,

b) H 1is closed in [o,l
Let se;i-, so there exists a sequence 5, € H, s, -—>s, We obtain similarly

=1 ;
“(Tsn"rn) Tsmﬂ < 1 for n3> ny 2nd the

cﬂ’l‘ -T
*x leip(X,I)

P
Lip(Y,Y)

surjectivity of Tg follows as above,

%e obtain B » {e,1] , hence T; is also surjective,

The results of Browder and Trencgin are consequences of this theorem.

Corollary 1, For T 3 [ 0,17 — Lip(X,¥), Ty = (1-t)To + tTy one
obtains Theorem 7 in /1/,
Proof, We have to check only that T :[ o0,1]— Lip(X,Y) is conti-

= |s-t|-l7]-7 | and the continu-

nuous, But H Tg=-T “
_ AR ° Lip(X,¥)

ip(X,Y)

ity follows,
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Corollary 2 /2/, Let X, Y be Banach spaces, T 3 Lo,1] — (X.I)*
a continuous function, (X.!)* denoting the set of continuous linear
operators L 1 X — Y, If Ty 1s bijective and there exists »r>e
such that :
(5) Nzl > thxll for each s 1n [o0,1] and x in X
then T; 1is biljective too and [ T3l 2 LV

Proof, It is obvious that (X,¥)" < Lip(X,Y) and ””’-‘,-txyn' Il zh,
hence T 3 fO,l) —> Lip(X,Y) is also continuous, Using the condition
(5) we obtain

Ju-vil 2 r"ﬂ'l‘s(u-v)" - ""Tsu - Tgvl ,
hence (2) takes place with ¢ « ‘\" and the theorem applies,

In the following we apply the theorem to obtain existence theo=
rems for a class of nonlinear boundary value problems, In fact,
the function T in the example is a "segment™, so Corollary 1 applies,
A simdlar example 18 given in /2/ in the linear case,

We consider the boundary vaiue problen

-x"(t) + a(t)x' () + b(t)a(x(t)) = y(t), te(o,1]

{x(o) e x(1) wo

where a: [0,1] —=>[-4,47 , b :[ 0,17~ [P,B], A30, p> 0, g 1 R—>R

are continuous functions such that

0<L<(e(xy) - &(x2))/(x)-x,) < X
for each x,,x, R, Xk x2 .

Lot I.» {x(-_-cl'[o,lj : x(0) @x(1) w0y, Daxlly « U xh & [x'l +
+Ix*| and ¥ &« clo0,1] with U-0 the sup norm,

Consider se [ o,1)and '

(T(8))(x) & -x"(.) + s(a(.)x"(.) + v(.)e(x(.))).

We have to show that
a) T(s) « T, & Lip(X,Y)

b) "x]_-le( x % csll T X3 - Taxa]l,

13
T 3 [o,l] —> Lip(Xx,Y) being continuous as it was shown in the proof
of Corollary 1,
a) We estimate
]'r,x‘(t) - T,x,_(t)l < Nxz - x:ﬂ + sAﬂx; -x;l +
+ 3B la(x, (4)) - elx,(t) <
Snx: - x:ﬂ + sAﬂx" - x"!ﬂ + sBK”x‘_—x‘!’lé
£ Kg nxi-xlll x?
hence
NT x, - 7.2, 1l
g 572
B e Y
IIxy - xzﬂx
where K, = max {l, sA, sBK} .
b) For s « o we have -
Y = Tox = -x" and
x(t) = fE(u,t)y(u)du, E(u,t) «
3 .

u(l-t), ocuct
t(1-u), temel
hence
n 11‘1‘2" < "11'32".
It is obvious that
“x; - x;“ - Kyl-yzﬂ .
Because of (xL-x’_)(o) - (xl-xz)(l) there exists fe (0,1) such
that (r"_-xi)(f) = 0, hence by integrating
(xp-x2)(t) & = (3, -y, )(¢)
one has
€
(xg-x3)(t) o = ; (y, -3, )(u)an, and
Bxj-xif<ly -yt .
It follows

ﬂxL-xa_nx < 3l Tn'xl-’l‘.x&“ .
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;;3‘1 low let s 4 o and denote y; 1= Tgx,, 1 -l 2, We have
| e wbURIN : - » VETEY R E ca ey ) £
I x3(¢) -xp(t) | a Isa(t)x(t) o sv(t)a(x, (1)) - 3, (¢) - ; £ (a(x (%)) - 8(x(t,)))/L &
- sa(t)xy (1) - sb(t)e(x, (t)) + v, ()< -u—ﬁ;,_(y,(t,) -7, (8) +=x3(t)) - x4(t)) <

< sAll xf-xy 1 + sBKux(-x&“ + ﬂY,-yz.ﬂ y 50O

(v () - 5, (3)) € 2y, =50l , bence
7

f
(1) Px-xFik = Ny -nl . :

Using the conditions (5), (6) and (7) we get

(5)  Ioxp-xyle sallxy - x3l + Bkl x, - x, 1+ Dy =gl .

Let re&(o,1) such that x"l(r) - z;(r) &P,

We multiply
-x2(t) + sa(t)xj(t) +sb(t)a(xy(t)) = 3, (t)

¢ |

Ux,-x 1, < (s 4 Dl xy = xill + (eBK 4 1) x, -x, 0 48 5, -y, le
_ <[(aa + 1)sBKE 4 (sBK 41)]lIx, -x,ll +

by exp(-sg a(u)du) and obtain ’ , i [E(sA ik 3 17"”7, o
+ BK Bk 7
Lxi(e) = xy(2)) exp(-s Ja(w)an]]? o . el :”;E TWOE v el 2] My )
o 7 St- -{’P‘- +(1+E+SAE)(§T+1)J":Q-YLH-
+ sb(t) E(xi(t)) - g(x:_(.t)) . exp(-s ) u(u)du)- = cslly,- 7Nl .

It £ ollows that all the conditions in Corollary 1 are sailsfied,

: t
o [3,(8) - 3, (4)] exp(-s § a(u)au)

and T(1) 1s bijective, This implies that under ihe given conditions

We have
¢ t the considered boundary value problem has a unigue solution in X
xi(t) - x(t) o sgb(n)[g(xq(u)) - g(x,(w))) exp(s§ a(v)dv)dn - Sim e bl !
t ¥ :
The continuation method allows us to obtain existence and uni-
= S[;,-4 (u) - ﬂ(u)] exp(s§a(v)dv)du.
2x et ~ queness results for some problems which are related by means of a

suitable mapping T to a problem for which the existence and unique-
| Ixi(8) = xy(1)) & oBKE lx-x,0 + Ely -y 1 , | sk ! :
il +
where E s sup{ exp(s S a(v)av) 1 s, u, te{o,:ﬂ‘_’) , hence
"

(6) I x - =30 ¢ sBKE fix, }x, 0 -o-E“y‘- 5.

ness of the solution is known,

Consider now t, € (o0,1) such that

[\x‘- xll\ - ‘x,‘(to) = xa.(t')"

We may suppose x,‘(t.)g xl(to)(otherwise we interchange x,
and xz). It follows that t, is 2 maximum point, therefore

{4, )~ xi(to) = 0 and x:(to) - x:(t°)5 o,
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This paper 1s in final form and no version of it will be
submitted for publication elsewhere,



